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Ih  U  G  H    PERCY, 

V 

o}  Duke  and  Earl   of 

f?     Northumberland. 

f^   My  Lord, 

I  AM  well  aware  how  prelumptive  the  world  will 
think  me  in  being  defirous  of  having  the  name 
of  one  of  Your  illuftrious  rank,  and  nniverfally 
confeffed  abilities  in  every  branch  of  literature, 
prefixed  to  the  performance  which  I  now  have  the 
, honour  to  prefent  to  Your  Grace  i  Yet  I  hope  it  will 
do  me  jufUce,  and  not  think  that  1  am  weak  enough, 
in  fi)  doing,  to  have  the  vanity  to  fuppoft  I  had 

any 


(     iv     ) 

any  thing  to  offer  in  this  work  unknown  to  Your 
Grace.  But  if  the  work  have  any  merit  in  itfelf 
and  may  be  of  any  ufe  to  thole  lefs  converfant  in 
the  liberal  arts  and  fciences  than  Your  Grace,  my 
intention,  I  hope,  will  fully  apologize  for  my  am- 
bition. For  Your  name,  I  am  convinced,  will  at- 
tra(5l  the  attention  of  many,  who  might  not  otha: 
wife  look  into  the  work ;  and  ihould  lizch  receive 
any  benefit  or  advantage  from  the  perufal  of  it,  I 
am  fure,  Your  Grace  will  feel  that  fatisfadion 
which  none  but  the  real  Patrons  of  the  Icientific 
arts,  and  who  have  the  real  Intereft  and  Love  of 
their  Country  truly  at  hearty  can  feel. 

To  acknowledge  Obligations  which  it  is  an  Ho* 
nour  to  have  received,  would  ftill  carry  with  it  the 
appearance  of  Greater  Ambition ;  and  an  attempt 
to  defcribe  thofe  Virtues  and  Perfe(5Uons  which 
Your  Grace's  Public  Works  and  Public  Services 
have  rendered  £b  conlpicuaus,  would  be  a  Weafc- 
nefs  indeed  r 

Permit  me,  then,  htunbly  to  afTure  Your  Grace, 
that  I  have  and  fliall  ever  retain  the  mod  grateful 
fenfc  of  the  Favours  and  Honour  done  me ;  and 
that  I  am, 

With  the  profoundeft  Refpeii^ 

Your  Grace's 
Mojl   obedient  and 
Mq/l  devoted  humble  Servant^ 

CHARLES  HUTTON. 
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PR    E    r    A    C    E. 

BT  Menfaradon  Itmderfland  the  art  and  fcience  wludi  is  con- 
cerned about  the  meafure  of  eztention,'or  the  magnitude  of 
figures;  and  it  is,  next  to  arithmetic,  a  fubjeA  of  the  greateft  ufe 
and  importance,  both  in  afiairs  that  are  abfolutely  neceflary  in  hu- 
man life,  and  in  every  branch  of  the^  mathematics  2  A  fubjc^  by 
which  fciences  are  eftabliflied,  and  commerce  is  conda^Ud ;  by  whofe 
aid  we  manage  our  buiineis,  and  inform  ourfelves  of  the  wonderful 
opeiations  in  nature ;  by  which  we  meafure  the  heavens  and  the 
edl*th,  eftimate  the  capacities  of  all  vefTelsand  bulks  of  all  bodies, 
gatige  bur  liquors,  build  edifices,  meafure  our  lands  and  the  works 
of  artificers,  buy  and  fell  an  infinite  variety  ot  things  neceflary  in 
life,  and  are  fupplied  with  the  means  of  making  the  calculations 
which  are  neceflary  for  the  conftru&ion  of  almoft  all  machines. 

IT  is^enrident  that  the  clofe  conne&ion  of  this  fubjeA  with  the  affairs 
of  men  would  very  early  evince  its  importance  to  them;  and  accord- 
ingly the  greateft  among  them  have  paid  the  utmoft  attention  to  it ; 
and  the  chief  and  moll  eflential  difcoveries  in  geometry  in  ail  ages, 
Jiave  been  made  in  confequence  of  their  eSorts  in  this  fubjeft.  Socrates 
thought  that  the  prime  ufe  of  geometry  was  to  meafuse  the  ground, 
and  indeed  this  bufinefs  gave  name  to  the  fubjed;  «nd  moft  of  the 
ancients  feem  to  have  had  no  other  end  befides  mcafuration  in  view 
in  all  their  laboured  geometrical  diiquifitions.  Euclid's  elemoits  are 
almoft  entirely  devoted  to  it;  and  although  there  be  -contained  in 
them  many,  properties  of  geometrical  Sgureswhich  may  be  applied 
taother.purpofes,  and  indeed  of  which  the -modems  have  made  the 
moft  material  ufes  in  various  difquifidons  of  exceedingly  different 
kinds,  I -fay  notwithftanding  this,  yet  Euclid  himfelf  feems  to  have 
adapted  them  entirely  to  this  purpofe.  For,  if  it  be  confidered  that 
his  elements  contain  a  continued  chain  of  reafbning  and  of  truths, 
of  which  the  former  are  fucceffively  applied  to  the  difcovery  of 
the  latter,  one  propofition  depending  on  another,  and  the  fucceed* 
ing  propoGdons  ftill  approximadng  towards  ibxne  particular  objeil 
near  the  end  of  each  book ;  smd  when  at  the  laft  we  find  that  objeft 
to  be  the  equality,  proportion,  or  reladon  between  the  magnitudes 
of  figures  both  plane  and  folid;  it  is  fcarcely  poffible  to  avoid  al- 
lowing this  to  have  been  JBudid's  grand  objed.  And  accordingly 
he  determined  the  chief  properdes  in  the  menfuradon  of  redilineal 

plane 
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plane  and  folid  Sjgnres ;  and  fquared  all  fuch  planes,  aad  cube  j 
all  fuch  folids.  The  onlj  curve  figures  which  he  attempted  befides 
are  the  circle  and  fphere ;  and  when  he  could  not  accurately  deter- 
mine their  meafures,  he  gave  an  excellent  method  of  approximating 
to  them»  by  (hewing  how  in  a  circle  to  infcribe  a  regular  polygoft 
which  ifaottld  not  touch  another  circle,  concentrit  with  the  formerj 
although  their  circumferences  fhould  be  ever  fo  near  together ;  and^ 
in  like  manner,,  between  any  two  concentric  fpheres  to  defcribe  a 
polyhedron  which  (hould  not  any  wh^re  touch  the  inner  one  :  And 
approximations  to  their  meafures  are  all  that  have  hithertq  beea 
given.  But  although  he  could  not  fquare  the  circle,  nor  cube  th« 
fphere,  he  determined  the  prdportibn  of  one  tircle  to  another,  and 
of  one  fphere  to  another,  as  well  as  the  proportions  of  all  re^lineai 
funilar  figures  to  one  another. 

Archimedes  took  up  menfuration  where   Euclid  left  it,    and 
carried  it  a  great  length.   He  was  the  firft  who  fquared  a  curvilt* 

neal  fpace,  unlefs  Hypocrates  muft  be  excepted  on  account  of  hif^ 
lunes.  In  his  time  the  conic  felons  were  admitted  in  geometry, 
and  he  applied  himfelf  clofely  to  the  m^afuring  of  them  as  well  as 
other  figures.  Accordingly  he  determined  the  relations  of  fpheres,. 
i^heroids,  and  conoids,  to  cylinders  and  cones ;  and  the  relations  of 
parabolas  to  re^ilineal  planes  whofe  quadratures  had  long  before 
been  determined  by  Euclid. — He  hath  left  us  alfo  his  attempts  upoa 
the  circle :  He  proved  that  a  circle  is  equal  to  a  right-angled  tri- 
angle whofe  bafe  is  equal  to  the  circumference  and  its  altitude 
equal  to  the  radius;  and  confequently  that  its  area  is  found  by 
drawing  the  radius  into  half  the  circumference ;  and  fo  reduced  the 
quadrature  o{  the  circle  to  the'  determination  of  the  ratio  df  the 
diameter  to  thie  cii^eusiference ;  but  which  howevei*  hath  not  y^c 
been  done.  Being  difappmnted  of  the  exad  quadrature  of  the  cir- 
cky  for  want  of  the  refbificauon  of  its  circumference,  which  all  his^ 
methods  would  not  efied*  he  proceeded  to  affign  an  ufeful  approx- 
imation to  it ;  this  he  effeded  by  the  numerical  calculation  of  the 
perimeters  of  the  infcribed  and  ctrcumArribed  polygons ;  from  which 
calculations  it  appears,  that  the  perimeter  of  the  circumfcribci 
regular  polygon  of  192  Sdcs  is  to  the  diameter,  in  a  lefs  ratio  than 
that  of  34-  (34^)  to  1,  and  that  the  infcribed  polygon  of  96  fides 
is  to  the  diameter  in  a  greater  ratio  thaii  that  of  3^^  to  i ;  and 
confequently  much  more  that  the  circumference  of  the  circle  H  to 
thcL  diameter  in  a  lefs  ratio  than  that  of  34>  to  i,  but  greater  than 
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[doLtoTiifi  to  i^:  Tbcf^firft  ratio  of  ^  to  i,  reduced  to  whole  num- 
.bers»  gives*  that  of  22  to  7,  for  34-  :  i  ::  22  :  7,  which  therefore 
will  be.  nearly  the  ratio  of  the  circumference  to  the  diameter, 
Firom  this  ratio  of  the  circumference  to  the  diameter  he  computed 
'the  approximate  lareia-  of  the  drcle,  and  found  it  to  be  to  the 
iquare  of  the  diameter  as  11  is  to.  14. —  He  likewife.  determined 
the 'relation  between:  the  circle  and  ellipfe, .  with  th;at  of  their  fi- 
jnilar  parts. — ^The  hyperbola  too  in  all  probability  he  attempted^ 
but  it  is  not  to  be  hoped  that  he  met.  with  anyfuccefs,  fince 
approximations  to  its  area  are  all  that  can  be,  given  by  all  the 
methods  th^t  have  fince  been,  invented, 

Befides  thefe  figures,  he  hath  left  us  a  treatife  on  the  fpiral  de- 
icribed  by  a  point  moving  uniformly  along,  a  right  Ime,  which  at 
the  fame  time  moves  with  an:  uniform  angular  motion ;  and  de> 
termined  the  prbpoxtion  of  ks  area  to  that  of  its  circumfcribed 
circle,  as  alfo.the  proportion  of  their  fedors, 
,  Throughout  the  whole  works  of  this  great  man,  which  are 
chiefly  onmenfuration,  he  every  where  difcovers.  the  deepeft  de- 
fign  and  the  fineft  invention;  and  feems  to  have  been  (with  Euclid) 
exceedingly  careful  of  admitting  into  his  demonftrations  nothing 
but  principles  perfedly  geometrical  and  unexceptionable :  And  al- 
though  his  moft  general  method  of  demonftrating  the  relations  o£ 
curved  figures  to  ftreight  ones^  be  by  infcribing  polygons  in  them; 
yet  to  determine  thoile  relations,  he  does  not  increafe  the  number 
and  diminifli  the  magnitude  of  the  fides  of  the  polygon  sm  infinitum^: 
but  from  this  plain  fundamental  principle,  allowed  in  Euclid^s  ele* 
raents,  viz.  that  any  quantity  may  be  fo  often  multiplied,  or  added 
to  itfelf,  as  that  the  refult  (hall  exceed  any  propofed 'finite  quantity 
of  the  fame  kind,  he  proves  that  to  deny  his  figures  to  have  the 
propofed  relations,  would  involve  an  abfurdity. 

He  demonftrated  alfo  many  properties,  particularly  in  the  para- 
bola»  by  gieans  of  certab  numerical  progreflions  whoie  terms  are 
fimilar  to  the  infcribed  figures ;  but  without  confidering  fuch  feries  - 
to  be  continued  in  infinUum^  and  then  fupiming  up  the  terms  of 
fuch  infinite  feries. 

He  had  another  very  curious  and  fiogulari  contrivance  for  de- 
termining the  meafures  of  figures,  in  which  he  proceeds  as  it  were  - 
mechanically  by  weighing  them. 

SsvBRAL  other  eminent  men  among  the  ancients  wrote  on  this 
fobje^,  both.before  and  after  Euclid  and  Archimedes;  but  their 
attempts  were  ufually  upon  particular  parts  of  it,  and  according 
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to  methods  not  eifendaUj  diff«r«iit  froaiidiairs-  Among  tliefe  am 
to  be  reckoned*  Tbales^  Anazagoras,  BithagQras«  Bryibn»  .Antiplioiit 
Hypocrates  of  Chios,  Plato,  Apolionios,  Ph«lo»and  Ptolomy ;  moft 
of  whom  wrote  of  the  quadrature  of  the  circle,  and-  thofe  after 
Archimede$%  by  b«s  method,  ufually  .extended  the  af^nozimattOn  Co 
a  greater  degree  of  accuracy. 

Many  of  the  modems  alio  haive  prefeckxted  the  fame  problem 
of  the  4luadrat^re  of  the  circle,  afitec  the  iiune  methods,  to  greater 
iengths;  fach  an  Vieta,  and  Metius  whofo  pnyoction^  between  the 
diameter,  and  circumference  is  that  of  ls^.  to  3^5,  wbioh  is  within 
^^^t  iooo>aacB  of  the  tcoe  ratio ;  bnt  alwrtt  .«U«  Ltidelph  van 
Caulen,  who  with  an  amazing  degree  of  indufiry.  and  patience,  by 
the  iame  methods  extended  the  ratio  to  so  places  of  fignrei,  making 
itthatof  I  to  3*141 59a6^3g8979323B46Hv. 

Ths  firft  material  deviation  •  fbom  •  the.  principles  nfed  by  the 
ancients  in  geometrical  demonftrations-  was<  made  by  Cavalerius  : 
The  fides  of  their  inicribed  and  ciccomicribed  figures  they  always 
fuppofed  of  a  finite  and  aflignable  number  and  Icogth:;  he  intn>- 
duced  the  dodtrine  of  indiTtfibles,  a  method  which  was  very  general 
and  extenfive,  and  which  with,  great  cafe  and :  ei(pfid«tion  ienred  to 
meaiure  and  compare  geometrical  figures*  Very  littJo  new  matter 
ho9v«ver  was  added  to  geometry  by:  this  method,  its  facility  being 
its  chief  advantage*  But  there  w^  gveat  danger  in  ufing  it,  and 
it  foon  led  the  way  to  infinitely  fmaii. elements,  and  infinitefimals  of 
endlefs  orders;  methods  which  were  very  ufeful  in. folving  difficult 
problems,  and  in  iavefiigatii^  or  demonfirating  theories  that  are 
general  and  extenfive ;  but  fometimes  led  their  incautious  followers 
into  errors  and  miftakes,  which  occafioned  difputes  and  animoGties 
among  them.  There  were  now  howerer  many  excellent  things  per* 
formed  in  this  fubjeS;  not  only  many  new  things  were  effe^ed  con* 
ceming  the  old  figures,  but  new  curves  were  nkeafiued ;  and  for  many 
things  which  could  not  be  exa&ly.  fqnared  or  cubed^  general  and 
infinite  approocimadng  feries  were  aStq^ed,  of  which  the  laws  of 
their  continuation  were  manifeft>  and,  of  fome  of  wliich  the  terms 
were  independent  on  each  other.  Mr  Wallb,  Mr  Huygens,  and 
Mr  James  Gr^ory  performed  wonders ;  Huygens  in  particular  muft 
be  admired  for  his  folid,  accurate,  and  very  mafiecly  works.  ' 

During  the  preceding  ftate  of  things,>  feveral  men,  trhoie  vanity 
leemed  to  have  overcome  their  regard  (qv  truth,  aflerted  that  they 
had  difcovered  the  quadrature  of  the  circle,  and  pubiiflied  their 
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iil|«aqpi(9  In  tbe  fi>nn  of  ftriA  geometriqa];  deinon(lratioiu«  with  Aicb 
affpraniy  aiK?  ambiguity  m  fUgg^red  aad  mifled  many  who  could 
opt  fo  wdl  j«dge  for  them&lyes^  and  perceive  the  fallacy  of  their 
principlee  and  «rgiia&eiit»«  Among  tbofe  were  Longpmontaaus,  and 
oar  conotrym^a  Hobbs;  whp  ohftioately  refufed.  all  cooTt^ion  of 
]ii/i  errori« 

Tub  ofe  ^f  i^iiniuft  was.  how^^r  diiKked  by  feveral  people,  and 
pafticolarly  bj  Sir  Ifaac  Newton,  who  among  his  nuarerous  and 
Ijeat  difcoTem^  h^xjx  given  us  that  of  the  method  of  fluxions;  ^ 
d^fbovery  of  t^e  great^ft  importance  both  in  phiiofopby  and  ma- 
thematics ;  It  being  a  method  £o  general  and  extenfive,  as  to  include 
all  invefttgaupus  concerning  magi^itude,  diSance,  nx>tioni  velocity^ 
time,  &c«  with,  wonder&l  tafe  and  brevity;  a  method  eftablilhed  by 
its  ^eat  author  upon  true  and  inconteflible  principles ;  principles 
perfedly  confident  with  thofe  of  the  ancients,  and  which  wore  free 
from  the  imperfedions  and  abfurdities  attendiAg  fome  that  had 
lately  been  introduced  by  the  moderns :  he  rejected  no  quantities 
as  infinitely  finally  nor  fuppofed  any  parts  <^  curves  to. coincide 
.with  right  lines ;  but  propofed  it  in  fuch  a  form  as  admits  of  a  ftri4 
geometrical  demonftration.  Upon  the  introdudlion  of  this  method 
mod  fciences  aflumed  a  different 'apf>earance9  and  the  mod  abfirufe 
problems  became  eafy  and  familiar*  to  every  one ;  things  which  be- 
fore feemed  to  be  infuperable,  became  eafy  examples  or  particular 
cafes  of  theories  (Ull  more  general  andicsetenfivtf ;  redifications,  qua- 
dratures, cubatures,  tangencies,  cafes  de  maximii  is  minimis^  and 
many  other  fubjeds  became  general  problems,  and  delivered  in  the 
form  of  general  theories  which  included  all  particular  cafes ;  thus,  in 
quadratures,  an  expreflion  would  be  inveftlgated  which  defined  the 
areas  of  all  poffible  curves  whatever,  both  known  and  unknown, 
and  which,  by  proper  fubftitutionsi  brought  put  the  area  for  any 
particular  cafe,  either  in  finite  tcrpGis,  or  in  infinite  feries  of  which 
any  term  or  any  number  of  terms  could  be  tiSlj  affigned ;  and  the 
like  in  other  things.  And  although  no  curve  whofe  quadrature  was 
unfuccefsfiiliy  attempted  by  the  ancients,  became  by  this  method 
j>erfedly  quadrable,  there  were  afligned  many  general  methods  of 
approximating  to  their  areas,  of  which  in  all  probability  the  ancients 
had  not  the  lead  idea  or  hope,  and  innumerable  curves  were  fquared 
which  were  utterly  unknown  to  them. 

The  excellency  of  this  method  revived  fome  hopes  of  fquaring 
the  circle,  and  its  quadrature  was  attempted  with  cagemefs.  The 
quadrature  of  a  fpace  was  now  reduced  to  the  finding  of  the  fluetit 
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of  a  given  fluxion,  bu^  this  problem  however  was  found  t<y  be  in^ 
capable  of  a  general  folution  in  finite  terms ;  the  fluxion  of  everjT 
fluent  was  always  aflignable,  but  the  reverfe  of  tiiis  problem  could 
be  effeded  only  in  particular  cafes ;  among  the  exceptions,  to  the 
great  grief  of  the  geometers,  was  included  the  cafe  of  the  circle, 
with  regard  to  all  the  forms  of  fluxions  attending  it.  Another  me» 
thod*  of  obtaining  the  area  was  tried  :  of  the  quantity  exprd&ng  the 
fluxion  of  any  area,  in  general,  could  be  afligned  the  fluent  in  the 
form  of  an  infinite  feries,  which  feries  therefore  defined  all  areas  ia 
general',  and  which,  on  fubftitutin^  for  particular  cafes,  was  often 
ifbund  to  break  off  and  terminate,  and  fo  afford  an  area  in  finite  terms  ; 
but  here  again  the  cafe  of  the  circle  failed,  its  area  dill  cpming  out  an 
infinite  feries. — All  hopes  of  the  quadrature  of  the  circle  being  now 
at  an  end,  the  geometricians  employed  themfehres  in  difcovering  and 
feledting  the  beft  forms  of  infinite  feries  for  determining  its  area,  a* 
mong  which  it  is  evident  that  thofe  vrere  to  be  preferred  which  were 
fimple  and  which  would  converge  quickly;  but  it  generally  happ^ed 
that  thefe  two  properties  were  divided,  the  fame  feries  very  rarely- 
including  them  both  :  the  mathematicians  in  mod  parts  of  Europe 
were  now  bu^,  and  many  feries  were  affigned  on  all  hands,  fome 
admired  for  their  fimplicity,  and  others  for  their  rate  of  conver- 
gency ;  thofe  which  converged  the  quickeft,  and  were  at  the  fame 
time  fimpl^ft,  which  therefore  were  molt  ufeful  in  computing  the 
area  of  the  circle  in  numbers,  were  thofe  in  which,  befides  th6 
radius,  the  tangent  of  fome  certain  arc  of  the  circle,  was  the 
quantity  by  whofe  powers  the  feries  converged  ;  and  from  fome  of 
thefe  feriefes  the  area  hath  been  computed  to'  a  great  extent  of  fi- 
gures :  Mr  Edmund  Hally  gave  a  remarkable  one  from  the  tangent 
of  30  degrees,  which  was  rendered  famous  by  the  very  indttftrioits 
Mr  Abraham  Sharp,  who  by  means  of  it  extended  the  area  of  tbt 
circle  to  72  places  of  figures,  as  may  be  feen  in  Sherwin's  book  of 
logarithms ;  but  even  this  was  afterwards  outdone  by  Mr  John 
Machin,  who,  by  means  hereafter  defcribed  in  this  book,  compofctd 
a  feries  fo  fimple  and  which  converged  fo  quickly,  that  by  it,  in  a 
very  little  time,  he  extended  the  quadrature  oi*  the  drcle  to  10^ 
places  of  figures ;  from  which  it  appears,  that  if  the  diameter  be  i, 
the  circumference  will  be  yi^iS9^^S3S9  ^979323S46>  2643383279, 
502884197 1,  6939937510,  5820974944,  1:923078164,  0628620899, 
'8628034825,  342ii7o679+>  and  confequently  the  area,  will  be 
-7853981633,  9744^309^i»  5660845819,  8757210492,  9234984377, 
*45S*4373^>  1480769541, 0157155224, 9657008706,  3355292669+. 
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Whilst  I  hsLVt  been  giting  the  preceding  acconnt  of  the  pro- 
^re&  of  this  fubje6t>  I  have  at  the  fame  time  unawares  been  wri- 
•tmg  its  panegjric ;  for,  from  hence  it  appeals,  that  all  or  mY>ft  of 
•the  material  improvements  or  inventions  in  the  principles  or  method 
-of  treating  of  geometry,  have  been  made  efpecially  for  the  improve- 
ment of  this  chief  part  of  it»  menfnration ;  which  abundantly  fhews» 
what  I  at  firft  undertook  to  declaHre,  the  dignity  of  this  fubje^ ;  a 
fubjeA  which,  as  Dodor  Barrow  iays,  after  mentioning  fome  other 
things,  **  deferves  to  be  more  curioufly  "weighed,  bec^ufe  from  hence 
a  name  is  impofed  upon  that  mother  and  miftrefs  of  the  reft  of  the 
mathematical  fcitnces,  which  is  employed  about  tnagnitudes,  and 
which  is  wont  io  be  called  geometry  (a  word  uken  frotm  ancient 
ufe»  becaufe  it  was  -firft  applied  only  to  meafurmg  the  eSurh  and  fix- 
ing the  limits  of  pofieflions)  though  >t]fe  name  feemed  very  ridiculous 
io  Plato,  who  fubftitutes  in  its  place  that  more  extenfive  name  of 
Metrics  or  Menfuration  ;  and  othtrs  after  him  give  it  the  title  of 
Pantometry,  becaufe  it  teaches  the  method  of  meafuring  a!l  kinds  of 
toagnltudes."  ... 

But  notwtthftanding  the  dignity  and  knpoi^tance  of  this  fubjed^, 
the  books  which  have  lately  been  offered  to  the  public  under  the 
title  of  menfuration^  have  treated  it  in  a  very  unworthy  mannef, 
and  have  brought  it  into  much  contempt  My  defign  in  this  work 
therefore  is  to  place  the  fubjeA  in  a  inore  favourable  light,  and 
in  fome  -meaftirc^  to  retrieve  its  reputation ;  and  of  which  I  (hall 
now  give  fome  account. 

This  work  is  firft  divided  mto  five  principal  parts,  each  pan  be* 
ing  cut  into  feveral  fedtons,  each  of  which  fcdtions  conuins  feverai 
problems  or  propofitions.  The  problems- and  propofitions  are  alt 
demonftrated  after  the  fimpleft  and  fhorteft  methods  that  could  be 
difcovered ;  I  having  pf oceedied  fometimes  by  pure  geometry,  and 
ibmetimes  by  algebra,  the  method  of  iluiions,  the  method  of  incre- 
ments, &c.  according  as  the  one  or  the  other  feemed  to  be  the  beft ' 
adapted  to  the  bufinefs  then  in  hand.  And  thus,  by  not  confining 
myfelf  to  one  mode  -of  demonftrating,  i  was  enabled  to  make  my 
book  ezceedbgly  more  compleat  than  it  could  otherwife  be ;  not 
only  by  ufiftg  that  particuku*  method  which  would  perform  the 
bufmefi  in  the  (horteft  or  cleareft  manner,  bat  n^hich  alfo  would 
ferve  to  extend  the  fubjed  to  the  greateft  length.  However  I  had 
not  always  my  choice  of  my  method-  of  demonftrating,  the  fub- 
jeA  fometimes  confining  to  one  method,  astd  fbmetimes  to  another  • 
for  although  the  method  of  fluxions  be  generally  the  moft  con- 
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cife,  and»  in  other  refpe&,  the  moft  prop^  method  of  awefiigatmg 
the  meafure  of  extenfionjs,  there, are  fome  things  in  t£is'«bu£ne^ 
that  are  too  fvpapk  for  it,  as  well  as  fpme  others;  that  arife  abot<e  its 
reach  :  Thus,  the  method  of  fluxions  cannot  determine  the  imeafnre  of 
a  redlangle^  that  determination  being  below, its  root»  by  being  prior 
to  the  fluxionary  method  of  determining  areas  ;  for  In.  this  method, 
that  determination  is  fapp6fed^  apd  its  rbfult  aflnmed  in^thevcrf 
notation ;  for,,  the  rectangle  which  is  conddered  as  the  fiuzion  of  a 
furface,  i^  denoted  by  its  length 'drawn  *i£t^!tf|  kreadth.£-.,AndL0iA. 
this  account  thofe  fluxionifts  who,  in-  their  chapter  of.qtiadracares, 
attempt  to  determine  the  meafure  of  a  re^langle^.  argufe.  in  a  circle^ 
or  deduce  as  a  conclufion  what  was  tie^eflaril^  rfuppoied  in  the 
premifes.  The  fame  may  be  faid<  with  .regard  to  .'prifms;  And^ 
on  the  other  hand,  the  fame  method  alone  wou^d.  not  extend;  to 
the  determination  of  the. equality  of  a : triangle  and  hyperbola  of 
the  fame  bafe  and  of  an  infinite,  length-,  I  .being  thcire  obliged  to 
call  in  the  afEftance  jpf  th^  method  of  increments;;  . 

As  extenfions  are  of  three  kinds,  longitudinal,  fuperficial,  and 
folid ;  accordingly  in  thi^  Work  the  fcience  is  treated  of  as  diftin- 
guifhed  by  nature  into  theie  three  principal  parts ;  t&at  is,  fo  hs 
as  the  nature  of  geometrical  .figures  would  conveniently,  'adixut. 
With  regard  to  right  lines,  plane  furfaces,  and  folids,  jdie.di&in^oa 
is  general ;  but  it  does  not  obtaan  with  regard  to  icurved  line«  and 
f^rfaces.  For,,  by  preferring  this  diidiadion  fo  ^entiref^  as  to  de- 
termine the  meafure  of  all  kinds  of  lines  in.  the  firft  part^  and:of  all 
kinds  of  furfaces  in  the&cond;  rimmediately  perdeivied  thit  I  eould 
not  fo  well  adapt  my  book  to.  the  convenient  ftudy -of  ^«  generality 
Qf  readers  :  on  which. .account,  in  the  firft.part  I  have,  tt^eated  onlyi 
of  the  meafure  of  sight  lines  ;  and  in  tkn  fedond'part,  only  of  the 
meafure  of  planes  which  are*  bounded'  by  right  and  cirdular  lines^ 
without  any  curve  furfaces  excepting  that  ^f  theiiphere^  In  the 
third  part,  ;^yhich  treats  of  £bUds,.  I  have  getteratfyplliced  the  pro* 
t>lem»  which  relate  to.the'meafures  of  the  lines,  ibrfkeis;  and  fi)li< 
dities  of  each  particular,  fi^re,  immediately  after  each  other,  be* 
caufe  that  generally  the  knowledge  of  'the  one  of  ch^.  led  to  tUfai  of 
the  others.  Th^.jlatter  parts  of  ihe  book  areemplo)red  AUfif  about 
the  applications  of]  the  general  problems  to  feveral'lntereftitig  prsic^' 
'  tical  fuhje^3  in  life. 

So  much  for,  the.  .dift]:ibutibn  and  order  of  the*  parts  m  geherah 
I  (hall  now  .procefB<)  .to  defqtibe.  the'  contents  of  Che  paru  thedn- 
felves  more  particuljidy. 

The 


.Tut  yAeitvoti  cohfifts-'of:}  ^wtji^l--;- 

iuiglas;  afidit-diVidecJmwp  jftiHoDfr^  J-.  ' ;;  ■  ':■-':.■>  ■.!:-<  -.i  li.  . 
■■'  StS.-i.  Cootaiiwrome  ^mnittHc^l  )^BfilUtl«M^««diii!OUi»it|.  >Soai< 

tefii-eztepb'antible'tlian  thofe  inile^'  of 'i«4hiblt 'tMrbilVe  %tefl-'Ai6^ 
mtmed.'  ■'rte'ti^blbws-mli  prepair'tteJearaerfoi'  mriahg  the 
fereral  figures  which  aftoTvards  are  treated  of.  '■''   '■^■ 

Se/i.  3/"6ontarns  piimeTri'gOTionkeTrf, -or  the-iireafiirinr^  of  lilies 
an^  angles.  All  the  cafes  of fe-rgbnonietrf^botkrightand  obligae 
Sngled  afe'ffei*  reffuifli  t6,3  b'tlly';  Uf  which  means  ft  is  fafier  .to 
l«"^emirotie^ea,:aftd  iiiore' clearly' onderftooa,-  Bcffdi^thiififtfcfeg; 
which  per^ortQ  the  bufiqefs  iq  the.conunon  way  by  means  of  tht 
fines',  Scii^aiigleSf  I  have  given  a  new  and  eiftenGVeditthorf,  by 
which  all. the  cafes  of  trigonometry  ace  performbil'iiide^en^eilt  of 
yi'flnes,' railgmtt/'ifciV.' Mid  without  any  kini  q^  ■ 

'   £<••?.  3.  C^ialoi'tliie  appUAtloi^  of  &!gOaometi^  M^ 

talion  *if  hii&h«'an^'iiinanr«>'  f n'  tohirh '  a  ■  irr^  'i^ri«ir    nf  cafeS 

and  mi 

Ti'i  iitioq 
^fflan 

SfH.  ar  fi^ 

gnre*;  ^  are 

given  a  :^  the 

circle,  lo  the 

otoafu^  y  Mr 

StfJ.  I  coa« 

cerninj,  .  -  ..    .  ^  tie 

foraer.feaiojft,.  ,  .„•.  ,  .:  ,  _,„,,:.  ■    .  ^.-j   ■  .... 

Pit?-  JH.  Q^fttfiw  tiie,»e»rn^8.*^fi>i^.ri?P(!i»sdi¥i<ip^i^t». 

Sfifiioat..   ,',',    ,,   .,.  ■...:.]     ■"■   .,  -y    .■   .:■  .     .::.,■•    ,.t       /_  ,    -  ' 

lines,  viz.  priims,  pTramidt,  the  fp here,  and  the  circular. fpipdle*. 

Sta,i.-TtffeMpath.tii!xa)\e,  (c^io^in  general.;  and,  ^oug'^-il  be  - 
Ibort,  C9nt^,(cyp4^thiffgs.th^t-^c<i)^  and  of  ^eat  iniyMutajice,^   - 

(pl^roids  ai}d,.eliijifjC|^in(Uw.i  ..._  ,'- 
Stfi.  4.  In  like  manner  treats  on  paraboli^  Itng.  .area^,.  fur^ce*^  ^ 

A^.f.  On  hyperbolic  lia»,  areu,  fiirlsicM.  aad  fbliditiet. . 

la  ' 


lair  EREFlAOEi 

In  thcfc  fcAicns  the  feveral  jiguirpa  and^bodfes  ilrc  yeff  HtcoSfhlf 
luul}>af^dcuburl7']MlKdUfl/mfm7  of  the  rules9..5cc...Vets)giiew/( which 
indeed  is  the  cafe  throughout  tjie  whpU  Vook)  ^nd'Snt^i^efting;  an4 
Iho^Cfj^HiOL  thr6ughout  kn&njy  pretty  approximations  o£  the.  Values 
ef  feveral  things  ^hich  cannot  betx^Iy  exprefled  otheirwriib  thaii  bf 
an  infinite  feries,  which; appi:QxuniatiQns .are jg^neraUf.iievr,  excepting 
two  or  thjxe  for^^dj jglvcn  .hj  Sir, I;  I^wcpn,'  f^id  which  ;I  haTj^ 
demohftrated.  ....      .  •  ,  , 

-iJtfifZ.d.  TrcaXSiO^uthe^ve  regular  folids  or  bodies.  .  And 

^tf^?*7/pnfo|i^>ing$...  And  then    ,          .  :.,:^  ; 
.Siffl.  8.  -Or  th?;)^  of  this.part^tcontai^  a  promifcuoas  colle^on 
of  queifiions  concerning  folids>  ^o'eprcife  the  Uarner  in  the  fore- 
going rules I  ,       .  ,.',..         ;■:        -        ..! 

^PART.lY..C;ontains»  in  3  fcifliopSj^, feveral  fubjcAs  reUting  to  men- 
suration   in  .general.  ,      .,...*     .  :')\;    ',    .    •  ; 

Se^.  I.  Contains  a  treati(e  oh  the  true  quadrature  and  cubature 
of  cui'ves  in  general.  In  which  are  contained  fome'^f  the  mod 
univerfal  .gg(^d.  i^oft  important  prof>pfitions  that  can  t>e  made  in  xh^ 
fubjedl. 

^^^.  2.,  Contains  thp-  equtdiftant-ordinate  metbod;.  or,  (he  ap- 
proximate quadrature  and  cubature  of  curves,  in.generaly  by  means 
of  equidiftax^  ordiiiates  or  fe^ions.  A  fubjec^,  by  wliich  general  and 
liiiitc  rules  are  difcovered  for  all  figures  j  for  fbmer  of  which  they 
are  accurately  true,  and  in  the  others  they  are  exceedingly  near 
approximations;'  which  are  often  the  inoll  ufefdI'k'Ciles  that  can  be 
applied  to  many  thingis  in  real  praAice. 

Seff,  5.  Contains,  in  a  very  doncife  but  ^op?otrs  treatife;  the  rela-' 
dons  between  ^the  areas  and  folidities  of  ngures,  and  the  centers  of 

gravity  of  their  jgcnerating  Knes  anti' planes.    '  '-' 

Then  the     ''  i   ■  c 

Vth  and  lad  Part,  in  4  fedions,  contains  the  application  of  the 
general  rules  toliie  moft  ufeful  fubje&s^of  meafuHng  that  happen 
in  life.  In  thefe  fubjedts  very  material  improvements  are  almoft 
every  where  made,  both  with  refped  to  the  matters  and  the  difpo- 
fition  of  them.    '  ^ 

Seff^  I.  Contains  a  treatife  of  lan^  fut^eying ;  txplaining  thetxie 
of  the  inftmmentSy  the  methods  df '^furveying,  of  planning,  of  com* 
puting  the  contetitsy  of  reducing  plans,  and  of  divtfidn  of  ground. 

Seff.  2.  Contains  a  very  curious  andcompleat  treatile  on  gauging;- 
As  in  like  manner  doth      '  '    ^ 

Se^.  I.  Qn  the  meafuring  of  artificer?  wM  J  tiz/  Bricklaycw, 
'''•'•'     •  "''  '  ' '*'•    "'       '  *.^    -      Mafons, 
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Maibas^  Carpenters  dad  Jointrsf   Slacers  asd  Tilers,  .Plafterer^^ 
PainMrs,  Glaaiers,  Pavers,  and  Plambers.    Contamisg  the  defcrip- 
tioQ.of  .the  carpenters  mle,  the  feveral  meafHres  ufed  by  each»  with  . 
the  methods  of  taking  the  dimenfioos^  zM  of  fqnaring  and  fum* 
mtng  them  up.    The  whole  illuftrated  by  a  real  cafe  of  a  btdld- 
ingi  in  which  are  fliewn  the  methods  of  entering  the  dimenfions  . 
and  contents  ia  the.  pocket  book»  of  drawing  out  the  abOra^b,  and  . 
£rom  them  drawing  out  the  forms  of  the  bills. 

S9&»  4«  Cantsuns  a. carious  treattfe.oh  timber  meaforing;  in^ 
which,  am^ng  feveral -other  things^' is  giyeh  a  new  rule  for  mea- 
fitvmg  roi«id  timber,  which  not  only  brings  out  the  true  content  . 
fiifficteatijr  exaA,  beit  is  BUI  as  eaiy  in  the  operation  as  the  common  ■. 
fitUe  one.  either  by  the  pen  or  the  Aiding  rule;  as  -  alio  ibme  curious  . 
rales  for.  cutting  timber  to. the  moft  advantage. 

The  book  then  concludes  with  a  large  table  of  the  areas  of  circular 
ftgments,.  extended  to  ten  times  the  uibal  length.    Other  tables  are . 
fbppreffed  on.accottUt  of  the. great  fize  to  whieh  the  book  hath  'm^. 
ereafed. 

It  may  may  be  neeeflary.  to  remark  diat,  m  this  bock,,  where  a  . 
curve  or  a  fpace  is  fafd  to  be  non-qnadrable,  or  it  is  faid  that  the  . 
value  of  a  thing  icannot  be  exprefled  but  by  an  infinite  feries,  or  any  . 
Aich-like  ezpreffion  is  ufed,  the  meaning  is  that  it  is  not  geometric 
eafiy  <tuadrabie,  or  that  its  area  or  value  cannot  be  expreflcd  in  a  . 
fittce  number  of  teitas  by  any  method  yet  known,  dr  by  the  method 
there  ufed;  and  not  that  it  is  a  thing  any  way  impoffible  in  itfelf. 
For,  although  a  fpace  be  not  quadrable  by  the  methods  yet  known,, 
it  does  not  therefore  follow  that  its  quadrature  is  an  impoilible  things  , 
or*lhat  fornix  loaethod  may  not  hereafter  be  difcovered  by  which  it  • 
may  be  fquared.    All  the  methods  ufed  by  the  geometers  before  * 
Archimedes  were  infufiicient  for  the  quadrature  of  any  curve  fpace 
whatever ;  but  i*ere  they  therefore  to  hifcr  that  no  curve  could  by 
any  means  be  fquared  ?  What  have  funce  been  done  abundantly  ihew 
the  impmdence  and  falfliood  of  the  afiertion..    Archimedes  difco- 
vered  a  method  by  which  he  fquared  the  parabola ;  and,  by  the 
lixely-diftrovered  method  of  Aotlons,  we  can  find  as  many  quadrable 
curves  as  we  pleafe. — But  whilft  I  am  urging  the  poflibility  of  the 
quadrature  of  an^  fpace,  I  am  not  ignorant  of  the  pretenfions  of  feve* 
ral  people  to  prove  the  impoillbility  of  tJ^at  of  the  circle  in  particular^ 
There  are  attempts  to  demonftrate  this  impoffibility  in  the  Leipfic 
AdB»  as  well  as  io  our  own  Philofophicat  Tranfadions ;  but  thofe 

g  demon* . 
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demonflraticNU  are  far  from  being  fufficiently  general  to  afford  mc 
any  conviftion  of  it.  On  the  other  hand,  feveral  coniiderattons  may 
indnce  us  to  believe  the  poilibiHty  of  its  quadrature :  This  quadrature 
is  known  to  depend  upon  the  redllfication  of  the  circumference,  and 
that  a  right  line  may  be  of  the  ezad  length  of  the.  circumference, 
may  be  thus  conceived ;  In  the  defcription  of  a  circle  by  a  pair  of 
compafles>  fuppofing  the  defcribing  point  or  leg  to  move  uniformly, 
the  defcription  will  be  performed  in  a  certain  time  and  with  a  certain 
velocity,  which  time  drawn  into  the  velocity  will  produce  a  certain 
length  for  the  circumference :  Again,  by  conceiving  the  circle  to 
roll  upon  a  right  line  at  the  fame  time  when  it  turns  round  its  own 
center,  after  the  maimer  of  the  motion  of  a  wheel,  the  right  line  and 
circumference  will  be  congruous  and  equal  by  fucceifive  and  conti- 
nual application  ;  But  without  thefe  illuftrations,  the  circumference 
is  evidently  of  fome  certain  length  (for  it  is  not  infinitely  great)  and 
every  finite  length  in  nature  mud  have  a  meafure,  it  being  only  the 
fault  of  our  methods  of  notation  or  expreffion  that  we  have  not  de- 
termined it. — It  may  be  farther  added,  that  a  fpace  which  by  fome 
methods  hath  a  finite  ezprefiion,  is  by  others  expreiTed  by  an  infinite 
feries,  as  appears  in  page  ^i8  and  throughout  fe^.  i  part  4.  Even 
a  number  is  the  fame  way  affedbed,  and  what  is  a  finite  expreffion  in 
one  method  or  fcale,  is,  in  another,  exprefied  by  an  infinite  feries ; 
thue  ^  ss  *335  &c.  ^  =  *i66  ^c.  and  thefe  infinite  decimals,  and 
many  others  in  the  prefent  decimal  fcale,  would  be  finite  expreffions 
in  a  duodecimal,  and  innumerable  other  fcales ;  and,  again,  fome 
numbers  that  are  finite  in  the  prefent  fcale,  would  be  infinite  in  them. 
And  who  can  prove  that  even  the  root  of  2,.  or  of  any  other  number 
whofe  root  in  the  prefent  fcale  is  an  infinite  feries,  may  not  be  a  ter- 
minate quantity  in  fome  fc$ile  whofe  root  is  a  fquare  number  (for 
iUch  an  one  it  mud  be)v  It  is  true  we  have  not  yet  found  the  area 
of  the  circle,  nor  the  root  of  2,  of  3^  &c.  in  finite  terms,  yet  for  each 
of  thefe  we  can  affign  infinite  feries  whofe  laws  of  progreillon  are  vi- 
fible ;  which  is  more  than  the  ancients  could  do,  or  perhaps  ever 
expected  could  be  done,  if  they  even  ajt  all  thought  of  fuch  things. 
And  I  have  no  doubt  but  that  hereafter  will  be  difcovered  a  method 
of  fquaring  any  figure  whatever.  Which  is  the  chie£  problem  in 
geometry. 


Sed.  L 
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E ,%;  A  M  P  L  E    I. 

What  is  the  area  of  a  fedknr  whofe  radius  is  lo 
and  arc  20? 

iBy  the  rule,. ^^^^^ 3=  loo  the  area* 

Example   IL 

To  find  the  area  of  the  fedlor  whofe  radius  is  9 
and  the  chord  of  whole  arc  is  6. 

By  the  laft  problem  the  length  of  the  arc  is  6'ijjo6$. 

Therefore -^i^^j-^=  2  7  -5  2  6  7 83 5  the  area  required. 

aB  Rule 


V  =  the  verfed  fine  off  a  j  then,  by  multiplying  the  radius  by  half  the 
arc,  as  found  by  the  feveral  rules  of  the  laft  problem,  we  (hall  obtain 
the  following  values  of  the  area  of  the  fedlor, 

I.  y/^ss  i  «r  =3  •01745329  irr. 


II.  Assrj/dvK:i+ :=  + 


V  3c>*      J      5«jv' 


2.3^      2.4.5^*      2.4.6. 7^^ 


1  »  «  .  i 


&c^ 


3.5/< 


III.  Jszrsxil  + -J^-^ 7+~c 6*tc. 


3  '^  3  3  2u     ' 

nearly. 

V.  A'ss^ndtJ-^ — ,  nearly, 

^   3a— It; 


VI.  ^=—  X  5<^\/./^/+4V'^^>  nearly. 
■    '  9  5«""3^ 

It  is  evident  that  the  area  of  the  fe6kor  might  be  ezprefled  in  fevcral 

otiier  ^Kffefe&t  manners ;  fuch  as  by  the  tangent^  coiine»  &c.  of  its 

ieml-asc;  but  the  forms  above  given  are  the  mod  ufeful  ones» 
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Rule   It 

If  it  be  known  what  proportion  it  bears  to  the 
whole  circle,  or  what  part  it  is  of  it ;  Take  the  like 
proportional  part  of  the  area  of  the  whole  circle  for 
that  of  the  fedor.* 

Note,  A  fe^or  bears  tht  fame  proportion  to  the  whole  circle  as 
doth  the  degrees  iaits  arc  or  angle^to  360,  or  as  it$  arc  tOL  the.  whole 
circumference; 

Example  I. 

What  is  the  area  of  a  femicircle,  ancT  of  a  qua- 
drant, the  radius  being  10? 

Firft,  •  7  85'4x  i  ox  i  o = 7  8*5'4=  the  whole  circle.. 
Then  7  8*5'4-f-  2 = 3  9*2  7  =  the  fcmicircle. 
And  78'544-4=i5>'63J5;=the  quadrant. 

Example  IL 

Ta  find  the  area  of  a  feftor  whofe  arc  or  angle 
contains  1 8  degrees,  to  a  radius  of  3  feet  ? 
Firft,  7854x3x3  =  7*o686= the  whole  circFe. 

rpi  ^z  o  zoz    7*0686x18     7*o686 

Then  360:  18::  7-0686:  ^^-^—=^^-^^  =  •35:343, 
the  area  of  the  fedlor  required. 

Example  IIL 

« 

To  find  the  area  of  a  fedlor  whofe  radius  is  9  and 
the  chord  of  whofe  arc  is  6* 

By  the  example  to  rule  i  of  prob.  6,  the  de^ 
grees  in  the  arc  were  found  to  be  38*942441 2.  But 
7  853  98x9x9x4= the  area  of  the  circle. 

Therefore 


>*^M*l 


*  Tliis  rule  is  too  eriilexit  to  need  any  fonnal  proofs 
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Therefore  360:  38-9424412.::  •785398x9x9x4: 

27;52(i78388  the  area  of  the  fedor  required. 

Problem    ES.  ' 

To  find  the-  ana  of  thefegmenr  of  a  circle.  ^ 

R  u  L  E    I. 

By  one  of  the  rules  of  the  laft         ^J^^^..^^^^ 
probliem^  find  the  area  of  the  lecftbr     a^/^  A'f' 

ACB  having  the  fame  arc  with  the      /^"^-x.^^. ...•'"  ^ 
fegment  ADB  required:  V -X™  -j 

Find  alfo  the  area  of  the  triangle      \y  ^'rz ' 

ABC  formed  by  the  chord  of  the     ^*"-....       .../ 

fegment  and  thetwo  radiufes  of  the 
fedioi*. 

Then  the  fum  or  difl^rence  of  thefe  areas  will  be 
that  of  the  fegment,  according  as  it  is  greater  or  lefs 
than  a  femicircle. 

E  X  A  M  P  L  E     L,, 

What  is  the  area  of  a  fegment  whofe  arc  is  a 
quadrant  or  contains  90  degrees,  the  diameter  be- 
ing 18  feet? 

Firfl,  •785'4x 1 8x  18  is  the  whole  circle;- 

^^  .2!iil!»il?= '7854x9x9=  th^ 
drant  or  fedlor  CADB. . 

But  ^^^^=.2^«  •5x9x9=  the  triangle  v 

ACB. 

Therefore  •7854k9x9-.*5x9x9='2854><  9^9  ss23'  1 1 74 : 
srthe  area  of  the  fegment.  required. 
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Example  1L   . 

What  is  the  area  of  a  fegmcnt  of  a  circle  vrhofe 
arc  contains  280°,  the  diameter  being  50  ? 

Firft,  '785'4xJox5'o=  1963*5=1^6  ' 
wliole  circle.      ...  .  > 

And36o:28o::is>63'5:i^^^°= 

^■■^=  1527-16666=  the  feftor 

CADBC. 

Again,  the  angl€  -<rfC5=s6o-28ot=8d»..  Aad  the 

triangle -4Ci?=^GxCSxwfiiieZ,^C5=2j:x25x  Is.  ofSo" 
.=:25x25x-4924039=3077524375.    . 

Wherefore  the  fum  1 834*9 19  r  ^i^it^BaeatjiDB A 
required. 

Ex  AMPLE    III. 

Required  the  area  of  the  fegment  whofe  chord  is 
-20,  and  height,  or  verfed  fine  of  ha¥  its  arc,  2. 

^iaoe  ..lZ>'  =  Z)CKi>f',   theiiefore        ^  ^^^r, 
i)jF=-ggr=^-=5o.     And  the  dl-  \    -^  /  \ 


:      '       J 


ameter  CF=2rD+Z>C:i  50+^  =  52.     I 

26-<l«  24.  ,  .   \        ! 

Therefore   the    triangle  ABE  =       .   ""-Xr" 
ADxDEc^  1 0x24=240. 

Again,  by  trigonoraetry,  26  «=  JE :  i  o  =  AD  : :  i  = 
s.LD:  TT  =  TT  =  '384<5i53§  =  s.4^£Z),  or  of  the  arc 
^C=  22'6i986i4  degrees,  the  double  of  irhich  or 
45*2397225  are  the  degrees  in  the  arc  ACB. 

But  785398x52x52  =  the  whole  circle. 

Therefore  360  :  45*2397228  : :  •7&5398  x  52  x  52 : 

4r239)^28x>^y5398xi3X36  ^  ^^^^^86995  -   thc  feaor 

AEB.  Whence 


Sedl.  I.  Circular.  Srqmekt^  iox 

Whence  266'SjS6^9S''H^'^  a6'878<$995  « the 
fegment  ACBA  reqtured. 

Having  found  the  triangle  =  240,  as  above ;  we 
fhall  have,  by  rule  6  rfdieralft  problem,  the  fetftorss 

4  5x52—3x2  -^  9  ...-'V    ifly    »       v-*^  ^ 


65 


104: 


.„y  V'^^J:?  ^■'2V2<5x  ^=«-2($(f  87^68. 

Th^  the  difference  is  26*878^  =  the  leg^ent 
nearly  .the.  iawe  as  before.. 


^     ■  tf 


R^  L  -R.-il. 


'  *   *     «   « 


"let  >d  be  the  diaitieter, '  an4  v  the  v^rfed  iinfe,  or 
the  height  of  the  fegmfent ;  .    •' '     • 

.  Then  2v^Jvx:-|-^-^--^&c.  or2vy'</v 

j|,  i$,  C,  Scc^bdng  the  &e%  fecond,  third,  &c,  terms.* 

ft  G  .  Ex^ 


By  the  laft  problem,  the  vaiue  of  the  fe^or  CADB  (fig.  in  page  99) 


gv' 


+ 


Z'S? 


-Tr&C.      Butd=f^3IVSS 


^  a.jrf^  2.4.5^*      2.4.6.7<^' 
the  altitude  of  the  triangle  ABCy   and  its  bafe  AB  ae  2  ^dv—vv 

ijJdvTiii^^, 5- ^-7;  &c«  sma,  therefore,  the  sLrea  of  the 

2fl      2.4a*   ,  2»4.6a^ 


V' 


gir> 


Triangle  >^5C  aBzfci^zpv  xv'i'i'x:  I---     , ^ 2I_-  &c. 

vrhich  being  added  to,  or  fiibttafied  fixnn  the  fedtor,  gives  2Vi/dvx : 


^v^ 


3.51;* 


5      5^     4,7  i*      4.6*91/'      4.6*8. 1  «^^ 

SCMAt. 


&c.  for  the  value  of  the  feg- 


j^oi  Circular  Segmekt.'  Pirtlli 

'  E  X  A  M  P  L  E.. 

Take,  here^  the  laft  example,  in  which  d^s^  aad. 
vs=2 ;  then  7=^  >  and  the  procefs  will  be  thus: 

-B:.j^,A^'-^,A    -   .-.     -^37858^:        : 

-^=^^^«7:fe2^  *:  -,  -00^11551 

the  fum  of  the  negative  terms  -    '3^59738 
t^ken  from  the  firfl;  term  leav.es.  7,6:^1^-] ^(>9  =  the- 
area  reqvurcd.,  ... 

RyLE 


•«  "i' 


Otherijsife, 
Putting  ^=  the  femi-chord  of  the  fegment,  asd  ^e  other  letters  as 
before,-*   Wt  h;^ve  die  fluiion.'oC  the  fegment-yp  ik.vV^^-vv  ii 

vK/dv%xx--, ^ ?l!-&c.' the  fluent  of  which  gives  V^c^- 

^  2a        2.40*        2.4.0fl* 

V.3—  i! ^-!L .^/f  y  &e.ifor  th«.  valu»  of  half  thie  fegmcnt^ 

as  before.     ^E.D: 

Coroli/ArttI. 

Let  the  chord  of  half  the  arc  of  the  fegment  be  denoted  by  ^ ;  then 
J—  fi,  by  which  exterminjiting  d  out  of  the  abpye  feries,  gives  rvx- 

_  !l„2l-— i^i! ili!!!_&c.  for  the  value  of  the  fexni- 

5r*      4.7^*      4.6.9^^      4.6.8. ii*:^? 

fegment. 

Corollary  II. 

Let  the  fupplement^l  verfed  fine  be  denoted  by  T,  vi«.  Vrsrd--o ; 
t&en</=:/^+v,  by  which  extcnninatiAg  </  out  of  the  fame  feries, 


Sidt£  Circular  Segment/  loj 

R  u  L  E  lit 

Ifv  denote  the  verfed  fine,  as  before,  and  V  the 
verfed  fine  of  the  fiipplement,  or  V^d^^-y  Then 

fi;v/vF+^^-i^^  +  |^C^^Z>  &c.  will  be  =  the 

fegment ;  where  A^  -B,  C,  &c.  denote  the.  preceding ; 
terms. 

EXAMPLE'. 

Taking,  again,  the  fame  example  ;  we  have  v=2,, 
and  V^  52—2  =  50..    Hence  ^  ==  -^  = ' 04,  and: 


I     .     tt       .  f*'    .     f^  r*' 


&<;.  for  the  value  of  the  faid  femi-fegment.    And  this.fcries,  whigh  is 
jnile  3,  coirrerges  vcry.quLfkly  inimall  fegments« 

C  b  R  O  L  L  A  JL  Y  III^ 

By  fuppofing  the  feverat  indeterminate  quantities  in  thefe  ferics  to  - 
\it  exprcfTed  by  any  given  numbers,  we  may  obtain  an  endlefs  variety 
of  infinite  feries  whofe  fums  will*  be  given.  And,  in  particular,  i£ 
the  diameter  be  i ,  and  fupppfiug  the  verfed  fmes  to  be  equal  to  the 
radius  or  the  diameter,  we  ihall  obtain  the  following  feries,  in  which 
n  denotes  •785398  &c.  the  area  of  the  who!«  circle  whofe  diameter  i^  . 
li  OF  ^  of  the  circumference,  of  the  fame  circle^ 

y         2        I  I'  1.3  1.3.5 

I.   n^ZVAKX- -^ ' — r 7-^ — ; 7    ••  ■  - — r  &C. 

X.    //  —  v.  ^         ^2.     4.7.2*        4.6.9.3*        4.6.8.1 1.l'* 

\rT  2  11  1.3  1.3.5      . 

3.      5       4.7      4.6.9      4.6.8.11. 
HI.  «-.J-+.-i:^— JL1-+.J i-&c.  . 

**         1.1^^1.3.5    3.5-7    5.7.9    7.9." 

S^eral  other  values  of  n  may  be  afligaed  from  the  corollaries  lai 
p«ige&  2}  and  301  ,and  from  pages  859  &c» . 


1Q4 


Circular  Secmekt. 

A^^vs/vVai  +  26'66666666r 


Eaitl^ 


B=^A    .    + 

21333333* 

C^^B   -   - 

iji<)04« 

■                               y 

o=^c  =  + 

I  ^25/t 

£=^D  =    - 

29il 

i2 


fum  of  the  afiir.  terms  +  26-8800x626 
fum  of  the  negat.  terms  —    0*001219341 


Tcqiiired. 


the  diflFerence  is  26-878796911  =  the  area 


R  u  4.  £    IV* 


To  the  chord  of  the  whole  arc  add  f  of  the  chord 
t)f  half  the  arc,  multiply  the  fiim  into  the  verfed  fine 
or  height  of  the  fegment,  aaid -iV  of  the  pixxiudl  will 
be  the  area  of  the  Icgment  nearly. 

That  is,  C+^cxT%*i^y  or  C+js/d'v 

x^vV,  ovC+^x/iO+'u*  x^^Vy   or 

s/dv-nw  +  j\/dv  x  ^*v  =  the  area 
nearly ;  where  d  s=  DE  the  diame- 
ter, C=  BA  the  chord  of  the  whole 
arc,  c  =  AD  the  chord  of  the  half 
arc,  and  v = DP  the  height  of  the  fegment.* 

Ex- 


♦Demonstratiow, 


Tht  fcgment  is ^s  2VJ^d^x:  —- *  -^ gj  &c,  by  the  laft  rule. 

Suppofb 


S€^»L  CmcuLAii  Segment*  .105 

Example. 
Taking,  ftill,  the  fame  example,  in  which  C=2o, 
and  v^2. 


Then  C+tv/tCC+w  xtW  =  26*877908  =s  the  area 
nearly  the  fame  as  before. 

Rule  V. 

Draw  J^[fce  the  laft  figure]  fo  that  DP :  P% :  5 : 
i/io,  then  the  fegment  ADBA  will  be  nearly  equal  to 

Where  ^=  the  diameter,  v^DP^  c^DJ,  and  C^AB, 
as  in  the  laft  rule.* 

2D  Ex- 


Then  let  tkc  coefficienU  of  the  correfponding  (crtas  be  equatjed,. 

and  we  (hall  have  »+«  ss  — ,  and  —  = — ;  whence  w  =s  — ,  and  nss^ 

325  5 

3  224 

3  ""35  ""15' 

Then,  by  fubfituting  thcfe  values  of  m  and  fr  in  the  aflumed  qnan^^ 

tity,  we  fhall  have  aPPxfuxPy^+nxJPsiaDPxlPJ+^Jbzs. 
^jsDPx  2P^+|y^D» whichistherulc.  Or  it  is  s=  ^  DPx  ^PJ+aAD^ 
And  this  is  one  of  Sir  I.  Newtoh's  rules  publifhcdby  Jones,  Wali^ 
his,  andCoLSON*. 

•  Dbmonbtratiom  ^Rule  V. 


2  V  V 

By  rule  2  the  fegment  is  =  2v  i/dv  x :  ^  —  --—  -_,  &c. 
Suppofe  it  equal  to  2V  t/mdv—nvvs:.  2vi/dvx\l  >»—  'j:sz2VJ^djf 
x:m*        ^^    —  ^-i! — &c.   Then,  by  equating  the  coefficients,  we 

have  «*=^>  and  -^  =  Y'  ^"^"^  "^  ==  i-,  and»s=  ±. 

Then,  by  fubftitutrng  thefe  values,  we  get  2V^mdv^nw,ss 
2v^idv^^vv'sz  ^vj/dv^vv^  as  in  the  rule.  C  o  a  o-l- 


72o6  CrR  c  ui.  A  R  Se  G  M  E  N  t:  )  ^f^"^- 

Ex  AMPLE. 

Taking,  again,  the  fame  example ;    ' 

WehaveTV^/7(X+fvv=^V^ioif=26-879i5==the 
area  nearly. 

R  U  L  E    VI.  - 

I 

If -i^bifeft  DPy  the  fegment  ADBA  will  be  very 
nearly  equal  to  ^^^+AD  x  tt  DP  =  2  \/CC+vy+cx 


Xt^V^j  where  the  letters  denote  the  fame  quantities 
as  in  the  laft  rule.*    [See  the  laft  figure.] 

Ex- 


Corollary* 

Bat,  now,  to  find  what  line  the  quantity  (^dv-^vv  r^prefents  ;  \ 
confider  that  it  is  greater  than  AP  which  is  =  i/dv^vvy  and  there- 
fere  I  fuppofe  it  to  be  fomc  line  :A^  meeting  DP  between  D  and  P, 

Then  Pj^=  -/^//»--^/>~  =   ^dv^^vv-^v-\-vv  =  v^^^^J^^ 

5  5 

Wherefore,  if  there  be  made  DP  :  P^:  i  5  :  ^10,  and  ^j4  be  drawn*; 
the  fegment  will  be  nearly  *  DPxJ^  Aad  this  is  another  of  Sir  L 
Newton's  Rules. 

*  D  E.M  O  MS  T  RA  T  I  O  H   ^  R  U  L  E    VL   , 

For  fuppofe  the  fegment  2VA/dvxi^^^,  &c.  to  "be  =  2P2>x 

3       5^      •       ____^_- 

MX^J+nxyJD  Kz  2vxvis/dv—ivv+ri^dv  =  2Z'\^dvXms/ 1—  ^.-i-n 

.  ^     ^  +«        8d 

Then,  equating  the  coefficients,  we  Pct  »;-S-«3=~,  and-^'ss-i; 

^   .  3  «        5  ' 


8  2 


whence  ?//  =  — ,  and  ;?=--. 

Therefbre  2PDxi;ix^J+„xJD^  2PZ>v/^ ^^i-^:^y^Dz=:^yPD 

X4^.y-t-.:ryv,  as  !□  the  ru!e.     And  this  Jikcwife  is  a  rule  ffivea  bf 
S.R  1.  N2VTON.  •  — .  '    - 


E  ;x  A  M  P  I,  E. 

,  Taking, /ftiir,  the  fame  example* 


We  fliall  have  2x/CC+vnj+K/iCC+vvX:^\hJt:=i 
12 6*8.7 86888  =  die'area  very  nearly. 

R  u  L  E    ¥H 

From  the  fquare  -of  the  chord  of  half  the  arc  fub- 
trad  J  of  the  fquare  of  the  verfed  fine  of  the  faid  half 
tire,  to  7  times  the  root  of  the  difference  add  j  of  the 
faid  chord,  multiply  the  fum  by.  the  faid  verfed  fine, 
and  /y  of  the  produdlveillbe  the  area  extremely  n^r. 

That  is,  7\/cc-^v^+jcx^jV-j\/dv'-j'w  +  j\/dv 

^'iT'^  =^l\/iCC+7W+j\/iCC+^x -^jV  =  the  area 
extremely  near :  where  the  letters  are  the  fame  as  in 
the  laft  rules.*  E  x* 

•Demonstration. 

The  feement  is  a:  2VjJdv^\  -»-  —  ^  -^  ^  ^  ^  &Cv 
^  3      5^      2Bd* 


Suppofc  itzs  2v^m^dv^nvv  +f^dv  sz  av^Jv^^p-i-mV  l—  -r 

Theiis  equating  the  like  coefficients,  we  have  »+/  xss— ,   — ss-j- 
.and-^-=  -r;  whence »=£ ^,  w ±: -?^  and /=  — . 


•  Whercfoire  2vy>m'^dv^KW'^pii/dv^:t-^vy^^»/dv^\w-\'^'>/dv^  as 
4a  the  rule. 

Suppofe  V'^v-Vwsfe  ^[feelaft  fig.] ;  then  P^=  ^^•^AP'' 
XK^ih^vV'^diHrwssiv^^ta: i» 

.    Wherefore. if  ^^divide  IkP  in  4^fo  that  7 14/14 ^: DP : P^  then 

^^^4.4  ;yy^x^Z)P  will. be  nearly  equal  to  the  fegment  ADbAs 
Axijd  this  rule  is  not  only  new  and  very  fimple,  but  alfo  the  mod  exadt 
b£  any -approximation  that  I  faiow  of  for  this  purpofe. 


loS 


Circular  Sec^kent^ 


Parttt, 


Example. 

Taking,  again,  the  lame  cxampk  as  teforc,  where 
C=20,  andt;=2;  


We  have  7 s/iCC+  \vv  +  W^^C  +  wx^Sv^ 
26*8787998=the  area  very  exad. 

Rule  Vm. 

1.  Divide  the  verfed  fine  or  height  by  the  di- 
ameter. 

2.  Find  the  quotient  in  the  column  of  verfed  fines 
(marked  V.  S.)  in  the  table  of  circular  fcgments  at 
the  end  of  the  book. 

3.  Multiply  the  number  immediately  on  the  right 
of  the  verfed  fine,  in  the  table,  by  the  fquare  of  the 
diameter^  and  the  produdl  will  be  the  area.* 

Note. 


*   DSMONSTRATIOK. 

This  rule  is  founded  6ti  this  property,  That 
iegments  whofe  verfed  fines  are  as  the  diame- 
ters, will  be  to  each  other  as  the  fquares  of 
the  diameters,  which  is  thus  proved. 

Let  ADBA^  adha^  be  two  fimilar  fcgmerits 
cut  off  from  the  fimilar  fedtors  ADBCA^  adbCoy 
by  the  chords  AB.  ah.  And  drav  Cb  to  bt- 
fed  them. 

Then,  by  fimilar  triangles,  CA :  d  : : 
CA-^DP  {CP) :  Ca^dpiJOp)  ::  DP  :  dp.  That 
is,  fimilar  fegments  have  their  verfed  fmes  as  their  radinfes  or  diameters. 

Again,  fince  fimilar  fed^ors  are  as  the  fquares  of  the  diameters  aft 
well  as  fimilar  triangles  as  the  fquares  of  their  like  fides,  we  fhall  have 
CA^  :  Cif»  ::  feftor  CADB  :  feftor  Cadb ::  A  CAB  z  ACab  ::  fegment 
ADBA  (feftor  CADB^ £^CAB) :  fegment  adba  (feAar  Cadh-^C^Cah). 

Now,  putting  dz=,  any  diameter,  and  v&fe  verfed  fine.  We  fhall  have 

dxvxw  (disnneter  in  the  ti^Ie) :  -^  thcf  yeiMed  fifte  of  a  funMar  feg- 
ment in  the  table,  whofe  area  let  be  called  d. 

Then  i^  iddxxax  add:^  the  area  of  the  fegment  whofe  height  if  • 
and  diameter  </,  as  hi  the  rule. 


Se&.  t 


Circular 'Zone* 


10.9 


Note.  When  tBc  quotient  arifing  from  the  verfed  fine  divided  by 
the  height  hath  a  remainder  or  fra^on  after  the  fourth  place  of  de- 
cimals, having  taken  the  area  oppofite  to  the  faid  four  firft  figuresi 
fubtraft'  It  from  the  next  following  area,  multiply  the  remainder 
by  the  faid  fraction,  and  add  the  product  to  the  firft 'area  ;  and  the 
fum  will  be  the-  area  for  the  whole  quotient.— This  method  is  ufed 
when  accuracy  is  required;  but  for  common  ufe  the  fradion  may 
}>t  entirely  omitted. 

Example. 

If  the  diameter  be  ^z  and  verfed  fine  2  j  what  is 
die  area  ? 

Firft  yV  =  ir  =  •0384/y  the  tabular  verfed  fine. 

Then  againftr*0384  (lands  •00991672,  and  the  dif- 
ference between  this  area  a^d  the  next  ^009955 17  is 
•oooo3845,whichmultipliedby:fVproduces'oooo236(5, 
which  added  to/00991 672  gives  •o6994033=thearea 
belonging  to  the  verfed  line '03 84./5»  .  .    ,     * 

Wherefore  •00994038  as^xS^^  26*87878752  = 
the  area,  neariy-  the  fame  as  before. 

P*k  o  B  L  E  M^  X. 

To  find  the  area  of  the  zone  or  /pace  ABCDA  in^- 
eluded  between  iivo  parallel  chords  AByCD,  and  the 
tivo  arcs  AD^  CB. 

R  u  L  E  I. 

Find  the  area   of  each  fcg- 
ment   ABE  A,    DC  ED,    and. 
their  difference  will  >  be  thiat  of. 

« 

the  zone  required.. 

Ex  A  M  p  L  £  Ir 

Suppofe  the  greater  chord  to  be  96,  the  lefs  60, 
and  the  diftance  between  them  =26;  required  tlie 

area. 

2.E  Draw 


JID 


GmxrcLAiL  Zo^TE. 


PartH. 


Draw  AD,  and  let  Z>S  hcjiAP,  OR  J.AD,  and 
RTxP^,  then  ^=TP,  becaufe  JR=RD',  and 

7X= ^H;  But,  in  the  fimilar  triangles  DJS,  ROT, 

It  will  be  DS:SAr.  RT:  T0=—^-^ ^^ 

=  2!^  =  ay.    And  hence  OP  ==  /9r-TP  =27-13  = 


Then  E0^0A=\/AF'+^O*  =^4b'+i4'^  j:o 
s=  the  radius. 

%Tn.         SPJS:*S£?-0P«  fo-14^36?    ,,  ^  .^ 

verfed  fines. 

And  <  ^.*7     .^   >  =tlietwo  tab. verfed  fines.  AgainDt 

whidi,  in  the  table,  Hand  the  areas  < .       ^   Jo 

Tben^'^^'^-^^'^^^^  loox  ioo==  2545-5055 
2*04087528x100x100=   4087528 

their  difference  21367527  =5  the 
area  of  the  zone  required. 

Example  II. 

Suppofe  the  greater  chord 
AB  to  be  20,  the  lefs  DC  15, 
and  their  diftance  P^  175. 
Required  the  area  of  the  zone 
ABCD. 

Then,  as  in  the  laftexam- 

pie,  rc>  = .p^    ■    ^fe 


gU^ 


«li^=l    Which  being  iefs 

2x2x35      4  o 


than 


than TJP  (Si)  Iw^f  the  ,difti««e  0f  -tfeeclwSds,  Ihcws 
that^he  center  falls  wkbin  the  ^one;  ^^  then  it  is 
evident  that  the  whole  circle  diminiftied  by  the  fom 
of  the  twoiegineats  jdFB^DEC^  will,give  die.zone. 
JNaw,  QP=(?7^rOQr=8Ki^7v.    'H^ce.J0cp 

^1*  +  I o»  =s  ^^  =  the  radius  ;  -there- 
fore the  diameter  is  25.     Arid  (9^=  ^■\-W  =  8H 
ii=J.o. 

Whence  \%^^po-OP=  1 21-71  ^.5. 


Then  r;    *;  >  the  tab.  verf.  -fines. 

J 

-Againft  which  ftand  the  areas  ^.^|®g^-^g^' 

rn      yo4o87528x2jx25=the  fegment  DjEC, 
^ •iii4238ox2yx2j^  s=  the  fegment  -4F^, 

whofeftiin  18*15269908x25*. 

But  •78539816x25x25=  the  whole  circle. 

Therefore  25^  x  •78559816 -'15^69908  =  25'*x 
•632699o8=395*43.6925=sthe  zone  ABCD  required^ 

Rule    II. 

To  the  area  of  the  trapezoid  AP^  add  that  of 
the  fmall  fegment  AGDRAy  and  double  the  fiim 
will  be  the  area  of  the  zone  ABCD  required. — 
tAnd  ^his  rule  is  eafier  than  the  other  as  only  one 
JSbgoxent  is  to  be  found. 

Example. 

^   Suppofe  the  fame  things  as  in  the  lail;  example. 

Then^ 


11^ 


Circular  Ring** 


Part  IP, 


Then,  drawing  the  radius  ORG^  we  fhall  have  OR 


4 


^v/y '  +  i '  =  V50  =»  V  v/2  =  8-8388347  65.  Hence 
BG  -  GO-OR  =  1 2-5- 8*8388347 65  =  3-66ri65  the 
verlcd  fine. 

Therefore^     "  -  =  '1464466  =  the  tabular  verfed 

fine;  the  tabular  area  for  which  is  '07134954. 

Then  '07 1 34954x25  X25  =  44*5934625  =  the.  feg- 
ment  AGDRA. 

But^^xP^=3Jx3^  =  i|i=  153-125  =  the. 

trapezoid  AP^: 

Therefore  1 53*  1 2S+^'S9S/\.62S  -•  1 97*7 1 84625  =3 
the  femi-fegment  AP^GA.  The-  double  of  which  is 
395*43^925  =the  zone  .45CZ),  the  fame  as  before. 

Problem    XL  t 

Tojifid  the  area  of  the,  ring^  ^V! 

included,  between  the  circum^ 
ferences  ABPA,  DE^  of^ 
twuo  concentric  circles .. 

Rule   I..    . 

Multiply  die  fbm  of  the 
diameters  by  the  difference 
of  the  diameters,    and  the  *  V 

produca  drawn  into  7-854  wHl  be  the  area  of  tKe 
ring;  required.*  .  '  E»- 


*    DeM  O  N  S  TE  ATI  ON.. 

*'For,  fince  the  ring  h  evidently  dqual  to  thfe  diflfereace  of  the 
two  circles,  if  the  diameters  be  called  D,  d,  and  '785398  &c.  =  a; 

•  he  ring  will  be  =  aD »— ^</»  ss  ax iJ+Jx  ZW".     k^E.D.  C a- 


J 


S?ft.  I.  Circular  RiNQ%  ly 

Example, 

If  the  diameters  pf  two  concentric  circles  be  lo  and 
6f  what  will  be  the  ^irea  of  the  ring  included  between 
their  circumference^  ? 

•7854X  io+6x  1 0-6  =  7854  X 1 6  x4=5o-2^i6:n  the, 
area  required. 

Rule  IL 

Multiply  half  the  ^m  of  th«  circumferences  by 
half  the  di6Ferepce  of  the  diameters,  and  the  produdl 
will  be  the  area** 

Example. 

Taking  the  feme  example  as  before,  we  fliall  have 
Firft3*i4i6x^    y^^n,^     z^^ 

Then^''^'^"^'^'^^y'x^^^«^^x±  =  50'26c6= 

the  area  the  fame  as  before. 

2  F  Note^ 


_  X 

Corollary  I. 
Whence,  if  there  be  made  Dff^  perpeodiculRr  to  the  radius  CDjf^ 
the  ting  will  h^  equal  to  the  circle  who£e  radius  is  DIV;  or  equal  to 
the  circle  whofe  diameter  is  Fff^  a  tangent  to  the  lefs  circle,  and  ter* 
minated  by  the  greater.  . 

Corollary  n.      ^ 
Or  the  ring  is  equal  to  an  cllipfe  whofe  axes  are  D+d  and  D — d.  As 
will  appear  by  comparii^g  the  above  rul^  with  the  rule  for  an  ellipfe 
to-be  hereafter  given. 

*  Demonstration  ^Rulb  II.v 
For  the  circumferences  C,  r,  are  egual  to  4<jJ3»  ^ad;  therefore  ax 

5+5 ^ -—■ ;  which  fubftituted  in  the  laft  rule,  gives  a x D-^-dxD—d 
4 

«s  -i^  X  iX-rfis-i^X— ^^,  as  in  the  rule.    9jE.D. 
4  ^       ,    ^  ^^  . 

And  it  is  evident  that  the  fame  rule  will  ferve  for  a  part  of  the 
ria^  cot  off  hj  two  i^adHftita,  tifing  ihe  ioigths  of  the  included  curves 
iov  C  and  c. 


M^  CiRCiTLAR  Ring.  Part  II: 

Note.  This  role  'will  fcrvc,  alfo,  far  any  part  ABED  A  of  the  ring 
includesd  between  the  parts  AD^  BE,  of  two  radiufes,  by  ufmg  half 
the  funi  of  their  intercepted  arcs  for  half  the  fum  of  the  circumferences. 

Thns,  if  the  length  of  the  aic  -^^  be  15 ;  then,  by  reafon  of  the' 

fwnilarity  of  the  arcs  AB,  DE,  it  will  be  ia:6  ::  15:-^=  3x3=7 

s  the  are  DE, 
Whepcc  U^X- :^i2X2=:24S=tbcarcaofthepart^^^rZ):/f. 

R  u  L  B  in. 

Multiply  the  perpendicular  breadth  of  the  ring,, 
that  is,  the  difference  of  the  radiufes,  by  the  circum- 
ference RST  (or  part  RS  for  the  part  ABED  A)  hav- 
ing the  fame  center  with>  and  equally  diftant  from> 
the  bounding  arcs.* 

Example* 

Taking,  ftill,  the  fame  example ;  it  will  be 

Firft  DA^AC^D^s-i^^^  the  diftance  of  the 
circumferences. 

And  ieC=CZM-/)ie=^CZ)+;/)^=3+i=:4=the  ra- 
dius of  the  middle  arc. 

Hence  j*  1416x8  =s  25* 1 328^  the  middle  circum- 
ference. 

Wherefore  25*  1328x2^^*  50*2656  ss  the  area  the 
fame  as  before. 

And  for  the  part  ABEDA^  we  have  ACiCRhABl 

„o       ABxRC      15x4  ' 

Then.-4DxJR5=:  2x12  =5  24  =  the  area. 

Pro- 


*Demonstrati  OJf . 

For  this  jcircumference,  being  eqpalJy  diftant  frem  the  other  two; 
wiU  be  equal  to  half. their  fum.    Wherefore.  &c.. 


Se6l.Il 


LUNE. 


"5^ 


Problem    XII; 

To  find  th€  areas  of  hines;^ 

Lunes,  lunuhy  or  little- 
moons,  are  fpaces  included 
between,    the    interiedting     ^ 
arcs  of.  two  excentric  cy- 
cles, as  the  lune  ABCDA ;  which  fe,  evidendy,  equaK 
to  the  difierence  of  the  fegments  -ASC/f,  ADC  A 

If  ABC  be  a  triangle 
right-angled  at  C,  and  if 
femicircles .  be  defcribed 
on*  die  three  tildes  as  di- 
ameters ;  Then  the  trian- 
gle r  (^5C)  will  be  equal 
to*  the  fum  of  the  two 
lunes  L  ly.L  2. — ^For  the  greateft  femicirclie  is  equaL 
to  the  fum  of  the  other  two  ;  from  the  greateft  femi- 
circle  take  the  Icgments  5  i ,  S-a^  and  there  will  re- 
main, the  A  Ti  from  the  two  lefs.  femicircles  take, 
alfb,  the  two  fegments  Siy  82^  and  there  will  remain  1 
the  two  lunes  L  i,  Li ;  wherefore  T^JLi+Li. 

Whence,  if  the  two 
fides  ACy  CBy  of  the  tri- 
angle be  equal  to.  each, 
other;  the  two  lunes  will, 
alfb,  be  equal,  and  each 
lune  L I  equal'  to  the^ 
ACD\  and  therefore  the- 
iegment  iS  i  s  (emicircle 

j(|C4-.A^D=:2  times  the  fcg.  AWDA^  2  times 
the  feg.  jDrCA 

P-R  O^ 


ii6. 


PoLYGrONAi-   FiGURES, 


P*rtIL 


P  R-O  R  L  E  M    XUI. 

Tojindjhe  areas  of  irregular  polygonal  figures^  fuch  as 

moji  pieces  of  hnd  generally  are^ 

Rule. 

Divide  them  into  triangles  .ajpd  tirapczrums,  and 
add  their  areas  togethen  But  for  the  beft  m.eAods 
of  doing, this,  I  mufl;  refer  the  reader  to  t|ie  latter 
part  of 't3ji5.  wQrk,.  in  which  futveyjng  is  particularly 
treated  bf.  '        ' 


♦SECT.  n. 

Afromifcuous  ColkSiim  of^^fiioius  casceming  Areas. 

QjJ  E  §  T  I  Q  N    L 

r\  the  trapezium  ABCD  are  give?  AB  «  6i,  BC^ 
is\,  CD'^  l^,  «4  ^^*=9,  alfo  B. ^  right  angliej 
to  find  the  area  of  ^  tr^p^^iiyaa. 

ir;t^  ^illii^*3s^  78     101,4      ^  ^ 

2  4.       5         20        -3^     ' 

==  the  area  of  the  triangle  ABC. 


But  x/AB*^BC' 

^  3  2  2  2       ' 

V37-9x4-ixi3>i9-9=V42982-427o=5x-83o<'oo8 
j=  the  area  of  the  triangle  AJDC. 

Whence  io^+jrSsojope  =  102-5305008^  the 
area  of  the  trapezittm  required.  Ques- 

*  Some  of  the  queftions  in  this  feaion  ate  talsen  from  other  books  • 
Imt  tae  niethmls  of  folation  ate,  generally^  «Jiff«-;«at  from  thofe  iifttf 
in  the  booTcs  from  which  they  were  taken,  they  fccis;^  tljcre  moftlT 
iolved  by  an  analytical  procefs.     And  I  have  eonftn,aed  thofe  of 
WQ-,cii  tlie  conlixuflions  do  not  appear  to  be  feif-ev^dent. 


QjJ  EST  JON    IL 

Ont  morning  in  may,  I  went  to  lurvey 

As  foon  as.  bright  fol  I  efpi'd ; 
I  meaiiir'd  arouhd  a  four-corner'd  ground, 

I'th"^  margin's  the  length  of  each  ^de :  Chabs 

The  angle  at  ^  together  with  I?;  ^J  5*15-6' 

An  hundred  and  80  degrees,  CD=  lo'o 

The  meadow's  content  is  all  that  X  vC^ant  j     0^:^26-0 

Aflift  me,  kind  firs,  if  you  plcafe. 

Since  a.  trapezium  can  be  in^ribed  in  a  circle  wheOi 
the  fum  of  two  of  its  oppofite  angles  is  180";  there- 
forej  by  rule  5.  of  prob.  3  of  fe^.  i.  (32*4  being  half 
tne  penmeterjv/^t4— ij«6x32'4— i3'2X32'4— iox3a'4— 26  = 
s/i&Sx  I9-2X  22-4x6'4  =  2i5'o4-  fquare  chains  = 
a  I  •504  acresa  i  i  a-  2  r.  0-64  percihes  =  the  area  re- 
hired. .        . 

In  the  pentangular  field  ABCDE  are  given  JB  = 
14,  J5C=7,  CI>=io,  m-i2,  £2^5,  and  tjie  dia- 
gonal JC=  1 7  chains^  alfo  E  a.xight  angle  j  required? 
the  area. 

Firft  AD  =  s/I)£.'~+S2'  =» 
\/ia'+5  =13.     . 

Then  JExiED=sx6=sQ= 
the  area  of  the  triangle  JDE; 

And  \/iiox3>f7xio=rios/42. 
=  64-807^0698=  A^4Z>C. 

^{oVi9x2xi;xi2=av/57o=,4774934^^4^^.^5^. 

Wherefore  the  fum  of  the  three  is  i42-?767 C2 c^ 
fiiuare  chains  =  14a.  i'o227r.=thc  ar^  required.  • 


a«8  piftOMfsG^ous  Questions*       P.artll, 

Qjj  E  s  T  I  o  N   IV* 

Given  the  bafe  AC=%2,  JD:^S>  EC-^>  the  per- 
rpendicular  Zi^=4,  and  the  perpendicular  D^«3; 
required  the  area  of  the  triangle '-4-BC 

Draw  GiJparallel  to  .SC> 
then,  by  the  fimilar.  trian- 
gles GDIf,  FEQ  FE  =  4:        ,__  ^ 

and  hence  ^jy=:  V  ;  again,  from  the  fimilar  trian- 
gles AGH,  ABC,AH^  V  -  AC=  32  i:  2?G  =  3 ^  the  per- 
pendicular IB  ^  VV-  Hence  \  ACx  IB  :4  /  ^  x  VV  = 
130II  -  130^7234:^*7  =  the  area  of  the  triangle  re- 
quired^ 

QjJ  E  S  T  I  O  N    V» 

•  What  is  the  fide  of  that  equilateral  triangle,  whole 
area  coft  as  much  paving  at  8d,  a  foot,  as  the  palli- 
iading  the  three. fides  <iid  24.  a  Guinea  a  yard? 

The  fides  are  ,7  $•  a  .foot;,  -and  the 
area  yS.  a  foot.  And  that  the  pro- 
Uuces  may  be  equal,  the  quantities 
muft  be  inverfly  as  tlie  prices ;  but, 
by  rule  2  page  80,  ^BO^^  =  thp 
area ;  therefore  t  :  7 : :  3  BC:  i  BC^  a/^t-  • 

.gi:^C=^^^=42v'3  =  72746 133 <;=  the  fidexe- 

quired,  » 

Qjj  e  s  t  1  o  n   VL 

Surveying  a  field,  I  foimd  the  four  fides  thereof  to 
be  10,  9,  7,  and  6  chains,  in  afucceflive  order:  I  like- 
^vife,  at  the  two  extremes  of  the  longeft:  fide,  took  the 
l^earings  of  the  oppofite  angles,  which  were  N.  E. 

by 


ty  E.  and  iV.  ^T.  Hence  the  content  of  tHe  field  is 

required. 

From  the  ^iv^  bearings 
of  the  angles  Cand  D  from 
A  and  5,  it  appears  that  the 
diagonals  AC,  BD,  make  the  v 
angle"v4/D  at  their  Interfec-'  ' 
tion  of  7  points  >or  78^  deg. '    ^    _    _ 
wherefore,  by  rule  3  of  pi'o-  -  .___:      ■  '^ 
blem  3  of  feaion  1 ,  we  have  10 '+7  -9  +6  xjtefag. 

78i»=32v<ix5-0273395  =  8x5-o2733p5  =  4O'2i«7i<^ 
fquare  chains  ==4^,3-49.945^  pert^^s  =  the  content 
required,*'  .■;  '   .  .       .1^,. 

CiventWofides  of  sn  bbtufe-angied:mangte,  which 
rare  20  and  40  pgles ;  .required  the  third  fide,  that 
the  triangle  may  tontdin  juft  an  acre^f  land. 


V  •    ». 


*  C  ON8  r  RUCTl  ON. 


With  nvo  pf  the  gi^^ltees  /?*  (10)  and  «.'  (6)  make  a  right  angle 
perpendicular  Ec    produced    t^c  £f  =  8  nU?^-^^^^^  ,  ^  j  ^ 

ffi^i^SaVto  a  i  t^^Aor^^^^D^'  .^3.  *.  defcribe  an 
aius  «*l^f»  ^.  ^7  „--th„  arc  defcribed  with  the  center  D  and  radius 
S  "S;in  D:  nS  with  the  other  two  given  lines  (=.  ^  and  *^ 
in^kretlTc  trapczAnm  yiSCD,  and  it ^s  done. 

?^r    ha^ng  £awn  cA,  JC,  and  CF,  and  let  faH  the  perpend,ci>. 

^  \^n  ^Tn  rs>  uDon  /f5.  and  FG  npon  PCG;  fmce  y/Z)'+ 
felJ&fi  5S  .^K54b^^-  +,^»x5^.  and  .D.+2)^» 
"^  f^  1^     t7r*-\  cb*A-bA\  by  taiting  thefe  latter  quantities 

from  the  former. ''f°"<^^^ J^*'|| .  f^&P   '.s DA'.AB  ::  BC:CF  (bv 

j^BxiJ^,  and  f  «fri'i«l*'T/J'.4l^^^  C-fff,  are  fioiilar.  ind 
theconilrua.on);vrhence^het^«^^^^^^  ^^^  ^^     ^^ 

?*^Tr^f«-^DxCC  a^d  by  adding  CPxZ)^ to  each,  we  hj^ve 
?S5^fe^T=^-'ce  th^  ar^a  ABiu)  =  CPxD^+  AD.CG^ 
E^JdaL  (bytheconftruaion)  twice  the  given  area. 
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Now  the  area  i6p-*-2Q 
(tAB)  =  8  =  the  perpendJCTi- 
ar   CD  y  hut  ./BC  -CD*  a 
^20*-8*  =  DB  i  heacc  JD  ^ 
=AB  ±BD  :s  40  ±s/2o*-i8  • , 


■■t"^"«»""i"^~^ 


zndAC^CD*+DJ*=\/8*+Ao*+2o'-8'±Sos/2o^-^ 

»  4\/i  25±  2ov^2 1  as  4X-V/1 05  ± av'i  =5  58'87 ^3468^ 
and  23*09925922,  either  of  which  may  be  the  fide, 
requirod^ 

Qjj  E  s  T  I  o  N   VIIL 

Given  the  four  fides  .^=9,  -SCssio,  CD^  11^ 
and  Z)u4=:  12,  and  the  angle  BDC^  30%  formed  by 
the  diagonal  ^Z)  and  the  fide  jDC;  required  the  area, 
of  the  trapezium. 

Firft^  by  trigonometry,  BCiCDii 

-i(s.A5Z>C):^=^^  =  -55'  =  thefme 

of  the  angle  Z)J3C=;  33^22' ;  whence 
i8o**-30°+33^  22'  5s  180^- 63^  22'  =s 
1 1 6^  38^  =  AC;  and  s.  LBDC:  s.  LC:: 
C5:i?Z>=iox-8938936x2=  17-877872. 

Then  BC  x  CD  x  ?  s.  Z.  C=  10  x  11  x  "44694^8  =: 
49*  1 64 1 48  =  the  area  of  the  triangle  -SCZ), 

Andv/i9-438936xio-438936x7-438936Kr56iQ^4 
=48*5'4337  =the  area  of  the  triangle  ABD. 

Wherefore  49-1 64148 +  4874337  =  97707518  = 
the  area  of  the  wlwde  tra:pezium^ 

QjJ  E  S  T  I  G  N     IX. 

If  from  the  right-angled  triangle  -45C,  whofe  bafe 
is  1 2,  and  perpendicular  1 6  feet,,  be  cut  o£F,  by  a  line 

DiE 


DE^  parallel  to  the  pd-peiidicijlar,  a  triangle  whofe 
area  is  24  fquare  feet ;  what  are  tlie  fides  oF  this 
tpi^nglef  :  -  -      • 

The  triangle's  ABCy  AI)Ey  are.  fimilar, 
and  the  areas  of  fimilar  triangles  are  as 
the  fqnarcs  of  tharlibe  fidei?;  but  lix8 
=  96  is  the  area  of  the  triangle  ABC^         .^    i)  rg 

V./9^V24::j^^^^^^,,^^.^.^^^  1 2x-i  ^6^Da\, 
^dAE^x/JD'+DE'==x/6'+8'^^io6^icx,       . 

'    -     QjJ  E  S  T  I  O  N    X» 

If  from  a  trian^e  whqdfe' fides  are  13,  14,  15^  be 
cut  ofi^  by  a  line  drawn  paraifefta  the  longefl  fide, 
ai^  tsipea  of  24 j  what. ace  the  leogthV  of  the  fides  in- 
cluding that  area  ?  > .      . .  . 

^   Fkft^'i^'^«5«ir«hatfthefiim 

from  whid^  eidja  fide  being  takeii,  leaves  §,  7,  8; 
therrfoTeA/2i><<$x7x8s3:v''^3*x^':x  4?  =  3x4x7  ==84=3 
the  area  of  the  given  triaogler  •  Then,  as  in  the  laft, 

^'84:^/24::  <i^:  i4v/f  =  2  >/i4f  =  the  three  fides 

inclofing  the  area  cut  off. 

QjJ  E  S  T  I  O  N    XL        . 

If  two  fides  of  a  triangle,  Whofe  area  is  \/ 10800 
S5  6o\/3,  be  20  and  12,  what  is  the  third  fide? 
.    From  thfe  end'  of  one  of  the  giv^en  fides  let  fall  the 
perpendic^ac  CP  upon  the  oitheri  fide  produced. 

2  H  Then 


\/H^ 


s 


I 

I 


r 


121  Promiscuous  Questions,^        PartIL 

Then(fig.toqtieft.7ja)  =  ^^=10^/3,  and-Dfi^ 

^  V^^C^CQ^=v/2o'-3xio^=:io;  hence /)^=^i?db^i> 

s=22or25  andC4=x/.4ii*+J[JC'=s.x/22'or2'+3xiQ* 
s=  v^784  or  \/304=28  or  4v^i9, 

)  QjJ  K  S  T  I  O  N     XII. 

Given  the  area  =  144,  the  bafe  ^C=24,  and  one 
angle£JC=s3o%  atthebafc;  to  find  the  fides  ^  BC, 
J  Firft,  I44-^.I2(^^C)=  i2  =  the 

perpendicular  £D. 

Then,  2iS  i^sUJ^o'':i:ss.LD:: 
12  :s  DJ8: 2^:=  B A.  DC 

But  DA^s/AB'-BD'  =rv/24'>i2% 
and  DCss  C^-.^lOss  24-^/24^-1 2  s 

Wherefore  5C=  x/CD'+DB't:z  24^/2^/3  =  12  x 
\/6-v'2  z=  12-423314184. 

Or,  fince  .45  is  :=  JC,  the  iC  will  be  =  the  LB  = 

■^—=^==75^  hence^2)5C=  15°;  and  therefore 

as  radius  =  i:  fee.  15°=  ro35'2762::  BDs:  12:  12  x 
1-0352762  =  12-4233 144  ==5C 

Note.  It  IS  pretty  evident,  that  this  triangle  will  he  conftrufted  by- 
drawing  JB  to  make  with  the  ffivcn  bafe  JC  an  angle  oiF  30®,  and    ' 
^  meeting  with  a  Ime  drawn  parallel  to  and  at  the,  diftance  of  the  per* 

^        pcndicular  BD  from  JC^  in  j5  the  vertex  of  the  triangle. 

QjJ  E  S  T  I  O  N    XIIL 

Given  the  area  ior2,  and  ratio  of  the  fides  of  a 
triangle,  viz.  ^  to  CS,  as  4  to  3,  and  CB  to  BA 
as  2  to  3 ;  to  find  the  fides. 

It  is  evident  that  the  fides  AC^  CB^  BA,  are  in  the 
ratio  of  the  three  numbers  8,  6^  9,  refpc^vely,  and 

therefore 
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therefore  a  triangle  wKofe  fides  are  8, 6, 9,  will  be  fimi- 
lar  to  the  triangle  propofed ;.  but  fimilar  triangles  are 

as  the  fquares  of  their  like  fides,  and%/V  x  I  x  ^x  V= 

i\/8Sss  =  ^^^  ^ca  of  the  triangle  whofe  fides  are  8, 

4 

6y  9;  therefore  1  ^SSsS'>/ioi^:': 

[8:32  C^^  =  |^^/io847375=ir2-47o24=^C 

|<$:24i>^=|-;0^io847375-=39-35268=C5.. 
[9: 3^  V^=  ^x/io847375=i^'o2902=:jB-4,- 

QjJ  E  S  T.I  O  N    XIV. 

The  diflance  of  the  centers  of  two  circles, .  whofe 
diameters  are  each  50,  being  given  equal  to  30;  it 
is  required  to  find  the  area  of  the  fpace  inclofed  by 
their  circumferences,  and  that  of  a  fquare  infcribcd^ 
in  the  faid  fpace  ? 


Qmjiru£lt<m. 

Having  defcribed  the  circum- 
ferences including  the  common 
fpace  AHBI^  IH  being  the  com- 
mon part  of  both. the  diameters,  ,,::.: 
bifea  IH  in  C,  and  through  C  ^  ^ 
draw  jPCD,  GCEj  making  each 
half  a  right  angle  with  IHj  and 
meeting  the  arcs  in  DyEyF^Gy. 
the  four  angular  points  of  the 
iquare. 


Qiy 
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Cakulatiotv  •  : 

IfK  be  the  center  of  one  of  the  circles,  then  JSK-^SX^ 
«=  25-1 5'=  I o  xs^CH^CI^  tlie  height  of  each  fegment  j 

and  ^^  ^  f5  "  '2  =the  tatkverfed  fine ;  againft  which, 

in  the  table  of  circular  iegiJ;ien^,  itands.  the  area 
MI  182380;  therefore  •iii8238x5'o>:5ox2:^5i'9'ii9 
=  the  two  fegmerits  or.  common  fpace  AHBIA. 

Again,  drawing  AD,  we  fhall  have  as  DK-  25: 
A^=Ii:::s.AC=X35°o^4J^*s.  z:CZ>A"=25°6i';  hence 
180^^135^-^^^  6^\^  180^^160^  6i'=  19^  53.i'=  LKy 
then  as  radius=s,  L L:  s.LK- 1  p'^.iSi'  -  -^-0=25: :  Z)Z= 
8'553925,  the<k)uble  of  which  is  Z)£=i  7*1 0785  = 
the  fide  of  the  iquare.  And  therefore  i7'io785x 
27*io785  =:292*6785'3=:the  area  of  the  Iquare. 

QjJ  E  S  T  I  O  N    XV, 

Given  the  bafe  ^C=  1 5,  the  area  45,  and  the  ratio 
of  AB  to  BC  as  2  to  3 ;  to  i^nd  the  fides  AB^  BC^  of 
the  triangle  ? 

Firft,    the  area  45  ^  7t       h       B       I 
(4^  AC)  =  6  =  the  perpendi- 
cular BD.     Then  take  AK: 
EC::JB:BCy  that  is  5  =  2+ 

^  3  :  9  =  ZC  S 

and  fuppofe  i^5  =  i5^,  as  alfo  the  lines  BE,  EF,  and 
the  perpendicular  FG  to  be  drawn ;  and  we  fliall 
have  the  two  triangles  ABE^  EBF,  equal  to  each 

Other  in  every  refpecl ;  but  i  £Dx  ^rr^  *=  3  >« 
fi6=:iB=iAJBCy        ,  ,        „„_      T,T,r,/    4T,T^x 


» . 


I 
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=s  27-18  =  9  =  aEFC;  hence  9  (aSjFC)  >4-4|  (i£C) 
=  2  =  the  perpendicular  FG;  but  GE^s/EF^-FG^ 

=  \/6*-2  *= v'32,  and  GC=  CE-EG^  p-v^S^  >  whence, 
by  fimilar  triangles,  FG :  GC: :  JBD :  DC^  2  7  -  3  ^3  2, 
and,  confcquently,  DA = AC-CD  =  3 y^g  2- 1 2 ;  where- 
fore, la%,  :^^=rv/^F^^^5]F=y6 +3v-32--i2r  = 
3y2'+^32-4P=;6v/i3~8^2  =  779146,  and,  as  2: 

3  ::^5:5C=9v/i3-8v'^=  1 1-687 19. 

From  the  foregoing  folution  the  following  con- 
ftnidlion  is  evident* 

Having  drawn  HI  parallel  to  AC^  and  at  fiich  dis- 
tance from  it  as  is  exprefled  by  the  perpendicular 
BD^  found  from  the  given  area  and  bafe,  and  taken 
AE  to  EC  in  the  given  proportion  of  AB  to  BC\  with 
the  center  E  and  radius  EA  defcribe  an  arc  meeting 
in  jP,  with  a  line  KL  drawn  parallel  to  AC  and  at 
fuch  diftance  from  it  as  is  denoted  by  a  third  pror 
portional  to  CE,  CE—EAy  and  BD ;  then  through  F 
draw  CB  meeting  with ^/ in  B,  and  join  -6,  A. 

Qjj  E  s  T  I  o  N  XVI. 

Given  the  fegments  BD  =s  10,  and  DCss  14  of  the 
bafe  BC  made  by  a  line  AD  bifedling  the  vertical 
angle  A^  and  the  fum  of  the  fides  BA+AC:=z  48 ;  to 
find  the  area. 

If  a  line  bifedl  any  angle  of  a 
triangle  and  cnt  the  oppofite  fide,  it 
is  known  that  the  fegments  of  that 
fide  are  to  each  other  as  the  other 
fides  adjacent  to  them.  Wherefore  24    ^ 

=  ^C:48=S^+^C::^;;=^:^^|rci^hencethe 

^  I  area 
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area  is  v/36x8xiaxr6=<Sx2>ax4\/2X3=96v^6=: 

235-151001 54.  j 

I 

^^^^  ■ 

Qjj  E  s  T I  o  N  xvn.  I 

Having  given  die  continuations  of  the  two  fdeft 
of  the  vertical  angle  of  a  given  triangle,  to  find  the 
area  of  the  triangle  formed  by  the  faid  continuations 
and  a  line  connecting  their  extrmuties. 

That  is,  Given  AB=2,  5C=3,     jd _B 

CJ=4J  and  ^lEssT*  CD=io,  or      \.  7 

BE=^Si  BD  =  Tt  required  DE  ^ns// 

and  the   area  of  die  triangle  /^-^ 

DBE.       ^        ^^ 

Firft,  v/?x|xTX?=T\/i5=theareaofthe  triangle  . 
ABC.  But  fince  the  vertical  angles  at  B  are  equal, 
and  triangles  having  one  angle  in  each  equal,  are  as 
the  redangles  of  the  ildes  about  the  equal  angles  ; 
we  fliall  have  6:35::T%/i5:V'N/i5=i^*944305=thc 
area  of  the  triangle  BDE. 

Then,  having  drawn  ElP  perpendicular  to  BCy 

'^^/isU{kBD)^WiS-EP;  but  v/^£'-£P'= 
v'25-fix25=v/4l=i^P:5,  and_P5+B0=7+ii:V  = 

DP%  hence A/5F+P£*=:yi|Vi5xlf  = 

4  4 

DE. 

Qjj  E  s  1 1  o  N  xvin. 

Given  the  area  ( i  oo)  of  the  equilateral  triangle 
4BC^  whofe  bafc  falls  on  the  diameter  and  vertex 
in  the  middle  of  the  arc  of  a  femicircle ;  required 
the  diameter  DE  of  the  femicircle  ? 

Since 
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Since  the  area  <^  an  eqiiilateral 
triangle  is  equal  to  the  fquare  of  the 
.fide  drawn  into  i  \/3,  we  fliall  have 

tiie  fide  AB^^/^,  and  the  half     da 

of  it  AP^s/^^-^i  whence  the  radius  of  the 

circle  or  perpendicular  of  the  triangle  BF  h  st  area 
^ -4P=  1 00-7-^:=  I  o  v/3,  the  double  of  whichis  20  v/3 

=s  2^*3  2 1 4802  6  35  the  diameter  required, 

QjJE  s  T  10  H  XIK. 

• 

The  area  of  a  triangular  meadow  is  1 00  perches 
or  fquare  poles,  and  the  length  of  one  of  its  fides  is 
40  poles,  which,  alio,  is  a  mean  proportional  be- 
tween the  other  two  fides ;  from  which  it  is  required 
to  find  the  unknown  fences? 

Conjiruiiwn. 

Make  AB  =s  40  =?  the  bafe 
or  given  fide,  on  the  middle 
<?  of  which  raife  CD  perpen- 
dicular and  equal  to  (VV  =) 
5,  the  perpendicular  height 
of  the  triangle.   Then  finice 

the  reAangle  of  two  fides  of     ^  ^^ — ^^^-—-^B        p 
a  triangle  drawn  into  the  fine  of  their  included  angle 
is  equal  to  double  the  aMa,  we  fliall  have (-221.  =)  4 

for  the  fine  of  the  vertical  angle ;  therefore  araw  BE 
making  the  angle  CBE  equal  to  the  complement  of 
that  angle,  meeting  CD^  produced,  in  E ;  To  will  E 

be 
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be  the  center  of  the  circle  circurtifcribing  the  trian- 
gle ;  therefore,  with  the  center  E  and  radius  EB  or 
EAy  defcribe  an  arc  ABF  meeting  DF,  drawn  pa»- 
rallel  to  AB,  in  F ;  then  diraw  AF,  FB^  and  it  is 
evident  that  ABF  will  be  the  triangle  required. 

Calculation. 

Draw  FP  perpendicular  to  and  meeting  AB^  pro- 
duced, in  P.  Then,  fince  i  is  the  s;  of  L  jE,  it  will 
be  as  t:  i  =  s.  Z.C::2o=C5:  i6o^BEy   or  thus,  by 

AFxFB       40X40  y-  nr^  *         .  jn,r>. 

geometry,  -^fp-  ==  -^-j;^  =160=:  BE.     Again,  CE  s= 

x/EB'-BC  =  x/i6b*-2o'  :^  aos/63  =  60^/7 ;  hence 
DE=  E(U:d  =  ^oy/;-!',  and  DF^s/FE'^ED-^ 
Ss/iS+^W7y  but  ^P  =  Z)J^-C.Z?  =  5v/i 5+24^7-20, 
-and  therefore  5F=^//^P'+PiJ'  = 

ios/8+6^7-2^/is-i-2^v^y  -  24-80833,  and  confe- 

quently  FA^^=^^^=  64-49447. 

QjJ  E  S  T  I  O  N    XX. 

The  four  fides  of  a  field,  whofe  diagonals  are 
equal  to  each  other,  are  known  to  be  25,  35^,  31, 
and  1 9  poles,  in  a  fucceffive  order  j  fix)m  whence 
the  content  of  tiie  field  is  required  ? 

ConJiriiSiion. 
Make  AB  and^C  perpendi- 
cular to  one  another,  and  each 
equal  to  one  of  the  given  fides, 
as  35  ;  with  the  centers  5,  C, 
and  radiufes  equal  to  tlie  two 
remaining  oppofite  fides  2j  and 
31,  defcribe  two  arcs,  interfed- 

ing 
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ing  in  Z),  draw  AD^  and  BE  perpendicular  and  equal 
to  it  J  draw  AE  and  DE,  and  ABDE  will  be  the 
trapezium.*  . . 

Calculation.- 

Draw  BC  ineeting  ADvar,  upon  which  let  fatt 
the  perpwidicukrs  An^  Dm.  Then  BC=  y/BA*  +AC* 
te.35v'2,andJ«ss«5=i^C=^=21;  again,  wB 

2i^^       __j^ 70^/2         70-V/2 — Ts;^*  ^"^. 

2C         I  ?  I  12 

mn^nB-Bm^  y—— Xv^2=5  —  y'^;  but  «^Z)  = 


TVv/16898;   and,  by  fimilar  triaiigles,  An+mD: 
mnv.JA'nr^  175W8449  ^  lieiw:e  r^ s=  v^Jw^+^p  =s 

i75-K/?8449^ ^  and,  by  fimilar  triangles, 

rfnnm::rA:AD:s:s/7^ 3+7^^^449 = ^JS. — Then,  be- 
«auie  .ilD  is  equal  and  perpendicular  to  BE,  by  rule 
2  pftge  69  we  obtain  the  area  =  ADxBEx  i  fine  LF 

:t=iJ9:F't=ix793+7\/»449==7i8-2i4547fquarepoles 
=  4ac.  iro.  38*214547  perches, 

^  K.  Olhernvi/e. 

■  ■■      ■       .  *  » — ^_^ — «  , 

♦  For,  by  the  conftruaion,  AB,  BD  are  the  two  fides  35,  25,  and 
the  diagonal  BEszJD ;  fothat  we  have  only  to  fliew  that  JEy  ED 
are  equal  to  the  other  two  fides,  31,  19.— Now,  by  the  conftrudion, 
the  angles  C>^Z),  yf^E,  being  each  the  complement  of  BJD,  are 
equal  to  eaoh  other  ;  and,  by  the  conihriiaion,  CJ  and  JD,  AB  and 
^£,. about  thofe  eqn^  angles,  are  alfo  equal;  jjnd  therefore  tlie  rc- 
maiiuog.  fides  QDy  AE  are,  4ike\¥ife,  equals  that  is  y/E r=  3 1 .^But, 
by  the  property  of  all  As,  BA^—AE*  ss  BF^t-FE^  tsz  BD^^DE*  - 

and,  therefore,  DF^szi/BD^-irAE^'-AB'^ « >/25^-i-3i»--35»=5  19! 
^E^  D^ 
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Othernvife. 
Having  found  mB=^\/2  jweftiiallhaveasZ)i?= 

2j;:  Bmz=^^x/2  ::  I  i^V'2='6o^s/2  =  'Ss^iS^99 

s=  the  cofine  of  the  LDBm  =31°  20^;  but  mBJ  «  45°, 
confequently  L DBA  ^76'  20';  then  6o=JB+BDi 

,0  =  ^-^2)  : :  tang.  t^M^^JR  =  51020':  tang. 
f^^±±?^=ii<'58',hence5i*5o'-ii»58'=39«52.^ 

=  ^5^i);  laftly,  s.LBAD.s.  LDBA'aBD  =  2s.DA:^ 
37-897=5£,  which  is  nearly  equal  tav''793+7V^449' 
^37*00025,  the' value  abqve  found. 

Qjj  E  s  T  I  o  N  XXI.  . 

The  trapezium  ABCD  is  to  be  meafured ;  and, 
becaufe.  of  fome  obftrudtions  from  wood,  water,  &c. 
or  for  want  of  proper  inftruments,  there  can  be  taken 
only  the  following  meafiires :  viz.  AB  is  58*5  chains, 
BC  27-3,  CD  50,  and  DA  32  chains?  alfo  in  ADy 
continued,  there  is  meafured  any  diftance  DE  2j'Sy 
and  the  diftance  from  £  to  C  is  32-5  chains ;  required 

the  area. 

Draw  the  diagonal  AC,  and  on  B^^^^^ 

AD,  produced,,  let  fall  the  per-  /\---:;^ 

pendicular  CP.  /  ■■■■''' 7    t 

Becaufe  DC  is  =  CE''->rED'^  /■■     X     I 

aDEy.EP,  we  Ihall  have  EP  -  ^       d        E  p 

x/C£*-f'P'  =v/32-5'-i2'5*=3o,  therefore — j—  = 

1 6x30= 480=  the  area  of  the  triangle  ADC* 

Again, 


Sedl.  It.         Promiscuous  Question^.  if 31 

Again,  ■^P=.AD+Z)£'+igP=32+27'j'+i2'5  =  72^ 
therefore  CA^  x/AP'+PC  =  s/ 72^+^0'  =  78. 

Alio,  letting  fall  the  perpendicular  J?®^,  fince  AB* 

=  5C^+Ci*-2  JCxC^,  wefhallhaveC%:  ^^^"^^^yl^^^^^ 
=  2  r 84 ;  hence  ^  =  x/BC'^^^  =16-38;  therefore 
^^^==39xi6-38  =  638-82  =  the  triangle^5C. 

Whence. 480+638*82  =  I ii8'82  fquare  chains  = 
1 1 1'882  acresr:  1 1  lac.  31.  21*12  perches  =  the  whole 
area  required. 

QjJ  E  S  T  I  O  N     XXII. 

To  find  the  length  of  a  chord  cutting  off  any 
part,  as  fuppofe  7,  frona  a  circle  whofe  diameter  is 
289. 

The  area  of  the  whole  tabular  circle,  or  of  the 
circle  whofe  diameter  is  i,  is  78539816;  the  i  of 
which  is  "26179939  nearly,  which  is  a  fegment  fimi- 
lau  to  the  fegment  to  be  cut  off.  Now,  the  verfed 
fine  anfwering  to  this  area,  in  the  table  of  circular 
fegments,  is  •36753395',  which  taken  from  the  whole, 
diameter  i  leaves  '63246605  for  the  other  part  of  the 
diameter ;  then,  becaufe  the  femi-chord  is  a  mean- 
proportional  between  the  two  fegnients  of  the  di- 
anieter,  we  Ihall  have  2^*63246605 x '36753395  = 
•96426162  =  the  chord  of  the  tabular  fimilar  feg- 
ment. Wherefore  as  i :  289  ::"96426i62:278*67i6 
=  the  chord  line  required. 

Qjj  E  s  T  I  o  N   XXIII. 

In  the  unpaffable  field  ABCD  there  are  meafuredX 
the  fides  AB^  29 ;  ADj  S9  i  and  Z)C,  15  chains :  alfo, 

by 
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by  drawing  5G  paFallel  to  AD  till  it  meet  with  DC^ 
produced,  in G,  BG meafurcs  23  j  andGC^  10 chains ; 
required  the  content. 

Draw  BH  parallel  to  GD : 
then  is  BHDG  a  parallelo- 
gram, and  confequently  BH 
=  GZ)  =  25,  and  HDzzBG^ 
23 ;  hence AH=:JD-DH=36. 

But,    letting  fall  the  perpendicular  BI^  HI^ 

^J!l±E4'^p^=  1 5,  and  IB^BH^-HI^  =:2o,Whencc 

AD+BGx  tIB=i  82X 10  =820  =:tbe  area  of  the  trape- 
zoid JfiGZ). 

Again,  drawing  the  diagonal  ffD^  HDy^\lB^ 
23x1  o  =  230= the  triangle  £f-ffl)=  the  triangle ^GD ; 
but  the  triangles  BGDy  BGCj  being  of  the  fame 
height,  are  to  each  other  as  their  bafes  Z)G,  GC; 
that  is,  DGr22S:GC=:  10  ::  triangle  j8Z)G=  230:  tri- 
angle jBGG=f  x230=:2X46=92. 

Whence,  by  taking  the  triangle  BOG  from  the 
trapezoid  ^fiGZ),  wehave820-92=  728  fquare  chains 
=  72  a.  3  r.  8  perches  =  the  area  required. 

Nofe,  It  is  evident  that  this  figure  ^viil  be  conftni<5led,  by  .firft 
forming  the  tinanglc  JBN^  and  joining  the  parallelogram  BGDH 
to  it. 

QjJ  E  S  T  I  O  N    XXIV. 

To  find  the  area  of  the  hexagonal  field  ABCDEFy 
the  fides  BC^  DE,  FAy  being  produced  to  meet  in  the 
points  Zy  jT,  X;  there  are  given  the  following  dimen- 
fions ;  Z5  =  39,  ^<^=  ^  ^8,  CT:^  25,  rZ)  =  30,  Z)£= 
ICO,  jEJ=  65,  XF=  2$,FA^io^y  and  ^^=37  chains^ 

Firft, 
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Firft,  by  prob.  2  fed.  i,  the 
area  of  the  triangle  ZYX  is  1 4 1 9  6 
%uare  chains. 

But,  it  appears  from  rule  3  of 
the  fame  problem  that,  the  areas 
of  triangles,   having  one  angle 

common^  are  as  the  redlangks     ^  __^ ^ 

of  the  fines  including  the  com-     ^    -^  F'"X 

mon  angle  j  wherefore 

JZxZr=:  169x182  .-37x39::  12^1^6:666- t^AZB, 
ZTxTX^  182x195:  25x30::  14196:  300  -aCTDj 
YJxIZx  195x169:  65x23  ::  14196:  644=a£JF, 

whofe  fum  1 6 1  o  taken 
from  141 96  the  triangle  ^'iTX,  leaves  12586==  the  are* 
of  the  hexagon  -dLBCDJEF  required. 

Qjj  E  s  T  I  o  N   XXV. 

It  is  required  to  find  the  area  of  the  heptagon 
jAM:DEFG  infcribed  in  the  trapezoid  HIKL,  the  di- 
menfioiis  as  below : 

Viz.  i5©=34,  ^G=85,  Cfe^iy,  /Z)=42,  DK^66,  KE^, 
EF-^ij  FL^%6,  LG=s29,  G^s:i6o,  and  AH^^i^ 

Firft,  drawing  /M  parallel 
to  All,  and  letting  fall  the  per- 
pendicular/ZNT,  /Mwill  be=;AZ 
=  130,  MH^ffL-IK^ii^^.; 

hence  MN-^ mrs = 


2MH  H  A  N       M — 

50,  and  iV/=  s/M'^MN'^  120. 

But  a  trapezoid  is  to  a  triangle,  having  each  one 
angle  equal,  as  the  retftangle  under  the  fum  of  the 
parallel  fides  and  the  other  fide  including  that  angle, 

2L  iti 
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in  the  trapezoid,  is  to  the  redlangle  under  the  fides 
including  the  angle,  in  the  triangle; 

Or,  As  that  one  of  the  two  fides  in  the  trapezoicf, 
about  the  angle,  which  is  not  one  of  the  parallel  fides, 
is  to  half  the  diftance  of  the  parallel  fides,  fo  is  the 
redlangle  under  the  two  fides  of  the  triangle  about 
the  angle,  to  its  area.* 

ri36:6or:33X34:495'=AJiro, 

^*^^^«^H  130:60::  6^xi3:396=Ai)A]E, 

1.1 30:60 ::  26x29:  i/^^^t,FLGy 

the  fum  is  1 554,  which  taken 
from  19800,  the  area  of  the  trapezoid,  leaves  18246 
iquare  chains  =  1824  a.  2r.  16  perches. 

Note,  This  is  conflru^ed  as  the  23^d. 

(Xy  E  s  T I  o  N  xxvr. 

In  the  quadrangular  field  ABCD^  if -4Z)  be=46'8, 
X)C=  1 9*5',  BE  perpendicular  to  AD  and =44*8  chains, 
and  D  a  right  angle  ;  alfo  if  AB  be  to  BC  as  8  to  5,; 
it  is  required  to  find  the  content  of  the  trapezium 
ABCD,  and  the  lengths  of  the  fides  AB,  BC. 

Conjlrunion^. 

Draw  .^D= 46*8,  and -DC=s  19:5*  making  a  right 
angle  D  with  it ;  join  A^  C-,  take  AF  to  AC  as  8  to  1 3 

(.8+i) 

I        ' • — _^ — _^ — ^  ^ ^ 

♦  For  JHxHB  iCiBJH::  {radius  :  j  s.  L H : :)  NIiilN::  (by 
equal  mult.)  HIxJK-^HL :  i  INx  IK-^-JtiL  =s  the  trapezium. 

la  the  fame  maflner,  CLxLF ;  A6LF ; ;  LKi\INii  LKxIJO^HL: 
'-^INxIK+HL 

But  the  angles  /and  K  are  the  fupplements  of  the  angles  ff  and  L, 
and  have,  therefore,  the  fame  fines;  and,  confequcntly,  the  irule  will 
be  the  fame  for  them. 
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1^5 


(S+S)^  or  AF:FC::B:S; 
m3keJG=^JF,&ndFH 

parallel  to  it  and  =  to 
FC;  draw  Giff  meeting 
ACy  produced,  in  /;  with 
the  center  /  and  radius 
IFy  defcribe  an  arc  meet- 
ing a  line  drawn  paral- 
lel to  and  at  the  diftance  of  44*8  (the  perpendicular) 
from  ADy  in  B  the  other  point  of  the  figure  required.* 

Calculation. 

■pirft,  AC^  ^/AD'+DC^z:  507,  and,  by  the  con- 
ftniaion,  1 3: 8 ::  507  =  ^C:  3 ra  =  AF;  hence  fC  = 
CA-AF=i^'Si  then,  by  fimilar  triangles,  117  (ss 
AG-FH^AF-FC):$V2(==AF=AI-IF)::i9'S  {=FH 
s=  jTC)  :  52  =  i^/=  IB  5  whence  AIt=  AF+FI=:  83-2  ; 
then,  by  fimilar  triangles  again,  (demitting  IK  per- 
pendicular to  AD,  produced)  507  =?  JC:  83'a  =  AT:: 

rallel  to  KE)  LB^BE-KIz=  12-8,  and  KE  =  U= 
x/IB^-BL*  =  so'4-y  and  hence  EA-AK-KE=26-^t 
zndAB  =  s/BE*+EA'=S^i^^oB-S-'S2  =  AB:S2-s 

^Ba 

But  ^  AExEB  =t  I3*2x44r8 sl-s^i's^  =  the  area  of 
the  triangle  ABC. 

And 

•  ITe  uro  N  3  t  R  AT  I  O  K.. 

Becaufe,  by  fimilar  As,  IJ:AG  UF) ::  IF:  FH  (FC),  we  have, 
by  divifion,  AI:  IF-.: Fix IC,  or,  joining  /,  B,  AI:  IB ::  BI:  10;  but 
the  Ll,  included  by  thcfe  proportional  lines,  is  common  to  both  the 
AsABIJBC,  '.'  thofe  As  are  fimilar,  and  confequcntly  Alii  BCi:. 
{All  IB  (IF) ::  AG:FH::)  8  : 5. 


j$6 


Promiscuous  Questions.        PartIL 


And  £5+CZ)  X  i  D£  =  64-3  X I o-2  =  6^-^86= the 
area  of  the  trapezoid  DEBC. 

Therefore  655-86+59 1*36  =  1 247*22  fquarc  chains 
5=  124  a.  2r.  35*52  perches  s=  the  area  of  the  qua^ 
drangle  ABCD  required. 

•  > 

QjJ  E  S  T  I  O  N    XXVII. 

Given  the  three  fides  AB  =  1 3,  BC:=  15;  atid  CA  a 
1 4,  of  a  triangle  ABCy  divided  into  three  equal  parts 
by  the  two  lines  FG,  ED  both  parallel  to  AC\  it  is 
required  to  find  the  areas  of  the  two  fegments  MHN, 
KILy  and  zone  LAIATCinto  which  the  infcribcd  circle 
is  cut  by  thpfe  lines. 

Firft,  \/2ix8x7x6=s 

\/y x^x2x^xj x2x^sz  7x3x4 

=  84  =  the  area  of  the  tri- 
angle ABC. 

Then  84-^7  (t^C)  =  12= 
the  perpendicular  jB^;  and 

the  radius,  or  8  =  the  dia- 
meter HI  of  the  inlcribed  circle. 

Now,  the  triangles  BFC^  BED,  BAC,  are  fimilar  j 
but  limilar  triangles  are  as  the  iquares  of  their  like 
dimenfions ;  alfb  thofe  triangles  are  to  one  another 
as  the  numbers  i,  2,  3,  refpe<aively  ;  wherefore v/3: 


2  =  i?%:^^^'^^/^=V3=ifC>, 


V2 : 1 2  x/|  =  4v/6  =  ^P  J 
Hence  ^-BP  =  1 2-4^/^  =  P^=:  the  verfed  fine 
JRi  ^B-BO=i2-^K/s=0^:=:ISi  and  -ff/-/5= 
4 1/3-4 = ^€  verfed  fine  SH, 

Then, 
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Then,  dividing  the  verfed  fines  US,  RIy  by  the  di- 
ameter, we  have  — |^  ^  -^=  "3^602^:404,   and 

^~ —  =  ^^^y—  =  '2  75255'  1 28 ;  the  correfponding  ta- 
bular verfed  fines?;  to  which,  4n  the  table  of  circular 
fegments,  belong  the  areas  "26034449,  and'  1 757  7983 
=  the  tabular  aren  (vpirefponding  to  the  t^o  feg- 
ments; whofe  fmn  taken  from  '785398  &c.  leaves 
"34927384 «s that  correfponding  to  the  zone;  each 
of  which  being  multiplied  into  64,  the  fijuare  of  the 
'diametCT,  gives  their  feveral  areas,  viz. 

•2603/1449  =  1 6-662047  3'6  =  the  fegment  LIK, 
^4x  ^'  1 7577983  =  1 1-249909 1 2  ==  the  fegmentNffMf 

*349^7384»  22*3535257 6«:  die  zone  ^t^JTiNC : 


«*  '    ^    • 
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Mensuration  ^Sqlids- 


General  Definitions.. 

A  Solid  or  body  is-  a  figure  extended  ki  every  di- 
redtion.     It  is  coijiinonly  faid  to  confift  o£ 
length,  breadth,  and  thicknefs,  which  are  three  or 
its  extentions;  of  which  the  diredlion  of  each  is  per- 
pendicular to  thofe  of  the  other  two* 

The  meafure  of  a  folid  is  called  its  folidky,  capa*-- 
city,  or  content. 

By  the  menfuration  of  iblids  then  are  deteimined^ 
die  fpaces  included  by  contiguous  furfaces  j  and  the 
fum  of  the  mealiires  of  thefe  including  furfaces  is  ^ 
the  furface  or  fuperficies  of  the  body. 

Solids  are  meafured  by  cubes^  whofe  fides  are* 
inches,  feet,  yirds,  or  any  other  afiigned  quantity  ;; 
and  hence  the  folidity  of  a  body  is  faid  to>  be  fo* 
many  cubic  inches,  feet,  yards,  &c.  as  will  fill  its. 
capacity  or  fpace,  or  another  of  an  equal  magnitude.. 

The  leaft  folid  meafure  is  the  cubic  inch,  other- 
cubes  being  taken  from  it  according  to  the  propor- 
tidn  ift  the  following 

Tabls^: 
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Table  o^Solid  Measure, 
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Cnbic  inches    |    cubic  feet 


_172«  \ 

46656 


cubic  yaid»t 


7762392 


27  I 


I  \  cub,  polct 


4492^1 


166(1 


946793018000  I  2S7496oot^ 


c.  foil.  I 


1064S000  I        64000  I         I    Ic.  mile 


I 


t543S8o6l05600o  I  147  I9'v95»ooo 


y45l7?6ooo  [  32768000  t      siZ     \       I      j 
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SECTION    L 

OfPrifinSf  Pyramids y  and  the  Sphere y  ivith  the  Parts 
into  nvhichfime  of  them  may  be  cut  by  planes. 

APrifm  is  a  fblid  all  whofe  plane  fedlions,  parallel 
to  its  end  or  bafes,  are  equal  and  fimilar  fi- 
gures.— ^It  is  among  folids  what  a  parallelogram  is- 
among  planes. 

Or  a  prifin  is  a  folid  whofe  £des  are 
parallelograms,  the  ends  of  all  which  pa- 
irallelograms  form  the  bafes  or  ends  of 
the  prifm,  which  ends  or  bafes  are  two 
equal,  parallel,  and  fimilar  plane  figures. 

Prifms  receive  feveral  particular  deno- 
minations according  to  the  figure  of  their 
ends  or  bafes. 

If  the  bafe  be  a  triangle,  it  is  called,  a  triangular* 
prifm.     And  is  fomething  like  a.  haL  box. 

If  its  bafe  be  a  fquare,  it  is  a.fquare  prifm;  if  a 
pentagon,  a  pentagonal  prifin ;  if  a  hexagon^  a  hex- 
agonal prifm ;  Sec. 

'  If  the  length  or  height  of  a  fquare  prifm  be  equal 
to  one  fide  of  its  bafe,  it  will  be  o£  the  form,  of  ac 
die,  and  is  called  a  cube.^. 


^1 
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If  the  bafe  be  a  reftangle,  it  is  called  a  parallelo- 
p?  ped  :  like  a  box  or  cheft  whofe  length  and  breadth 
or  height  are  unequal. 

If  the  bafe  of  a  prifin  be 
a  circle,  it  is  called  a  cylin- 
der :  like  a  rowling-ftone. 

In  this  prifm  the  number 
of  parallelograms  forming 
its  fides  is  infinite. 

A  pyramid  is  a  iblid  whole  fides  are  tri- 
angles, aod.  whofe  vertexes  meet  in  a  point 
at  the  top  called  the  vertex  of  the  pyramid. 
Alfo  the  bafts  of  the  triangles  form  the 
baft  of  the  pyramid. 

If  a  right  line,  moveable  about  a  point  fixed  ^- 
bove  a  plane,  be  moved  round  fo  as  to  dcftribe  any 
figure  upon  the  plane,  the  (pace  inclofed  by  the 
path  of  the  line  will  be  in  the  form  of  a  pyramid. 

The  pyramid,  like  the  prifm,  receives  particular 
denominations  according  to  the  figure  of  its  bafe. 
Thus  a  triangular,  fquare,  pentagonal,  hexagonal, 
&c.  pyramid  hath  for  its  bafe  a  triangle,  fquare, 
pentagon,  hexagon,  &c. 

A  cone  is  a  round  pyramid,  or  a  py- 
ramid having  a  circular  bafe. 

Here  the  number  of  triangles  form- 
ing the  upright  furfacc  of  tJaie  pyramid 
is  infinite. 

Hence,  if  a  €s3bar  of  a  ciircle  be  conceived  to  be 
it^wkd  up  tin  its  two  bounding  radiufts  coincide, 
it  will  take  the  form  of  a  cone*    And,  ia  general,  a 

pyramid 
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pyramid  may  be  formed  by  rolling  up  a  part  of 
a  plane  figure,  cut  off  from-  it  by  two  lines  drawn 
to  the  perimeter  from  any  point  within  it ;  having 
cut  the  figure  through  from  the  faid  point  to  every 
angular  point  of  the  perimeter,  to  make  it  bend  or 
join  fb  as  that  every  part  into  which  it  is  cut  may 
form  a  right-lined  angle  with  the  next  part. 

A  Iphere  is  a  folid  bounded  by  a 
convex  fiuface,  every  point  of  which 
is  equally  diftanrfrom  a  point  within 
called  the  center. 

If  a  femicircle  be  moved  round  its?  diameter  fixed^ » 
the  fpac€  through  which  it  moves  will  be  in  fonn^ 
ef  a  fphere  or  globe. 

The  axe  or  axis  of  a  Iblid  is  a  line  conneAing  the 
middle  of  its  oppofite  ends.  So  the  axe  of  a  prifin 
is  a  line  from  the  middle  of  the  one  end  to  the  mid- 
dle of  the  other ;  the  axe  of  a  pyramid  is  a  line  from 
die  vertex  to  the  middle  of  the  bafe ;  and  the  axe 
or  diameter  of  a  fphere  is  a  line  drawn  through  the 
center  and  terminated  at  the  iurface  on  both  fides. 

A  right  priffm,  or  pyramid  is  a  prifin  or  pyramid 
whofe  axe  is  perpendicular  to  its  bale.     And ' 

An  oblique  prifm  or  pyramid  is  one  whofe  axe  is 
not  perpendicular  to  its  bale. 

Alfo,  a  prifm,  or  a. pyramid,  is  Ikid  to  be  regular 
or  irregular  according  as  the  b'afe  is  a  regular  or  an 
irregular  {^ane  figure. 

A  legment  of  a  pyramid,  fphere,  or  any  other 
tapering  folid,  is  a  part  cut  off  the  top  by  a  plane : 
parallel. to  the  bale. — ^If  the  plane  pafs  through  the 

2N  center.-^ 
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center  of  the  fphcre,  it  will  cut  it  equally  in  two, 
and  each  half  is  called  a  hemifphere* 

The  fedion  made  by  the  plane  is  a  plane  fimilar 
to  the  bafe  of  the  figure  j  and  every  letSlion  of  a 
fphere  is  a  circle.  If  the  fedion  be  made  through 
the  center,  it  is  a  great  circle  of  the  fpbcrc,  having 
the  fame  diameter  with  the  fphere ;  if  not,  it  is  ia 
little  circle. 

A  fruftum,  truncus,  or  trunk,  is  the  part  remain- 
ing at  the  bottom  after  the  fegment  xs  cut  off. 

If  a  fruftum  be  cut  by  a  plane  diagonally  pailing 
through  the  extremity  of  one  fide. at  the  left  end, 
^nd  through  the  extremity  of  the  Qppofite  fide  at  the 
greater  end,  the  two  parts  into  which  it  is  cut  are 
called  ungulas  or  hoofs ;  the  greater  hoof  being  that 
including  the  greatsr  end,  and.  th«  Jefs  that  including 
the  lefs. 

A  zone  of  a  fphere  is  a  part  intercepted  between 
two  parallel  planes. 

The  middle  zone  is  that  whofe  parallel  ends  arc 
equally  diftant  from  the  center. 

A  fedor  of  a  fphere  is  a  fplid  compofed  of  a  fcg* 
ment  lefs  than  a  hemifphere,  and  of  a  cone  having 
the  fame  bafe  with  th^  iegment,  and  whole  vertex  i^ 
the  center  of  the  Iphere. 

The  height  of  a  folid  is  the  perpendicular  drawn 
from  its  vertex  or  top  to  the  plane  of  its  bafe. 

A  folid  is  convex  where  the  furface,  being  curv- 
ed, rifcs  outwards ;  and  concave  where  it  finks  in* 
wards. 

Similar  pyramids  are  thofe  which  are  contained 
under  an  equal  number  of  fimilar,  and  fimilarly  po* 
fited  plane  figures. 

Similar 
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SimUs^r  folida  are  thoie  which  arc  tnade  up  of  an 
^qual  number  of  iimilar,  and  iimilarly  pofited  py- 
ramids; or  that  are  contained  under  an  equal  num^ 
hat  of  iimilar  plane  figures,  alike  placed. 

Problem   I. 
Tojmd  the  furface  tf  a  prifift. 
General  Rule, 

It  is  evident,  that,  if  the  area  of  each  fide  and  end 
be  calculated  feparatdy,  the  fum  of  thofe  areas  wiH 
be  the  whole  furface  of  any  prifin,  whether  right  or 
oblique^  or,  indeed,  of  any  other  bjdy  whatever.* 
—But  for  a  right  prifm  obferve  the  following 

Parlicular  Rule. 

Multiply  the  perimeter  of  the  end  into  the  height, 
tmd  the  produdl  will  be  the  fuqt  of  the  fides,  or  up- 
right furface.  Or,  if  the  ends  of  the  prifm  be  re- 
gular plane  figures,  -  multiply  the  perimeter  of  the 
end  into  the  fum  of  the  height  of  the  prifm  and  the 
radius  of  the  circle  infcribed  in  the  end,  and  the  pro- 
diuft  will  be  the  whole  furface. 

Ex  A  M  p  L  E  L  What  is  the  upright  fiirfaCe  of  a  tri- 
angular prifm  whofe  length  is  20  feet,  and  the  ends 
of  its  bafe  each  1 8  inches  ? 

Here  18x3  =54  inches  =4^  feet  equal  to  the  peri- 
meter of  the  bafe. 

Thereibre 


•  The  furfaces  of  fimilar  prifms,  and  indeed  of  ahy  other  ifimilar 
bodies,  are  as  the  fquares  of  their  like  lineal  dimenfions ;  this  follows 
from  their  being  compofcd  of  fimilar  plane  figures,  alike  placed* 
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Therefore  4^x20=90  fquare  feet  equal  to  the  up- 
right furface. 

Again,,  by  rule  2  problem  4  le<5lion  i,  we  have  2X 
Jxix -433013^  r948558y=the  area  of  the  two  ends. 

Whence  91*9485585  is  the  whole  furface. 

Example  1L  What  is  the  furface  of  a  cube  the 
kngth  of  esLph  of  whofe  fides  is  20  feet? 

20x20=406  equal  to  the  area  of  one  fide, 

And  400  X  6  =  2400 = the  whole  furface  required. 

Example  HI.  What  muft  be  paid  for  fining  a 
rectangular  ciftern  with  lead  at  2d.  a  lb.  the  lead 
being  7  feet  to  die  lb.  fuppofing  (on  the  infide)  the 
fcngth  tO/  be  3  feet  2  inches,  the  breadth  2  feet  8 
inches^  and  height  2  feet  6  inches  ?• 

Firft,  38+32x2x30=70x60=4200  fquare  inches^ 
equal  to  the  two  fides  and  two  ends  together. 

Theuj  3&X3ii=i2r6=  tothe  area  of  the  bottom. 

Wherefore-  4200+  12 16  =  54;  6  fquare  inches  = 
^71^  fquare  feet = the  whole  area. 

But  374ix7  =  263yVlb.=thewhole  weight. 

Therefore  ilb..:;2d.  ::  26zj\:2l.  35.  lo^d.  the 
coft. 

Example  IV.  What  is  the  convex  furface  of  a 
round  prifm  or  cylinder  whofe  length  is  20  feet, 
and  the  diameter  of  whofe  bale  is  2  feet  ■ 

3'i4i6x2  =  6-2832  =  the  circumference. 

Therefore  6:2832x20^  12^*6^^-  the  convex  ftir- 
facs. 

Example  V.  What  is  the  whole  furface  of  a 
cylinder  whofe  length,  is  1.0  feet,  and  the  circiun- 
fcrence  is,  3  feet  ? 

Here 
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Hereio+^,-^X3  =  3o  +  ^37.=3i-43239  =  ttc 
whole  furface  required. 

Problem   II. 

To  find  the  fotidity  of  a  prijht. 

Rule. 

Multiply  the  area  of  the  bafe  into  the  height^ 
and  the  produ<5l  will  be  the  iblidity.* 

£XAMPL£    I. 

How  many  folid  feet  are  in  a  fquare  prifin  whofe. 
length  is  5t  feet,  and  each  fide  of  its  bafe  is  ly  feet? 

lyx  It=^xj=  y  =  the  area  of  the  end.  And  Vx5i= 
V*x  V=  V=5^rfolid  feet  equal  to  the  content  required. 

^0  Ex- 


*  For,  if  we  conceive  to  be  ctit  off  from  the  prifm,  by  a  plane  pa- 
radlel  to  the  ends,  a  part  whofe  hei^t  is  equal  to  the  lineal  meafuring 
unit ;  and  then  imagine  both  its  ends  to  be  divided  in  a  (imila'r  man- 
ner into  £o  many  fquares  as  are  expreifed  by  the  area  of  each,  the 
fide  of  each  of  thofe  fquares  being  equal  to  the  lineal  meafuring 
unit ;  and,  laftly,  fuppofe  planes  to  be  drawn  through  the  corref- 
ponding  lines  of  divifion ;  it  will  be  evident  that  the  part  cut  off  will 
be  'divided,  by  thofe  planes,  into  fo  many  cnbes  as  there  are  fquares 
in  each  end,  and  alfo  having  the  fame  dimenfion  with  thofe  fquares, 
viz.  the  lineal  meafuring  unit;  and  this  number  of  cubes  is  the  mea- 
fure  of  the  part. 

But  the  magnitude  of -the  whole  prifm,  or,  indeed,  of  any  other 
of  an  equal  bafe,  is,  evidently,  fo  the  magnitude  of  the  part  whofc 
height  is  the  lineal  meafuring  unit,  as  the  length  of  the  whole  is  to 
that  unit  ^  I ). 

And,  therefore,  the  meafure  of  the  whelp  is  equal  to  that  of  the 
part  fo  often  repeated  as  there  are  lineal  meafuring  units  in  the 
height ;  that  fs,  equal  to  the  bafe  drawn  into  the  height. 

And  that  the  rule  is  true  for  oblique  prifms  as  well  as  right  ones> 
will  be  evident  by  conceiving,  according  to  the  method  of  Cavaleriusy 
a  right  and  an  oblique  prifm,  of  equal  bafes  and  heights^  to  be  made 
u|)  of  an  indefinite  number  of  equal  thin  plates  all  parallel  to  thd  bafe ; 
for  the  prifms  being  both  of  a  height,  the  one  of  them  will  require  ak 
many  of  fuch  plates  to  compofe  it  as  the  other. 


i 


14^ 


PRISM^ 


PaitllL 


Example  H. 

How  many  ale  gallons  of  water  will  the  ciftem 
liold  whofe  lengthi  hreajdtbt  ^^<^  height  are  3  feet  2 
inches,  2  feet  8  inches,  and  2  feet  6  inches  ? 

38x3,2x30=3  6480  -  the  folidity  in  inches.  And 
36490 -i- 282  s:  6080 -7-47  =  1 29if  ale  gallonSit. 

Example  IIL 

What  is  the  capacity  of  a  cylinder  whofe  height  is 
20  feet,  and  ths  circumference  of  its  baie  20  feet^ 
alfo? 

Krft,-7^^=  the  diameter,  and  i  ox-zr^^—^^ 
^yi4i6  '  3' 1416     3' 1416 

:4^  =  the  area  of  the  end. 


2J 


Then,  ::^^  x  20 


7854 
city  required* 


2^00000^ 


=t 63^-61828  =;  dbc  capa*- 


Example   IV. 


What  is  the  capacity  of  the  oblique  cylinder  whoft 
axe  is  20  feet,  and  the  circumference  of  whofe  bafe 
is  20  feet  alfo ;  the  axe  making  aa  angle  of  75°  with 
the  bafe? 

As  in  the  lafl  example,  the  area^ 

ofthebafeisr^^ori^^^^. 

'7854        5927 

But  as  I  (rad.):  '9659258  (s.  75* 
tsZ.J5)::2o(.^):*9659258x20  = 
193185163s -4C=:  the  height  of 
the  cylinder. 


125000 


Thereforei^xi9-3i85T6« 


3927 


J  25ooox*oo49 1 94082=6 14*92602 
the  capacity  required. 


Oihcr^ 


Sea^L 


CYfcjNuUrc  Uncula. 
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Otherwife. 
As  I  (s.LC):  -9659258  (s.  LB}::  636-61 828  (the 
capacity  in  the  laft  example):  63 6*6 1 828 x '9659258 
s=  6x4*92602  the  capacity  the  iaine  as  before. 

E  X  A  M  P  L  E     V. 

Stippofe  the  right  cylinder  whofe  le&gth  is  20  feet, 
and  diameter  3  feet,  to  be  cut  by  a  plane  parallel  to 
and  at  the  diftance  of  i  foot  from  its  axe :  requireci 
the  folidities  of  the  two  prifins  into  which  the  cy- 
hnder  is  cut.  *" 

■;r:TS=-=T-  =  *i6=r  the  tab.  verfed 

fine,  to  which  in  the  table  of  circu- 
lar legments  correfponds  the  area 
•086041 1 7;  hence' 08604 1 17x9(^5*) 
B  '77437053  =  the  area  of  the  feg. 

J5I>£, and  •  7 65  3 98 1 6-'o^ ')04 1 1 7  X 9 
s=  •69935699x9  =  6*29421291  =  the 
fegment  JDE. 

Whence  20xV77437053-  15-48  74  i=fliceFG^5£Z) 
^^^'^^^^'^^l6-2942i699=i2r88434       FIGEAD^ 

Problem    III. 

Tofnd  the  curve  Jurface  of  the  wtgula  DEAGD  of; 

a  cylinder. 

Rule. 
Put  h-=i  the  height  AD^ 

0;=  JFtheverf.fineof  ithearc  of  ^ 

the  bafe, 
^/=  the  diameter  J5, 
a  =  the  arc  EAG  of  the  baie^  E 

x=:  FG  the  right  fine,  and  c = the 

cofine  of  the  i  arc  j  Then 


>  • 
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Then  -  xds-ac:=:  the  convex  furface.* 

V 

That  is,  From  the  produ A  of  the  •  diameter  and 
IGnc,  fubtradl  the  produifl  of  the  arc  and  cofine, 
and  multiply  the  diflFerence  by  <he  quotient  arifing 
from  the  divifion  of  the  height  by  the  verfed  fine. 

Note  I.  When  F  is  the  center  of  the  bafe;  then  vs=/  =  i</,  and  c 
sso;  and  then  the  theorem  becomes  d^,  viz.  the  produdtof  the  dia- 
meter and  height  equal  to  the  curve  furface. 

Note  2.  When  j4F  exceeds  i  AB,  then  ac  muft  be  added. 

Example  1. 

Given  the  diameter  AB  equal  to  1 00,  the  height 
M)  equal  to  140,  and  the  verfed  fine  AF  equal  to 
I  o :  required  the  curve  furface. 

Here 

•  For,  having  drawn  tily  IK  parallel  to  FA  and  AD  refpe^livel^, 
and  joined  the  points  //",  Ky  fince  it  is.  evident  that  the  furface  is  gene- 
rated by  the  motion  of  IK  along  the  arc  AIGy  KIx  the  fluxion  of /^^  will 
be  the  flux,  of  the  furface.  Wherefore  put  z  =  AI,  x  =  its  fme  IL\\GEy 
and>=:  its  cofme;  then  HI:ssLFxzFA-^ALzsv^id+j^,  and,  by  fimilar 

trianeles,  FA :  AD  : :  HI :  IKsz  -  x  v— t^-f-v ;  and  hence  the  fltixion 

•  h       *  •        •*  •  . 

of  the  furface,  ox  z%IK  is  -x vz— i^s+j's.     But ^z=i^y,  and  there- 

V 

forczxIK=^xvz^dz  +i^x;  the  fluent  of  which  is  _  x  vz-iJz  +i^x 
-  xiZ;^=S  =  (when  lAzsz  AC)  - 

h      — — — 

is  -X  ^/— <jr=:  the  whole  convex  Surface  DEACD. 
if 

Corollary  I. 

If  F  be  the  center  ;  then  v  =  /  =  i^,  and  c^o\  and  then  th,e  theo- 
Tcm  becomes  barely  ^^  =  4  times  the  triangle  DAF. 

Corollary  II. 
When  AF  exceeds  \dy  cis  negative,  and  then  -^ac  becomes  -^-ac. 

Cor  ol  la  r  y  III. 
If  F  coincide  with  ^ ;  then/  =  o,  andr  =  — fi;;  and  the  theorem 
becomes  i  ^/^  =  half  the  furface  of  the  cylinder. 


^-x\dx^cz  ==  (when  ///as  AG)  -  x-iJf—iac,  the  double  of  which 
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Here  i=ioo,  h=:i^o^  and  vsio:  wherefore  id-v 
=5 0-10=40=^.  And\/idd-cc^\/2Soo-i  600=^/900 
=  3o=-x. 

But  ^=^=T= '6= the  fine  reduced  to  the  radius  r, 

to  which,  in  a  table  of  lines,  belong  36  degrees,  52*268 
inmutes=36*87i  13  degrees.  Then,  l)y  rule  i  for  the 
length  of  a  circular  arc,  •o  1 7453  29 x  3 6*87 1 13  x  1 00 
S5  64*352252  =  the  arc  V7. 

Whence  -  X  ^/j-^i: «  14  x  3  000-2 574*09008  =:  14  x 
425:9Q9.92^5962*73888=:theconvexfurfacerequired. 

Example  II. 

If  the  diameter  and  height  be  100  and  140,  as 
before,  and  the  feftion  be  tnade  through  the  center 
of  the  bafe,  or  ^=7^=50  j  what  is  the  Convex  liir- 
face  ? 

Here,  by  note  i,  ^A=s  100x140=  14000=  the  con- 
vex furface  required. 

E  X  A  M  t  X  E   ni. 

Suppoiing  d  and  h  (till  the  fame,  and  t^ = 90  ;  t<3 
find  the  convex  furface. 

Here  {  d^-v = 50-90  =r  — 2J0  =  c,  x  =  30  the  fame  aS 
before,  but  is,  here,  the  fine  of  the  fiipplemental  arc, 

wliichthereforeisi8o-36*87ii3=i43*i2887degrees. 
Hence  •01745329x143*12^87x100  =  249-807013  =& 
the  arcfl.  Or  the  arc  may  be  fboner  found  bvonly  fub- 
tradling  the  arc  in  the  firft  example,  viz.  04*352408, 
from  3 14*  J  59  •&€•  the  whole  circumference. 

Then,  by  note  2,  ^xds-uic^  V*x30oo+9992*28o52 

^  yx  1 2992*28052  =  202 10*2 1414  =  the  convex  fur* 
face  required.    ^^ 

2?  I**  o 
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Problem   IV. 

To  find  thefolidity  of  the  hoof  of  a  cylinder. 

Rule. 

From  y  of  the  cube  of  the  right  fine  fubtradl  the 
produdl  of  the  bafe  aad  cofine  of  half  the  arc  of  the 
bafe,  then  multiply  the  difference  by  the  quotient 
of  the  height  divided  by  the  verfed  fine,  and  the  pro* 
dudl  will  be  the  iblidity  required* 
That  is,  putting  bs^  the  height  .^£Z> 

vss  the  verfed  fine  jy 

/  a  the  right  fine  FG 

c.z=L  the  cofine  s  jAB-AF, 
and  B  =  the  bafe,  or  area  of  thefeg.  GAEG  i^ 

Then  |7^x^«the  folidity  * 

NoU 


^asbefore(feE 
thelaftfig.) 


i*M»i«> 


*  For  the  fiuxion  of  the  folid  is  =  the  A  NIK  drawn  iiM»  tike  flusion 
b(  LI^  which  fluxion  wiM,  therefiM^ei  be  xx — k^/»  (uling  the  fame 

ehartders  as  in  the  d«nonftradoA)f  the laft problem)  as  —  x^— f|*  s 
^^^- ' — ; —     ^*>f    m ^  ..  _^^^^j 


s±  ~  Xfj-^xx'-2cxFL'  whofe  fluent  {  — x//— 4a>: — -  x  area  F^/^l 

^ ^ 

when  /  coincides  wilh  C,  is  — xi^»— 3c,  the  double  of  which  is  -x 

^/'— 3c  =  the  content  of  the  foKd  DEACD  required. 

Co  kOLL  A  RT    I. 

If  F  fall  in  the  center  of  the  baie;  i^tsx  etsiOyZoAs^siv^zid^  and 
the-  ruU  will  be  i  ddh, 

CokollaryH. 
If  AF  exceed  FB^  c  will, be  negatiye,  and  then  — ic  will  become  -^hc. 

Corollary   III.      / 
If  F  fall  in  ^ ;  /  =  o,  and  c  s  <— iv ;  and  thenrthe  theorem  becomes 
^/;s:;  half  the  cylinder. 
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Note  I .  If  F  be  the  center,  that  is,  if  tfhe  bafe  be  equaf  to  t&e  femi- 
circle,  then  v^/,  and  ^  =  o;  and  therefore  ^k^sss^^ddh  is  tl^e  foH* 
dity  in  that  cafe. 

Note  2,  If  9  exceed*}/,  that  is,  if  the  boTe  exceed  the  ftaxicivcle,. 
then.tf  is  negative^ .  and  be  qiuft  be.  added. 

Example  L 

If  the  diameter  AB  be  50,  the  height  AD  120,  and; 
iSttt  verfed  fine  AF  10;  what  is  the  folidity  of  the- 
hoof. 

Orfippofiag  a  cyliAdric  ycSAABCDy.,  containing  a 
fluid,  to  be  placed  in  fuch  a  pofition  that  the  flirface- 
•f  the  fluid,  difpoflng  itfelf  parallel  to  the  horizon, 
may  cut  the  bafe  in  GE  leaving  40  inches  of  the 
dianieteF  dry,  and  the  fide  of  the  cylinder  in  D  120 
inches  diftant  from  the  bafe ;  to  find  how  many  ale 
gallons  are  in  it;  the  diameter  of  the  bafe  being  50 
inches* 

Here  h^  120,  ^=550,  and  •ys;  10.  Thenri-^^ 

25-10=  i5=c,andv/i^i:/-gg=v/25^-i5'=s/5'x5*-3*^ 
=  v/3''x4*  =  j:x4=2o  =  j* 
And,  to  find  the  bafe  by  the  table  of  fcgmcnts, 

2=|i='2,  this  found  in  the  colunm  of  verfed  fines,  op- 

pofite  to  it  I  find  the  area  *!  1 18238:  hence  50X50X 
*ii  18238  =  279*5595  =si^  the  fegment  or  bafe. 

Then-xf-f'-^^=i2xfx8coor-i5K279-5595=  r2x 


53331-4193-3925=  Jf^'*"3r94^=  I3<57r2896* 
the  fofidity  in  inches;  which  divided  by  282,  the 
inches  in  a  gallon,  give  48*50939  ale  gallcHis  for  the 

content. 

Example  II. 

Suppofe  the  cylinder  fo  phiced,  that  the  furface  of 
the  liquor  may  bife(5t  the  bafe,  and  rife  up  the  fide 

to 
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to  the  fame  diftance  of  1 20  inches  from  the  bafe :  to 
find  the  content. 

Here,  by  note  i,  we  have  iddb^z  ^^^^^^"*^  =  ^ox 

50x20  =  50000  folid  inches  =  177*3049645  gallons, 
for  the  content  in  this  cafe. 

Example  III. 

Suppofe,  now,  the  fame  veflel  fo  placed  as  that 
the  furface  of  the  liquor  may  leave  only  i  o  inches 
of  the  diameter  dry,  ftiU  rifing  to  the  fame  diftance 
of  120  inches  along  the  fide;  to  find  the  content. 

Here  the  part  of  the  cylinder's  bale  left  dry  is  equal 
to  the  bafe  in  the  firft  example,  viz.  27  9*5595 ;  which, 
therefore,  taken  from  50 X50 x* 7 853  98 1 6  =  1 9 63 '4954, 
the  whoile  circle,  leaves  1683*9359=:  ^5=  the  bafe  of 
the  ungula  in  this  example. 

Now -i;=4o,  r=— 15,  and  ^=20. 

M  ■  ■      -       ■  ■  ■  -  1 

Whence  -  x  y  j  '-k  =  VV  x  tx8ooo+25259-o385  =ss  3  k 

30592*37 18  =  91777*1 154  folid  inches  =  325-45075 
gallons  =:  the  content  in  this  cafe. 

Problem  V. 
To  find  th€  furface  of  a  right  pyramid. 

Multiply  the  perimeter  of  the  bafe  by  the  flaint 
lieight  or  length  of  the  fide,  and  half  the  produdt 
will,  evidently,  be  the  furface,  or  the  fum  of  the 
areas  of  all  the  triangles  which  form  it.* 

Ex- 

♦Corollary   I. 
Hence,  becaufe  in  a  right  cone  the  circumference  of  the  bafe  into 
half  the  itde  is  equal  to  the  curve  furface,  aad  into  half  the  radius  is 

cquaJ 


Example  L 

"Wiiat  IS  the  fiirface  of  a  triangular  pyramid,  tKe 
flant  height  being  20  and  each  fide  of  the  bafe  3  ? 
Firft,  3x^=9=  the  perimeter  of  the  bafe. 

And  ~-  es  9  K I  o  B  po  tts  the  furface  required. 

Example  11. 

Required  the  furface  of  a  fquare  pyramid  whofe 
llant  height  i^  20  and  each  fide  of  the  bale  3. 

3^4^^,,  j^^  J  0=  1 20=  the  iurface  ^ught. 

Example  111. 

Required  the  convex  fiirface  of  a  circular  pyra- 
mid, or  cone,  whofe  flant  fide  is  20  and  the  circum-^ 
ference  of  )^  bafe  9* 

^^^=  1 0x9=906=  the  convex  fiuflice. 

4Q^  Pro- 


^M. 


equal  to  the  bafe,  therefore  as  the  radius  of  the  bafe  is  to  the  fide, 
ft)  is  the  bafe  to  the  curve  furface.— And  the  iamfe  Is  true  of  any 
other  pyramid  whofe  bafe  is  a  regular  figure^  viz.  as  the  radius  of  the 
circle  infcribed  in  the  bafe  is  to  the  flant  height,  fo  is  the  bafe  to  the 
furface. 

CokollaHVIL 

Let  there  be  a  cone  and  cylinder  of  the  fame  b?ife  and  altitude* 
the  common  altitude  being  equal  to  the  radius  of  the  bafe ;  then  the 
bafe,  the  furface  of  the  cone,  atld  die  furface  of  the  cylinder,  are  to 
one  another  as  the  numbers  i»  v^a,  and  2,  andfo  are  in  continual  pro- 
portion. 

And  the  fame  is  true  of  any  other  regular  prifm  and  pyramid  of 
'  the  fame  bafe  and  altitude,  the  altitude  being  equal  to  the  radius  of 
the  circle  infcribed  in  the  bafe. 
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P  K  O  B  L  E  M     VI. 

To  find  tbefurface  ofthefrvfium  of  a  right  pyramid. 

Rule. 

Multiply  the  lum  of  the  perimeters  of  the  ends 
by  the  ffant  height,  and  half  the  produdl  will  -be 
the  furface  required,* 

Example    I. 

How  many  fquare  feet  are  in  the  liirface  of  the 
fruftum  of  a  fquare  pyramid  whofe  flant  height  is 

1  o  feet,  each  fide  of  the  greater  bale  being  3  feet  4 
inches,  and  each  fide  of  the  lefs  2,  feet  2  inches  ? 

4X40+26=4x66=264=thefiim  of  the  perimeters. 

264X10X12   /*  •        1  264x10x12    /»  r    \ 

--^ fquare  mcnes  =  ■— ^ fquare  feet  =s 

2  ^  2x144       ^ 

^^^^=  1 1 X 1 0=  1 00  feet = the  furface  required. 

Example    IL 

If  a  fegment  of  6  feet  flanj  height  be  cut  off  a  cone 
whofe  flant  height  is  30  feet,  and  circumference  of  its 
bafe  I  o  feet,  what  will  be  the  furface  of  the  fruftum  ? 

As  30=  the  height  of  the  whole :  6=  the  height  of 
the  upper  part ::  10= the  bottom  circumference :  ||  =r 

2  =  the  .circumference  at  the  top  of  the  fruftum. 

Then  ^^x  24=  6x24- 144=  the  furface  required. 

Pro- 


♦  Demonstration. 

For  the  furface  is  compofed  of  a  number  of  equal  trapezoids  whofe 
common  height  is  equal  to  the  flant  height  of  the  fruftum,  and  the 
fums  of  whofe  parallel  fides  make  up  the  perimeters  of  the  ends  of  the 
fruftum. 


Sedti*  L. 


Pyramid. 


^SS 


P  R  O  B^  L  E  M    Vn. 

To  find  the  folidity  of  a  pyramid. 

Rule. 

Multiply  the  bafe  by  the  perpendicular  height, 
and  ^  of  the  product  wiU  be  the  content.* 

Ex- 


*■  Let  VAB  be  a  pyramid  whofe  bafe  is  zaj 
plane  figure,  regular  or  irregular,  VP  a  J.  to  the 
bafe  in  P  and  meeting  the  fedlion  ahy  parallel  to 
the  bafe,  in  ^ ;  and  put  A  for  the  area  of  the  bafe 
j4By  a  for  that  of  the  fedion  ahy  h  the  height  PV 
of  the  pyramid »  and  x  the  height  Pp  of  the  fru- 
ftum  AahB. 

Firfty  the  parallel  fedions  AB^  ab,  are  to  each 
other  as  the  fquares  of  their  diftances,  PF,  Vp^ 
from  the  vertex.  For,  becauie  they  are  fimilar 
plane  figures,  which  are  as  the  fquares  of  their 
like  fides,  We  (hall  have  Aiaw  AC*  lac'^  :i  (by 
fmi.igis)y^>  :  Va*  i:  (by  fmi.As  again)  PF*  {hh)  t 

Vp*  (^-x|»). 

Hence  we  find  a  =s  S^x\  *  Xyr,  and^xss  -rr-xiS— x|*,  the  fluent  of 

hb  hb 

X  XX 

which  is  y/x ici—  T  +  -77  =  the  content  of  the  fruftum  AabB, 

h      '^hh 

Corollary  I. 
Sincev^y^:  A/aiihih-^Xy  it  will  be  ^/A^s/a :  t^Ai :  x  (^h^h^x)  ihzsi  - 

— f.^^ — --,  which  being  fubftxtuted  for  b  in  the  Quantity  y^xx  i- ,  +  fl, 

cxpreffinfT  the  content  of  the  fruftum,  that  content  will  become  |xx 
Ji+a+^Aa. 

Corollary  II. 

Or,  if  5  be  a  fide  or  any  other  line  in  the  greater  end,  and  s  a  fimilar . 

y      ^ J. 

fide  or  line  in  the  lefs,   fince  ^S— /:iSr:x  :/^,  hence  ysi—^r- ,  which 

b         S 

being  fubftituted  inftead  of  it,  gives  \^Axx  —  \,  „     ••  for  the  value 


cf  thfi  faid  fruftum. 


SS 


Co*^ 


I^^^  PVRAMX6t  PattllL 

Example   I. 

Required  the  folidity  of  a  triangular  pyramid  whofe 
height  is  30  and  each  Ude  of  the  bale  3. 

Firft,  3X3x'433oi3=i3*897il7=thearea  ofthebafe. 
Then  '-^^^-^t=38-97ii7=the  foUdity. 

Ex- 

GOIIOLI^ARY    III. 

If  xs=/^»  then  a  so,  and  tke  general  ezpreilion  becomts  -J-^^s 
the  whole  pjnramid;  which  is  our  rule. 

Corollary  IV. 

If  the  bafe  be  a  regidar  figUre ;  let  S  be  one  of  its  fides,  /  =3  a  fide 
of  the  lefs  end  of  the  fruftum,  and  n  =z  the  area  of  a  funilar  figure 
whofe  fide  is.  i ,  to  be  ibund  in  the  table  in  page  8 1 ;  then  y4  =  nSS^ 
find  assznss;  hence  the  folidity  of  the  fruftum  will  be  ^S+SJrfTjx^nx 

—:  -*- x-f  wx,  and  that  of  the  pyramid  ft  tnSS6. 

CoHOLLAILY    V« 

If  the  bafe  be  a  fqUiU'^ ;  tlUtt  n  fit  i»  and  the  laft  etprefilons  bec(»ne 

^SSS  for  the  whole  pyraaud>  and  | x x SS+Ss-^-ss  or -— —  x^x  for 

*  the  fruftum. 

Corollary  VI. 

If  the  bafe  ht  H  circle  j  then  nm  •78J4, '26i85iSiJase  thecone,  and 

Si /' 

SS+Ss+jix'26iBxor^r, x«26i8x=:the  fruftum;  where  S  is  the 

'diameter  of  the  bafe,  and  /  that  of  the  top. 

Corollary  Vll. 
IfdsiA;  then  J+a+\K7a>^^x  becomes  Jy/xf x  ssJxzstht prifm. 

Corollary  VIII» 
Hence  a  prifm  is  to  a  pyramid  of  the  fame  bafe  and  height  as  3  to  i, 

and  to  the  fruftum  of  the  fame  bafe  and  height  as  i  to  i f-  --«-,or 

as  3  to  1+-^  +  V^--^,  or  as  3  to    ■  .  .^,^ T  .  ^r  1+^+^, 

Corollary   IX. 
Similar  pyramids  are  as  the  cubes  of  their  like  fides.    For  the  py- 
ramid is  OS  ->/<5,  or  (becaufe  J  is  as  M)  as  A' ,  or  (by  fimilar  As)  as  FJ^ . 

Corollary  X. 
All  fimilar  folids  are  as  the  cubes  of  their  like  fides*     This  follows 
from  their  being  compofed  of  fimilar  pyramids. 
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Example   II. 

Hequired  the  fblidity  of  the  fquarc 
pyramid  each  fide  of  whoie  baie  is  30 
and  the  flant  height  25. 

Firft,  30x30a 900  =  the bafe.  

But  BC  a  \/CA'^AB^  a  v/25^I7p" 

ao  =s  the  perpendicular  height. 

Then  ^,321^^  goox 20  sb  6000 = the  folicKty, 

E  X  A  M  P  L  E     HI. 

Being  to  meafure  an  oblique  cone;  and  having 
taken  die  circumference  of  the  bafe  equal  to  40  feet, 
and  the  outward  angle  which  the  fide  of  the  cone, 
where  it  was  fliorteft,  made  with  the  horizon  85** ; 
^oing  thence  in  a  direcfl  line  towards  the  part  to 
which  the  vertex  inclined,  to  the  diftance  of  100  feet, 
I  found  there  the  an^e  of  elevation  of  the  vertex  of 
the  cone  to  be  50** :  required  the  fblidity. 

The  Li?+X£=85''+i:o*'=  1 35^ 
And  i8o«-i35^=45"=/.5CE. 

Then 


s.L5CE=4r  -- 
BjE=  100  —   — 

s.  LE=So^     — - 

5C      —       — 

Ands.LJD=9o' 
BC     — 
.s.  15=85^ 

DCs  107-9228 


9-849485:0 
2-0000000 
9-88425:40 

2-0347696 


I  o-ooooooo 
2*0347690 

9-9983442 

2*0331132 


2R 


But 
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^"^  3*^  ==  •■^=  ^  2*73  as  9<>  -  *e  diameter. 
And  ia*73239<Sx  1051 127*32396  s: the  bafe.. 
Whence  ^^>f"7:33396  ^  42-^1^2  x  107-9228  st 

45.80' 38  6  =  the  content  of  the  cone, 

E  X  A  M  E  L  E  IV. 

There  is  a  cone  whofe  perpendicular  altitude  is  40 
feet,  and  the  circumference  of  its  bale  30  feet,  which 
is  cut  by  a  plane  drawn  from  the  vertex,  and-  paffing 
through  the  bafe  at  the  diftance  of  2  feet  from  the 
center ;  what  is  the  fblidity  of  the  whole  cone  and 
of  the  two  pyramids,  GHjpCy  GHAC^  into  which  it 
is  cut?     [Thelaftfig.] 

Now  p7^=  9t*.S4929  =  the  diameter  of  the  bafe. 

And  ?^i2£2  =  4774(^48  =  the  radius. 

Therefore  4774648-2  ^  2774648= the  verfed  fine 
of  the  lels  fegment  of  the  circle. 

Then,  to  find  its  area  by  die  table  of  circular  {t^^ 

ments,  r  7  74648^^^^  3;.  27  74648  x  ^^=27  7  4648 

X  1*0472  =s. '2 905 6 1 1  the  tabular  verfed  fine,  to  which 
anfwers  the  tabular  fegment  •  18955709,  which  mul- 
tiplied by  the  fquare  of  the.  diameter  gives  17*2856 
=  the  lefs  fegment,  or  bafe  of,  the  lefs  pyramid. 

^*78J4«^;|^=  71-6197  =  the  whole 


But 


30 


3*i4i6 

baie. 

Andhence  7  r<5 197-1 7-2856  =54-3341  s=  the  grea- 
ter f^nient,  or  bafe  of  the  greater  pyramid. 

Thm 
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Then  ♦  *  x  ^  ^  T^^S^  -  230'474t  =  the  lefs  pyramid, 
^     <i'4'334^  =  724-4547=  the  greater  pyr. 
their  fum  is  954*9297=8  the  whole  cone.. 
Or,  fince  71*61 97  is  the  area  of  the  bafe  of  the  cone, 

therefore  ^^^^i|^^  =  954*9^9!  =  the  folidity  of  the 

cone. 

Problem  VIII. 

Tojind  the  folidity  ofthefrujhm  of  a  pyramids 

R  U  L.  E. 

Add^  inta  one  fum  the  areas  of  the  two  ends  and 
the  mean  proportional  between  them^  multiply  the 
film  by  the  perpendicular  height,  and  t  of  the  pro- 
dud  will  be  the  folidity. 

That  is,  If  ^  be  the  area  of  tKe  greater  end,' 

a  that  of  the  lefs*,  and  h  the  height, 

Then  J+i+\/^d  x  r  A  will  be  the  folidity. 

« 

Note  I.  If  tBc  «nds  be  regular  polygons,  the  particular  rule  for 
th'em*  wiir>be  eafiery  thus :  Add  together  the  fquare  of  a  fide  of  each 
end  of  the  fruftum,  and  the  produdt  of  thofe  fides,  multiply  the  fum 
into  the  height  and  the  produA  into  the  tabular  area  anfwering  to  the 
particular  figure  of  theie  ends,  and  ^  of  the.  laft  produA  will  be  the 
content. 

Or,  Divide  the  difference  of  the  cubes  of  the  faid  fides  by  their  dif- 
.  fereace,  and  multiply  the  quotient  by  the  height,  and  the  tabular  area, 
and  take  ^  of  the  produ<a. 

Note  2.  If  the  ends  be  circles,  the  fruflum  will  be  that  of  a  cone, 

and  then  multiply  'aiSiS  (-^-^)  ^7  ^^  height,  and  the  produd  either 

bv- the  quotient  arifiog  from,  the  divifion  of  the  difference  of  th&xubes 
of  the  diameters  by  the  difference  of  the  diameters,  or  by  the  fum 
arifmg  from  the  addition  of  the  fquare  o£  each  diameter  and  the  pro- 
dud  of  the  diameters^* 


*  All  thefe  rules  come  from  the  demonftration  of  prob.  7  and  its 
corollaries. 
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E  X  A  M  P  L  E    I. 

How  many  folid  feet  are  there  in  a  tree  whole 
l^afes  are  fquares,  each  fide  of  the  one  being  1 5  inches, 
and  each  fide  of  the  other  6,  and  the  length  meafiires 
along  the  fide  24  feet  ?     [Fig.  to  ex.  2  prob.  7.] 

Here  5x15  =  225  =  the  greater  bafe, 
6x6=:  36=  the  lefs, 
and  I  ^x6  =   90  =  their  mean. 

their  fum  is  35  ^  

But,  AB--DE=:  7^3^ 4i=:AF,  2Lnd  x/DA'-JF* 

«ry24xi2|»-4ii*=287-9649  inches  =FD  =  the  per- 
pendicular height- 

Therefore ^^—^  J  ^  "^^==11 7x287*9(549=33691-8933 
inches  =  1 9*49  7  62  feet  =  the  folidity. 

EXAMPL-E    II* 

If  a  calk  which  is  two  equal  conic  fhiftums  joined 
together  at  the  bafes,  have  its  bung  diameter  28 
inches,  its  head  diameter  20  inches,  and  length  40 
inches  j  how  maiiy  gallons  of  wine  will  it  hold  i 

Here  20*  x7854=:  3 14-16=8  area  at  the  end, 
28*  x-7854=:  615-7536  =  area  of  the  bung  circle, 
and  %/2o*x-7854x  28^7  854=  20x2  8x^7  854=43  9- 824 
=  their  mean  proportional;  their  fum  is  1369-7376, 
which  multiplied  by  y  (i  of  the  length  of  both  fni- 
ftums  together)  produces  18263-168  folid  inches; 
which  divided  by  23 1,  the  inches  in  a  wine  gallon, 

f  3)^8263-168 
thus,  231  =3x7x11  <      7)6087-7226 

X    11)869-6746 

gives  79*0613  wine  gallons. 

Or, 
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Or,  2o*+28*+2ox28x4ox'26i8  =  i744xio*472. 
=5 1 82  63*  1 68= the  folidity  the  fame  as  before. 

Problem   IX. 
To  find  the  folidity  of  a  cuneus  or  ivedge. 

A  wedge  is  a  fblid  having  a  reAangiilar  bale  AC^ 
and  two  of  the  oppofite  fides  ending  in  an  acies  or 
edge  EF. 

Rule. 

To  twice  die  length  of  the  bafe  add  the  length  of 
the  edge,  multiply  the  funx  by  the  product  of  die 
height  of  the  wedge  and  breadth  of  the  bale,  and  i. 
of  the  laft  produA  will  be  the  folidity. 

That  is,  ufing  the  letters  in  the  demonftration  be- 
low, bh  X  --^=  die  content.* 

2  S  Note. 

m 
1^     I     I   ■  ■     III     I     1^   I     ■■    ■     ■*     ■■        ■■        ■■!■■■       I         I         I      ■      II 1Mb  I  I  \mim^mm^ » 

*  De  M  ON  STRATI  ON. 

Put  Lrz  BC^xht  length  of  the  bafe, 
/  =  EF  zs.the  length  of  the  edge, 
b  =  BA  =  the  breadth  of  the  bafe, 
h  SB  EP  =  the  height  of  the  wedge. 
Then,  fince  it  is  evident  that,  according  as  the  edge  is  fhorter  or 
longer  than  the  bafe,  the  wedge  is  greater  or  lefs  than  half  a.  prifin  of 
the  fame  height  and  breadth  with  the  wedge  and  length  equal  to  that 
of  the  edge,  by  a  pyramid  of  the  fame  height  and  breadth  at  the  bafe 
*  aUb,  and  the  length  of  whofe  bafe  is  equal  to  the  difference  of  the 
lengths  of  the  edge  and  bafe  of  the.  wedge ;  we  fliall  have  t  bib  dt  bb^ 

=*:^^^     M^tiL  .  LL     ^""^      LL    3/+2jL— 2/      .,    2L+/      ^  „  ^ 

— -3^— f  W^  +  W  X =L^ix^-^ ^^szbbx-—-.     ^E,D. 

5  366 

COROLL  AR  r. 

If  /=5  L,  the  rule  will  become  W  x  ^cs  t  bbLss  -J*  a  prifm  of  the 

£ime  bafe  and  height,  as  it  ought. 

Scholium. 
It  is  evident  that  whether  the  two  ends  or  the  two  fides  of  the  wedge 
be  equally  or  unequally  inclined  to  the  bafe,  it  will  maks  no  difference 
in  the  rule. 
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Notf.  If  the  length  of  the  ed^e  be  equal  to  the  length  of  the  bafe, 
the  wedge  will  be,  evidently,  equal  to  half  a  prifm  of  the  fame  bafe 
and  height,  or  equal  to  half  the  product  of  the  bafe  and  height. 

,  Example!. 

How  many  folid  feet  are  in  a  wedge  whofe  bafe 
is  3  feet  4  inches  long  and  i  o  inches  broad,  and  each 
end  is  inclined  to  the  bafe  in  an  angle  of  70*^,  the 
edge  being  2  feet  6  inches  long  ? 

=  —  =  c  inches. 

And,  as  radius  :  tan* 
'JO''  ^  L  P  ::  P^=  5: 

I3'737387=:P£=A.  

Then,  bh  X  ^'=  ^oxx3-7;7387x8o^3o  ^   , 

2*2895645  =  1 100  X  2*2895645  =  2518*52095  folid 
inches  =  1*45747  folid  feet. 

Example    II. 

If  the  length  and  breadth  of  the  bafe  of  a  wedge 
be  35  and  15  inches,  and  the  length  of  the  edge  SS  > 
what  will  be  its  folidity  in  feet,  fuppofing  the  bafe 
to  make  an  angle  of  1 1 5"*  with  the  one  end  of  the 
wedge  and  of  125**  with  the  other. 

Let  EP  be  perpendicular  to  the  bafe,  ER  parallel 
to  the  end  DCF,  and  -RP^  perpendicular  to  AB. 

Th^n  R^=^EF'-BCz:s S-i 5  =  ^0 J  and  the  angles 
at  R  and  ^-  (the  fupplements  of  the  angles  1 1 5** 
and  1 2 5° J  65°  and  SS^'t  ^^^  confequentiy  the  angle 

Hence, 
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Hence,  as  s.  LE=  60**:  s.  1^^=55**::  ^=20:  i?Z= 
18-9 1 75 ;  and  as  s.lP=9o** :  s.  1/2=65**  riiJZs  1 8-9 175: 
EP  =:  1 7  •  1 4 5  08  =  the  height  of  the  wedge. 

Wherefore  bb  x  ^-^  =  15  x  17*14508  x  ^^-  =s 

8-57254x5x125  =  5357-8375  folid  inches  =  3-1006 
iblid  feet  =  the  content  required, 

ProblemX. 
To  find  the  folidtty  of  a  prifmoid. 

Definition. 

A  prifinoid  is  a  folid  having  for  its  two  ends  any 
diffimilar  parallel  plane  figures  of  the  fame  number 
of  fides,  and  all  the  fides  of  the  iblid  plane  figures 
alio. 

It  is  evident  that  the  fides  of  this  folid  are  all  tra- 
pezoids. 

If  the  ends  of  the  prifinoid  be  bounded  by  curves, 
as  eUipfes,  &c.  the  number  of  its  fides  or  trapezoids 
will  be  infinite,  and  it  is  then  called,  fometimes,  a 
cylindroid. 

General  Rule. 

To  the  fum  of  the  areas  of  the  two  ends  add  four 
times  the  area  of  a  fe<5lion  parallel  to  and  equally 
diftant  from  both  ends,  multiply  the  laft  fum  by  the 
height  and  t  of  the  produ(5l  will  be  the  folidity.* 

Par- 


*  It  is  evident  that  the  reftangular  prifmoid  is  compofed  of  two 
wedges  whofe  bafes  are  the  two  ends  of  the  prifmoid,  and  whofe 
heights  are  each  equal  to  that  of  the  prifmoid  ;  wherefore,  by  the  laft 

problem,  its  folidity  will  be  ^2L-\rly^B^2t^Uhy.\h.  '  Which  is  the 
particular  rule.  q  q» 
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Particular  Rule. 

Or,  If  the  bafes  be  diflimular  rcilangles,  take  two 
correfponding  dimenfions,  and  multiply  each  by  the 
fum  of  double  the  other  dimeofion  of  the  fame  end 
And  the  dimuenfion  of  the  other  end  correfponding  to 
this  other  dimenfion ;  then  multiply  the  fum  of  die 
produces  by  the  height,  and  i  of  the  laft  product 
will  be  the  fblidity. 

That  is,  if  A  /  be  one  dimenfion  of 
each  correfponding  to  each  other,  and 
By  b  the  other  correfponding  dimen- 
fions, and  h  the  height. 

Then  2L+lxB+  2I+L  x^x  i  A  =  the 
foUdity. 

Note,  Correfponding  dimenfions  are  tbofe  conneded  by  a  fide  of 
the  folid>  as  is  evident  from  the  figure. 

Example   L 

How  many  fblid  feet  of  timber  are  in  a  tree  whole 
ends  are  redangles, ,  the  length  and  breadth  of  the 

one 


h 

'K 

m 

1 

•Mi 

i 

Since =s  M^  and 


Corollary  I. 

-^  s=  w,  are  the  lenetli  and  brcaddi  of  a 
22  ° 

fe^on  parallel  to  and  equally  diftant  from  each  end,  the  above  rule 
7L^xB+2/+Lxbxi^6  or  2BL+B/+2b/+bL  x  f  i6,  will  become 
BL^bl-^-i^Mmx-^h,  That  is,  the  fum  of  the  areas  of  the  two  ends 
four  times  the  fedtion  in  the  middle  multiplied  into  ^  b. 

Corollary  IL 

This  laft  rule  will  ferve  for  any  prifmoid  or  cylindroid  of  whatever 
figures  the  ends  may  be,  inafmuch  as  they  may  be  conceived  to  be 
compofed  of  an  infinite  number  of  rectangular  prifmoids.  Which  n 
the  general  rule» 


^"*  ^'  PR  IS  MOID.  I^j 

one  bemg  14  and  12  inches,  and  their  correfpondinff 
fides  of  the  other  6  and  4  niches  j  the  perpendicul^ 
length  bemg  30?  feet?  ^   tr         »«^ 

Firft,  by  the  general  rule, 
14x12  ss   168?  -  , 

6x  4  =     24^  areas  of  the  ends 

12+4  _  16  __    0  f  *^  dimenfions  in  the  middle 

2    "*  2  ~     J 
10x8x4  =^20  SI  four  times  the  middle  area, 

their  ium  is  5 1 2-  fquare  inches  =  i^  *  fquare  feet  » 
V  fquare  feet.  "" 

9      6        9x3       3x9      0   ^=  *OTr  leec^-uie 
Iblidity. 

Secondly,  by  the  particular  rule. 
Here  L=i^,  ^=12,  /=6,  ^=4  inches,  and  i&=.qo} 
feet;  therefore  2L^l^£+2l+L+l>xih=2ii+6x  i  i^^^^ZTa^ 
'<6^=  '7x3+i3xf2^=64x-24=zi^2i^4L8-i63i 
SB  lOjrteet,  the  fame  as  before. 

Example  IT. 

What  is  the  capacity  of  a  coal  waggon  whofe  in- 
fiae  dimenfions  are  thus :  at  the  top  the  length  and 
breadth  8 1  j,  and  55  inches ;  at  the  bottom,  the  length 
41  and  breadth  2  9  j ;  and  the  perpendicular  depth  474^ 

Here  2L+i  xB+Tr+Lxbxih  = 
163+41  x55+82+«r5x2o-5  X  ^  a 

102x55+8175x29-5x1^=  80477^  XIJ75  St 
1 26752-0625  cubic  inches  c=  449-4754  ale  gallons  =* 
the  content  required,  which  is  near  one  Newoaftle 
chaldron  of  coals.  2  T   '  Pro- 
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To  find  thefoUdity  of  the  tnvo  Parts  (commonly  eaUed 
ungulas  or  hoofs)  into  nvhich  the  frufium  of  a  re^^ 
angular  or  afquare  pyramid^  or  a  reB angular  prif 
moid^  is  cut  by  aplan&  inclined  P6  its  hafe. 

Case    L 

If  the  plane,  pafCng  througK  A 
and  B^  cut  the  end  in  EF^  between 
GH  and  DC ;  it  will  cut  off  the 
wedge  AGEFHBy  whofe  bafe  is 
GEFHy  edge  AB^  and  height  the 
fkme  with  that  of  the  fruftmn,  or 
prifinoid,  and  the  remaining  part 
AEDCFB^  will  be  a  prifmoid. 

Then,  by  problem  %  find  the  content  of  the  wedge 
ABHFEG,  and  that  of  Ae  prifiH^  AB^DCFE 
by  problem  lo. 

Example. 

If  the  fruftum  of  a  (quare  pyramid  be  cut  by  a 
plane  pafling  through  on«  fide  of  the  lefs  end  and 
through  the  middle  of  the  greater  end ;  what  are  the 
contents  of  the  two  parts,  fuppofing  each  fide  of  the 
greater  end  to  be  15  inches,  each  fide  of  the  lefs  6, 
and  the  flanc  height  24  feet? 

Since  by  example  r  problem  8,  the  perpendicular 
height  is  2iy^64^^  indies,  dierefor^^ 

Fiffft,  ^^^^~  X  ^\x  287-9^4<;  ^^  45  ^  2Zt^6^  = 

i2958'42oj  inebe&a  7'49j^8dfeet » the  content  d[ 
chew«c%e. 

And 


Se6Lh  Pyrami0I;g  Hoops-  i6y. 

And  301.6x71+12+15x6x^^^^1^* I»xi5-t'27x6y 

2?I|2i2_72.x287-9649  =82073,3*4728  inches  =s 
1 1  •95^853.6  feet  =B  the  prifraoid^ 

C:  A  s  £  IL 

If  the  plane  pals  through  27  and  C  as  welt  as  A 
and  By  the  folid  is  thereby  divided  into  two  wedges 
dr  hoofs  JGDCim,  DPAB^,  whbfe  two  ba&s  arc 
1^  Md&  M  bafes  o£  the  iblid. 

And  then  the  contents  of  the  tm>  parts  will  ber 
fcimd  by  problem  9. 

£  X  A   M  P  L   E«^ 

Let  there  be  tJiixin  here  the  fame  figure  as  in  the* 
kft  example,  to  find  the  content  of  the  two  Mredges 
kito'  which  it  is  cut. 

Firft,  ^-^x  i5x287'9(54^;=9c5x287-9(549=259 1 6^841^ 
inches  =  14*998 17  feet  sthe  greater  wedge^ 

Aiwi  ^^^  x6  x.287*9649  ^.ay  x287;9649  a^ 
7775^0525  inches  =.4-49945,  feet  =  the  lefs  wedge- 

C  A  s  E  III; 

If  the  plane  cut  the  fide  of  the  fcSia  in  ef\  tStf 
part  cut  ofiT  ePAB^^  wiU  be  a  wedge  whoie  bcb(b 
iis  A^y  and  which  being  talcen  ftKjm  tJjfe  whole  figpffi 
will  leave  the  content  of  the  part  ABfcDCBd^ 

Example. 

Let  there  be  taken  here  the  fame  fijg^re^  fuppofing 
ehe  plane  to  cut  the  fide  PC  m^/M  the  diftaoce  (^ 

ia.fect 


iy$8 
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Part  tlL 


to  feet  from  P^;  to  find  thtf  foUditjr  t)f  the  two 
gparts. 

Firft,  as PZ)=  24: P^=  lo::  287*9642  inches  =tlie 

^height  of  the  whole  folid:  119*98536  inches  =fc  the 

height  of  the  wedge  .^%.    And  as  PD  =  24 :  PE  = 

jo:: DC-P^zz  9:^-P^=  V  =  375  ;  hence  ef=>  37  jT 

+  6=  975  =  the  length  of  the  edge  of  the  cuneus. 

Wherefore  ■^^^^'^-^ 

87x29*99634=26o9'68i58  inches  as  r5io23  feetss 
die  fblidky  of  the  wedge  AJ^.' 

Which  taken  from  19*49762=  the  content  of  the 
whole  fruftum  found  by  problem  9,  leaves  1 7*98739 
for  the  content  of  the  part  ABfoDGHC. 

Problem   XIL 

Tofnd  the  folidity  of  the  elliptic  hoofs  of  the  frufbtm 
of  a  cone,  made  by  a  plane  cutting  diagonally. ihe -op- 
^fite  extremities  of  the  ends^ 

*  R  u  L  E. 
From  the  fquare  of  the  diameter  of  the  baft  of  the 
hoof,  "fiibtraifl  the  produA  of  the  diameter  of  the 

other 


*  Let  AEBF  be  the  bafe  of  fc 
cone,  or  of  any  other  pyramid, 
right,  or  oblique  j  AVB  a  fe^Sion 
through  the  vertex  by  a  plane  pet-, 
pendicular  to  the  baft  i  and  VFE^ 
ECFy  two  other  feftions  perpendi- 
cular to  AFB^  the  former  -through 
the  vertex  and  the  latter  through 
the  fide,  at  C,  between  -V  and  S. 
On  AB  let  fall  the  perpendiculars 
VH,  CI;  and  on  DC  die  perpen- 
diculars rK,  .BL  ;  ^^  dra^y  CG 
parallel, to  j4Bf  and  meeting  Ay 
and  /TiTin  G  and  M. 


Then 


I 
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other  end  of  the  frufhiiti  and  a  mean  proportional 
between  the  diameters;  divide  the  difference  by  the 
diderence  of  the  diameters ;  multiply  the  quotient 
.  by  the  height  of  the  hoof  and  the  prpdtidl '  by  the 
diameter  of  its  bafe ;  €o  fliall  the  laft  produdt  mul- 
tiplied by  "26 1 8  y~)  produce  the. content  of  the 

hoof- 
That  is,  Putting  D=:AB  the  diameter  of  the  greai- 
ter  end^ 

d^OG  the  left  diameter, 
and  ib=  CI  the  perpendicular  height,  or  diflance 

of  the  bafe  and  end. 

Then  ^'^^^x  o-26i8^/&=  the  greater  hoof  .^C 

And  ^^^^  *  X  &26i^dbt=Aiit lefs  orcomplemen-r 

tal-  hopf  JOff .  A  plane  being  conceived  to  be  drawa 
through  C  and  A. — ^The  proof  in  corollary  2. 

.    '2  U  Ex- 

« 

Then  it  will  be  evident  that  EFdV  is  a  pyr^d  wltofe  bafe.  is  'EFB 

(A. 
and 

and 

fercnce  of  thefe  pyramids,  or  ^Ja^^Bb  b  the  content  of  the  hoof 

EFBC 

Bnti  by  the  fimUar  triangles  ABV,  VCG,  it  will  be  AB-GC:  CI 

(HV-yM)  ::AB:  Hy{a)  as  ^f^^. ;  alfo  AS^-CC:  CI  {::  ABx 

HV) ::  GCx  VMzs  -j^^ ;  and  CD :  DBii  (by  the  fimUat  triangles 
{CD,  DBl)  CIx  BLiz  fbecaufcorthcfinular  tn^ngYesBCIzndCMF; 


.   Wherefore  the  hoof  EFBC  will  be  =z    7g_QQ  ^A^AB^By.—^^  % 

liyhich  is  a  general  theorem  for  any  hoof  of  any  pyramid, 

Co- 


z^o 
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If  a  conical  veflel  whofe  bottom  dlametier  is  30 
inches,  be  inclined  to  the  horizon  till  the  liquor  in 
it  jull  cover  the  bottom,  and  its  furfacc,  di?p6fing 
itfelf  into  the  pofitioii  ACy  cut  the  fide  BC  of  the  vel- 
ftl  in  C  at  the  diftance  of  18  inches  from  the  bot- 
tom AB ;  how  many  wine  gallons  of  liquor  are  in 
it,  iuppofing  the  diameter  GC  of  the  veflel  at  C  to  be 
19*2  inches? 

HereZ)=3o,  ^=19%  and  A= 
18. 

Whence^^^5^x-2^!8Z)i^=  * 
^^^""'^'^^gg^x3oxi8x-26i8=: 

30— 19"2  *^ 

43^x30xi8x'g6i6  ^  2i96x30yi8x'26ig 
lof  ^        .54 

=  2i96x*26i8xio=5'749*i28  inches.  Which  being 
divided  by  23 1 

r  3)5749' 128 

thus,  231=3x7x11^    7)i9iJ^7^ 

[11)  2737^8 

gives  24'b88  wine  gallons 
for  the  content  require* 

Ex- 


^t^ 


CoROLLAttY    I. 

If  the  bafe  be  cirrtilar;  or  the  pyramid  a  cone,  and  the  angle  CDO 
be  lefi  ^ari  the  angle  FAD ;  or,  which  is  th^  fame,  if  CD  and  FJ^ 
produced,  interfe^  in  TV;  the  fedlion  ECF  will  be  a  fegment  of  an 
€llipfe  whofe  tranfvcrfe  axe  is^'A',  and  conjugate  j^aOxLV^  JVi9  being 
drawn  parallel  to  AH  and  meeting  l^B,  produced,  in  0.    And  then 

the  above  general  theorem  will  become  *  ^^   x ;  AB  x  eircular  ftg* 

ment 
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.:E.X  AMPLE   11. 

fM,  there  b^  taken  lifere  the  feme  dimenfions  as  in 
the  lift  example,  fuppofing  the  veffcl  to  be  narroweft 
at  the  bottom,  to  find  how  m^ny  ale  gallons  are  in 
it. 

•  'Here^J^^^x-26i8^fc= 

'35TT^xJ9T^iSx'26id    3n^x9&<i^x*26i8 
lof      -      -  S4 

s  it'ji'jv:^6)i'26iSts  Iff'  12X96X 

b^  di^kiefd>:bya82,  gire  10^3  for  the  numt^er  of 
^16  gallons  i^uired 

» .        .     Pro- 


-r  -- -^^^— »— *  -«-'-^-— ^-^-^ ^-^-^-'-^^  «    >  ~    .    . 


ment£BF g^^x  elliptic  fcgm^t£CF=:  (by  prob.  6fea.3part3) 

diameter  is  CNznd  height  CZ>  as  (fince  iimilar  fegmettts  ajf e  as  the 
fquares  of  their  diameters)  ^^^..^x  :  i/ff  x  circular  fegment  £^/''— 

^ 25^0^; xfeg.of  the  cir.  ^£5Fwhofc  height  i3-^g^ 

=  the  elliptic  hoof  £H7i?. 
But,  by  fim.  As,  (X?^JD^.  DGnCGtCNs:-^!—^,  and  CG^ 

j4D:I>B::CG  iNOss  ^^_^-^  i  'which  values  of  NO  and  tZA'being 
fiibftituted  inftead  of  them  in  the  above  expreffion  of  the  elliptic  hoof» 

the  e!r.  v^fi/»f  wboTe  beight  is ~'      as  -^^  2>x  circular  fcg. 
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P  R  o  B  L  £  M   XIIL 

To  find  thefiilidity  of  the  elliptic  hoofs  oflhefru/lnm  of 
a  cone  made  by  a  plcme  cutting  off  a  part  of  the  hafe^ 

Rule. 

I .  From  the  verfed  fine  or  height  of  the  bafe  of 
the  hoof  fubtradl  the  difierence  of  the  diameters  of 
the  bafe  and  end  of  the  fruftum,  and  divide  the  re* 
mainder  by  the  diameter  of  the  end  of  the  fruftum ; 
find  the  tabular  fegment  whofe  verled  fine  is  equal 
to  the  quotient ;  find  alfo  the  tabular  fegment  whofe 
verled  fine  is  exprefled  by  the  quotient  of  the  verfed 
fine  of  the  bafe  of  the  hoof  divided  by  the  diameter 
of  the  bafe  of  the  fruftum;  multiply  the  fwmer  feg- 
ment by  the  cube  of  the  diameter  of  the  end,  by 
the  quotient  of  the  verfed  fine  of  the  bafe  of  the  hoof 

divided 


EBF^  KT  X  --r — ==4  X  fegment  of  the  circle  AB  wkofe  height  is 

^ =s  the  elliptic  hoof  EFCB ;  putting  h  for  the  height  of 

the  hoof,  and  D  and  d  for  the  diameters  of  the  bafe  and  end  or  top 
of  the  fruftum  refpcdlively. 

Or,  if  we  would  reduce  the  circular  fegments  in  the  laft  exprcffion 
to  thofe  of  a  circle  whofe  diameter  is  i,  to  be  found  in  the  table  of 
circular  fegments  at  the  end  of  the  book,  that  expreflion  will  be- 
come 7j--}x :  JD'  X  tab.  feg.  whofe  height  is  -^r — .-  d^  x  '    ■  ax, 


tab.  feg.  whofe  height  is srthe  elliptic  hoof  EJFCff.     And 

this  is  the  rule  in  prpb,  13. 

And  if  this  value  of  the  hoof  be  taken  from  (f  ^^^"nZT'  ^) 

t/, 

that  of  the  whole  conic  fruftum,  the  remainder -=?--: x  iD^^d^  x »  — 
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divided  by  the  difierence  between  the  faid  vei-led  fine 
ind  the  diflFerence  of  the  diameters,  and  by  the 
TQOt  of  the  faid .  quotient  i  and  multiply  the  latter 
fegment  by  the  cube  of  the  greater  diameter ;  mul- 
tiply the  diflPerence  of  thefe  two  produdis  by  |  of  the 
h^ht  of  the  hoof,  and  the  produiS  divided  by  the 
diJSference  of  the  diameters  will  give  the  content  of 
the  hoof  required*  ; 

2k  Subtradl  the  meafure  of  the  hoof,  found  above, 
from  that  of  the  whole  fhiftum,  and  the  remainder 
will  be  the  mediire  of  the  compkmental  hoof. 

2X  That 


b^  X  tab,  {eg.  whofe  height  is  — -r-  +  </'  x  ^ 5^^^  r  ^  tabular  fcir. 

whofe  height  is  — ^ br  ^^x;  — ;;^'  +  D'  x  tab.  feg,  whofe 

,  .  ,    .  ^/)  .   ..        BD      h      .    -         u  r  I.  •  1..  •  BD^S^ 
heijrhtis-;r — |-</»x =r=Lj  xtab.  fes:.  whofe  height  is -; 

tnll  exprefs  tht  mJeafufe  of  the  complemenul  elliptic  hoof  EFCGA. 

Co  ROLL  AR  Y    II. 

If  the  poino  D  and  A  coincide,  the  fedion  RFC  will  be  a  whole 

,                                                              DD—d^Dd 
ellipfe,  and  the  rules  in  corollary  i  will  become  ^Dhny, J\^ 

s  the  elliptic  hoof  ACB^  and  |  dhn  x  >    q_j —  =  *«  complemen- 
tal  elliptic  hoof  ACG^    And  thefe  are  the  rules  in  prob.  12. 

Corollary  III. 

h        H 
'  Since  }e--;tt  7?  (/^denoting  the  height  ofthe  -vfbvlc  cone)>  the  loft 


D 


theorems  will  become  j^fTx  2J»--S^Zw  =s^<C^»  andf/i -ffx  v^Dd^d 
«  ACG. 

Corollary  IV, 

Btttj^g/)*  a:  the  whole  cone  FAB,  and  therefore  \nHD^'^\nHx 

Ty^^^Dd^^Hd^Dd^  th6  U>p  part  VAC,    Which  top  part, 

confc* 


ij74i  Co^Nic  pNfsuLAs.^  Part  IHr 

•  That  is,  if  i>  ind  d  be  the  extreme  dk^foaxn  o£ 
tJAe.fruftum)  and  h  its  heights  alio  P  =  the  tabular 

ftgmdnt  whofc  vcrfed  fine  is-^,  %:that  whofe  veiied- 
fine  is  — -^  ""■»  and  »=*785398  &c. 

Then  PxD'-%  J*  x  r;^=  V  r^^^^x  ^  = 

the  content  of  the  elliptic  hoof  EFCB. . 

And  S-'r^^x-^x-O'+^-'-Xi^^yj^ 

X  ^2  c=  to  that  of  the  complemental  hoof  EFCGA. 

— ^Thefe  are  proved  in  corollary  2  to  prob.  12.— See 
the  fig.  in  page  1 68. 

confecpentiy,  is  to  the  whole  cone  VAB  as  [\nHdi/Dd  to \nHD*  as), 
di  to  Di ;  or  the  fquare  of  the  whple  cone  Fy^B  is  to  the  fquare  o£ 
the  top  part  F'jiC,  as  JD*  to  i*. 

Corollary  V* 
If  the  angle  CDS  be  equal  to  the  an^ie  y^B,  or  if  the  {cAioaECF 
be  parallel  to  the  fide  JG  of  the  cone,  it  will  be  a  parabola  whofe  axe 

is  CD,  bafe£F«s  2^/BI>xDj4si  ax/D-^dxd,  and  its  area  (by  prefer.  5 

fc^fl.  4  part  3)  =:  ^CIhcEFsx^D\/D''dxd ;  and  therefore  the  gen. 

theor.  willbecome^^xDKcir.  {tg;.EBF -^-^—x^Ds/ D-^x  d 

S5  J4&  X  =r— 2  ^  **^s ^^E*  ^oft  height  is  — ^^ \dy/ D^-^xd  ^  tht. 

parabolic  hoof  EFBC. 
'  Which  being'  taken  ftam  ^bux  .-<>— .^  s  the  meaiwe  ef  Che 

whole  fruftum  ABCG^    the   remainder  |i^  x  :  ^/  \/S^x4^ 

J^+-^^xxz\>A^^^ 

'  d 
•^nd^-^D^  xub.feg.  ^hoft  height  is-g  wi^l  cRprefs  the  meafijre  o^ 

the  coniplemental  parabolic  hoof  EFCGA.  C  •* 


Sea.!. 


Example  !• 


^?S 


If  a  vcflel  in  the  form  of  tht  fruftum  of  »  cone, 
whioie  bottom  diameter  is  30  inches,  .be  inclined  t«> 
the  horizon  till  the  furface  of  the  liquor  in  it  cut  the 
bottom,  leaving  i  o  inches  of  its  diameter  dry,  and 
meeting  with  the  fide  in  C  at  the  diftaace  CI  of  18 
inches  fix)m  the  bafe:  How  many  Windbefter  gal- 
lons are  in  it,  fuppofing  the  diameter  CG  of  the  veflcl 
at  the  top  of  the  liquor  to  be  1 9^  inches  ? 

HereZ>=3P,  ^=19;,  A=i8,  and  jBZ)=3o--io=?2q. 
Whence -g-  a  ^=-5  =  -6666^  the  tabular  area  coir- 


iding 


BD^D^d 


i9f       ""    i9f   ""  19^96 ""48 — 4^=  479^1  tneta- 


bular  area  aniwering  to  which  is'37i87i78» 


Agaic^, 


COHOLLAKY    VT.. 

Kthe  L  CDS  cxcwd  the  LFAB^  or,  whick. 
is  the  iame  thing,,  i£  CD  zniF/^,  prodaood^. 
laurfea  above  r,  in  A^,.  the  fc<aion  ECF  wilt 
be  an  hyperbola,  whofe  tranfvcrfe  axe  is  CN» 
But  in  the  hyperbola,  as  well  as  in  the  other 

c«^€ le^eas,  the  tranfverfe  axff  CNss     j^^r- 

dxCD 
CP  being  drawn  parallel  to  Vjf)  =  ~__- , 

/BD 
and  liie  cenjttgate  ^  €M:h  aUb  s  Cd^ -^p 

^^V  nuI5IjfS*  ^^  ^^  ^^*  of  the  hyperbolic  fc(5libn  being  found- 
by  prob,  6  fe^.  5  part  3,  and  fubftituted  in  the  general,  theorem,  will 
ghre  the  folddity  if  the  h^erbotk  uj»gata» 

Co* 
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Affain, D '  =2  7  00 o,  which  multiplied  into '55  6a  2 57  3, 

BD 

the  former area,prodaccs  1 50 1 8*0947 1  ,and^\- -    ^^ 

'^^*'  f*-'"*V4(^=22686-47o698,  which  multipUed  by 

•3  7 1 87 1 78,  the  latter  area,  gives  84 J 6'458a4. 
Then  658 1*63647,  the  di&rence  of  thefe  two  "pftj- 

duas,  being  multiplied  by  7^  =  |^ =i  =  ^  ^  the 

quotient  of  t  of  the  height  divided  by  the  difierence 
of  the  diameters,  will  produce  3656*4647  for  the  fo- 
lidity.  in  inches ;  which  being  divided  by  268^,  the 
inches  in  a  corn  gallon,  ,give  13*6029  com  or  win- 
chefter  gallons  for  the  quantity  of  liquor  in  the  v^- 
feL 

E  X  A  M  P  L  E    II» 

If  a  veflel,  in  form  of  the  fruftum  of  a  cone, 
dofe  at  both  ends,  be  placed  in  inch  pofition  that, 
the  liquor  juft  covers  the  lefs  end  and  i  o  inches  of 
the  diameter  of  the  greater ;  what  nuniber  of  wine 
gallons  are  in  it,  fuppofing  the  diameters  of  the  two 
€nds  to  be  30  and  ipf  inches,  and  their  diftance  i8 
inches  I 

Here  the  part  ifilled  is  the  complemental  hoof 
to  that  in  die  laft  example.     Wherefore  if  from 

■  ^ 

Corollary  VII. 
If  D  coincide  with  /,  or  CDB  be  a  right  angle,  the  tranfverfe  and 
conjugate  axes  of  the  hype^boSc  fedion  will  become  ^r — -^  ^^  ^  ^^* 

fpedlively. 
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Z)*+JxJJ+rfx|ii6=?so*+i9Tx49;x6x78539«  &€•  = 
8692*661,  the  contcat  of  the  whole  fruftum^  be 
taken  3656*4647,  that  of  the  hoof  iii  the  laft  exanob- 
pie,  die  remaindeir  503^*^963  will  be  the  content, 
iij.  inches,  of  the.complemental  hoof;  which  being 
divided  by  231,  will  give  2i*8dx8  wine  gallons  foy 
the  content  required. 

Problem  XIV. 

*  t 

Tafrid  the  parabolic  hoofs  of  the  frujium  of  a  cone ;  that 
is  J  of  the  hoofs  made  fy  a  plane  pajfmg  parallel  /a 
the  fide  of  the  cone. 

Rule. 

Multiply  the  bafe  of  the  hoof  by  the  greatec  diar 
meter  of  the  fnzftnm,  and  divide  the  produ<5l  by  the 
diflference  of  the  diameters ;  from  the  quotient  fub- 
tradl  y  of  the  produdt  arifing  from  the  multiplication 
of  the  lefs  diameter  by  the  fquare  root  of  the  produA 
of  the  lefs  diameter  and  difierence  of  the  diameters ;. 
then  the  remainder  multiplied  by  I  of  the  height  will 
be  the  content  of  the  hoof  required. 

That  is,  gizj— ^d^/ D-^d^dx  ^h = the  parabolic  hoof 

EFCB ;  where  D  and  d  are  the  diameters  JB  and 
OS,  of  the  fruftum,  h  the  height  C/,  and  A  the  bale 
^BF  of  the  hoof.— See  the  figure  in  page  168. 

Example.. 

If  a  veflel  in  the  form  of  the  fruftum  of  a  cone 
be  laid  with  its  upper  fide  parallel  to  the  horizon, 

2  Y  and 


1 78  CoNtC  UNGtTLAS  Ptfrt  tSL. 

Rnd  If  the  greateft  diftance  of  the  fbrface  of  the  li- 
quor from  die  bottom,  whoft  diameter  is  30  indiefti 
be  16  inches  i  how  toany  kle  gallofis  of  Kqaor  an 
in  it,  fuppoiitig  tht  diameter  of  the  vtf&l  at  the 
gieateft  diftftnce  of  the  furfkce  <if  die  Hquor  from 
&e  bottom  to  be  lyr  inches. 

Here  the  dimenfions  are  the 
fame  as  in  the  kit  proUems ;  and 
jBi)=Z)-^=3o-i9T=  lof  =  IO-8 
die  verfed  fine  or  height  of  the 
baft ;  wluch  divided  by  the  dia- 
meter 30,  gives  •36=  the  tabular  »  ^ 
verfed  fine,  the  area  anfwering  to 
which  is  •25455056  ;  which  muldplied  by  900, 
the  fbuare  of  the  diametet,  giv«a  229-095^04  for 
the  circular  fegment  or  bafe  ^f  the  hoof*    llim 

Again 7i/ v^^W *s T X I 9t s/ToTTF^f  s:  I X 1 9*2 * 
v^yiTys^x  1 9*2x  i4*4=4x6-4xi4*4=368-<54. 

- 

Then  636-3763^368-64xy  =3^6773639x6*: 
1 6o6c'4i  934  inches,  equal  to  the  Iblidity ;  which  be- 
ing divided  by  282,  give  s*6^6s26  ale  gallons  for 
the  quantity  of  liquor  required. 

Note  I.  If  from  8692*661,  the  content  of  tlie  whole  frn(lum,  fowKt 
in  the  fecond  example  of  the  laft  pt>obietn,  be  taken  1606*419*  tht 
content  of  the  hoof,  above  found,  the  remainder,  7086*242,  ^ill  be 
that  of  the  complements^!  pairabolic  h6of  DACC. 

Note  2.  If  the  fedion  EGF  be  an  hyperbola,  the  hoofs  may  then 
be  found  after  the  manner  deftribed  in  the  fixth  corollary  to  prob. 

Pro- 


P  It  <5  B  L  £  H    XV. 

*  Tofitd  the  convex  Jutface  of  the  elliptic  hoofs  oftiv 
/n^Mt  of  a  tmte,  nibSe  by  afiiaU  iuttiMg  /Ae  oppo- 
.    foe  tmremktiti  ofibe  tndt* 

Rule. 
To  four  times  the  fquare  of  the  height  t)f  Ae  fru'- 
ftvBnadd  die  iqunvof  Hw  dtfferchte  Of  the  diameters 
of  lise  ba&  and  aid,  drride  tbe  iquare  root  of  die 
fum  by  the  diflerettee  of  the  faid  dlaaket^s,  and  call 
the  quotient  ^ 

Multiply 


•  htt  the  right-angled  triangle  VOIf 
he  coaceived  to  revolve  about  the  axe 
yO,  the  part  if  J  «f  the  liypothenule 
defcribing  the  furface  of  the  imgula, 
lth\)ift-aufaA  HP  ef  tke  rftdles  ^tha 
bafc  of  the  cone,  cut  off  by  the  perpen- 
dicular ,(P,defcribesthefpiitefP/£fir. 
—Then  fince,  by  the  fimilar  AS  fOIf, 
BtP,  itisiveiy-where  fa  PffiHi:: 
OB  (OH) :  BV  (HS^,  the  fpaces  gene- 
rated by  theft  J>tK«  «^  be,  lilt^liA, 
in  the  fame  ratio,  viz.  OB:  By-.:  the 
Brea  FIEBF :  the  fnrface  F€£B  (S)  » 
P'B 

^xF/EBF.—And  in  the  fame  man- 
ner, by  reafon  of  the  fimilar  As  DIC, 

J^PA,  (j?/>  being  drawn  parallel  to  SD)  we  fhall  have  CD-.DI'.: 
FC£F  (s  its:  the  Sptw  defl:ribiedii7  b^-.  FIEF  (the  fpace  defciibcd 
ID     „_^      ID 


f/£5fs=  the  circular  feg.  TdtF\A)—TJEFsiA—.^*B.    And 
the  convci  furface  of  the  ungiila  EFBC.        '  Ani 


•  •         • 

Multiply  half  the  fum  of  the  faid  diameters  by  the 
fquare  root  of  their  prodtuft,  and  call  the  produdl  P. 
Then 

1.  ^multiplied  by  P  and  by  785'398  &c.  will 
produce  the  convex  iurface  of  the  obUque  cone  JCK 

That  is,  ''•^^^^\x  ^x/Dd^  the  curve  fur- 

faceof  JCT. 

2.  ^multiplied  by  the  difference  between  P  and 
thefquareof  the  diameter  of  the  bafe,  and  by  •  7  85  3  98 » 
&c.  will  produce  that  of  the  hoof,  JJBC^  including 

the  bafe. 

*  -  -- 

.  That  is,  "^^^^^  xDD-^^Dd^xhe  curve 

furface  o£ABC. 

3.^ 


And  the  method  of  proceeding  will  be  the  fame  for  any  other  kind 
'  of  pyramid.  • 

Co  HOLLAR  Y    I. 

If  from  — -:X  the  circle  JB^  the  convex  furface  of  the  whole  cone* 
BO  -» 

FB 
be  taken  that*  of  the  unguis,  above  foand.  the  remainder  r— -x 

-^ 73 

FJEF+  =rpxF.CEFy  will  exprefs  the  convex  furface  of  the  remaining^ 
part,  EFCVJt  of  the  cone. 

Corollary  n. 

VB 
And  if  from  the  value  of  thcL  part  laft  found  be  taken  —  x  circle 

VC 
CG(sz  rrj  X  circle  CG)  the  convex  furface  of  the  top  cone  CFC,  the 

remainder,  —xFJEF+—xFCEF'^<:iTi:hCO,  will  exprefs  that 

4»f  the  complemental  imgula  EFACC. 

Co- 


3.  i^ multiplied  b^^  tfce  difiera»:e  between  P  and 
tlie  iqtartiti^e  diaiaeter:af  the  top,  and  hf  'jBsi  98 
&c.  t^  ^^toduoe  dbc;  cf  the  hoof,  JOS,  iocludtfig 

HK'top.       ■_ :__  ■    ■     •  ■  ■ 

iurface  of  JOG. 

Where  the  letters  denote  the  famfe  Quantities  as 
Jn  the  fwegomg  problems. — ^AU  liiele  are.prpy^d  in 
coroUaiy  4, 

•   ..*2  Ex- 

C  O  H  O  L  I.  A  R  y  [IIJ« 

IFt&e  LCDJ?  be  lefs  than  the  i.  GJB,or  the  fed;  FC£  be  aa^^ipiOr, 

FB     ^ "   /y — = '^^~- 

«e  furfacc  o£ the  ungula  will  be  «  x  dr.  fcg. FBE^  dc^^^'  feg.ffl? 

ss  (by  proceeding  as  meor.  i  prob.  12)  -gx:£^f— -j^-j^j^^p- 
^ ^^L—-  X  fcg.  of  the  circle  AB  whofe  height  is  AB  x  *  ^.-  sa- 

the  circie  y/5  whofe^hcjght  is  Ihc  'i!CI^^^     D^    '     "^  *  ^^ 

ub.%.whoieheighti3_^x  JoZ]S^  >/ BDZ^^ 

fcg.  ^hotc  height  is^      y  .    ,   Where  iS  is  the  height,  and  2>  and" 

;/.the  diameters  of  the  bafeindtop  bf'tHc  frttftom.     •  >  . 

Ahd  the  value  of  the  furface  of  the  remaining  p^xt'EFCFA,  in 

^    '  *  *  '    ytB  'ID 

coroDary- 1,  wUl  befome^  x ":  cir.feg:  ^^^  +  ^x  «»«?•  feg.J^CS 

.  i^^i*  AB^xCG-^AD       CC'-AD 

whofe 
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Example. 

Required  the  convex  furfaces  of  the  two  hoofs  of 
a  conic  fruftum  whofe  bafe  and  top  diamjeters  are 
30  and  I9t»  and  height  18  inches,  the  fedlion  being 
made  through  the  contrary  extremities  of  the  diame* 
ters ;  together  with  that  of  the  oblique  cone  ACt^ 

.  HereDsgq,  i/sipj*  and  AssiS. 
Whence  ^=^^^^=» 

s=Tv/l09=:3*480!02I7. 

■P  -^^Dd = 244  \/ioxi^= 
24TX24=59of. 

And 


cc. 


'•^^+^'» 


whofe  height  is  AB  »  ^"^-^^  ^  s/4i*+D.-d[* 

W^  B=5  ^  ^D-:S=9^   *•  of  the  or .  ^^  ^hofe  height  is  i)  x 

BD~\xD~d     I 


X  ut.  fcg.  whofe  height  is  ^+ 


rf»x 


jiD'^-n=3 


=x  tab.feg.  Whofe height  is- 


o,H:=-^^^,..r^^^t^-^^^ 


X  feg,  of  the  cit.  AB  whofe  height  is  Dx^:idS.  k  ^4^*+0^* 

d D^ — " 

%:D»x  tab,  fee,  whofc  height  ud^  +  ^y.  \^D-^-AD    /D-AD 
X  tab.  feg.  whofe  height  is  ."~^£ 

Al/b 
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•  ■  » 

And  then 

1.  \x  P  xySsif^  =  27332^^28  X  590-4  = 
Ii6i3'7 198213  inchess  i  i'2o63876  feetsdie  coawc 
furfiice  of. the  oblique  cone  ACF. 

2.  0x785398 X D*-F==  785398x3-48oio2i7X 
90o-59o'4=27  33  26i'23x309*^=84($*2 1 89307  inches 
*  5*87652  fcetas  that  of  the  hoof  J£Q 

3.  i^x 785398 xpl^« 785398 x3-48oio2i7K 
509'4-368*64  3=273326528x2217688  606*1289085 
inches  s  4*2092285  feet « that  of  the  complemental 
hoo£  ACG. 

Pro- 

Aifo  that  of  the  complemental  hoof  In  cor.  2»  will  become  r^  x :  clr. 

feg.  /•^5+~.xellip.  fcg.  FCE— the  cif.  CGss^^  :—  «  x(7f?»  + 

FjfE+  — ' —  >a/a^      ..intez.cftbtcir.AS'nhotehagb.tU 

^,^CG-AD      \^4i*±£^^,_^jj.pjff.   ii    i^'S+d-AD 

^  J^^xfegment  of  dw  drdo  Ad  whofi:  jioght  U  D xil^Z^l. 

l-i^ltOl* .  _,4/»  +2J»  X  ttb.  fcg.  whofe  height  h^^J^x 

■  __^ir  '  ■ 

CoROLLAaV  IV, 

If  D  coincide  with  A^  th^  rules  iii  Ae  iaft  cor^i  will  hecomc  -^  x  : 

_  BX) 

AB-i^H-nnlA^^AWmS a  ??^4^^^  x  D*^^±i^Dd  for* 

the  conTet  Tttrfoct  of  the  tmgola  ABC, 

And 


PRrO  B  L  E  M    XVL. 

Tojifi^  the  c<mvle:^'JiirfMes  \>fthe  dUptic  uf^las  (^a 
CQtie^  made  by  a  pidne  cuiii%''^ a  fitrt  6fthe  bctfe.' 


•  •  ♦  • » • 


U  |«  £« 


Multiply  cbntihtfftlly  togcdier  tKc  four  ibllbwjiffg 
quaatitieSi  viz.  the  ^juodeiis  aniing  £rot&  the  divifion 

of 


X 

2 


Ana  ^  lA^liS^^n^  .n.ys.IA  ^^„^^^^^^^ 
— --  A/Dd  for  that  of  the  obhquc  cone  ACy. 

2 

,  ^  >     I      ,  /    '  'I^'—^JCBSC^^*     '■■Mm'  111         '  ■!■ 

Ibr  t^  of  the  compl^nental  elliptic  hddr  J^^« 

jf^D  bepar^dlel  to  VA,  or  the  fe^on  a  parabola;  fince  its  area 
.^  \B)  is  ^CD^DFs^fCD  j/j(D^I?B»  the  general  theorem  For  the  Un- 

gnlf  wiH  become.^ x fcg.  FBE^^IDy^ADxDB^  ^h^'^-' 

-x :  feg.  FJIE  (its  height  BDssD^d)^^^D^\/d^D^d  for  the  con- 
Ycx  £rfece  erf  the  parabdic  ungula  f  £^«       .         * 

VB 
And  the  ruifli  in  cor.  i  wiU  be  — x  :  fcg./^iT+l/D  ^ISSdB^ 

^»'^?~'^'*x :  feg.  F//F  (its  hdglit  AEsd)  +  ^^5^^/!^^ 


i>-^ 


.    »    .       '1 


for  that  of  the  part  AEFCC. 
'Aifo  ttat  in  cor.  2  willbc  ^x  ■(tgyjE'+^W^'jI^^^^  ^D* 


f  _ 

xa a '^^*"*'^~^* X ffeghmttF:^^  (lU height  >Da^+|x5Z5 

\/d*D—d'^ndd,  for  that  of  the  complcmental  parabolic  ungula 
FAECG.  ..*... 
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of  the  fquare  of  the  kfs  diameter  by  that  of  the  greater^ 
the  q\»tient  arifing  from  the  divifion  of  the  ^iJB&rencc 
between  the  part  of  the  diameter  of  the  bale  not  cut 
oflF  and  half  the  fum  of  the  diameters  by  the  differ 
rence  between  the  faid  part  of  the  diameter  of  the 
'bafe  and  the  le(s  diameter,  the  fquare  root  of  the 
quotient  arifing  from  the  divifion  of  the  part  cut  off 
the  diameter  of  the  bafe  by  the  difference  between 
the  part  not  cut  off  and  the  lefs  diameter,  and  fuch 
a  fegment  of  the  bale  of  the  fruftum  whofe  height 
is  equal  to  the  produift  arifing  from  the  multiplica- 

3  A  tion 


CaROLLAftT    VI, 

If  the  LCD i?  be  p'eater  than  the  L  ^/^B,  of  the  feaion  be  anliy- 
pcrbola,  its  area  bemg  fboiDd  and  M)BAtated  for  B  in  the  general 
rules,  will  give  the  iunaces  of  th«  hyperbolic  ungulas. 

COROLIARY    VH. 

If  the  hyperbolic  fe<fHon  be  perpendicular  to  the  bafe,  2>/will  tat* 

VB  CB 

tuft^and  the  general  th^orjeiDS  will  become  -r— x  feg.  FBE  z^  —  x  it^. 

FBS  (its  height  being  BI)  «         p"^^^  xfeg.  of  the  circle  AB 

v/hofe  height  it for  the  curye  furface  of  the  perpendicular  un- 

gdn  CIS.  ,  

Alfo  ^xfeg.  r.rf^«  ^feg.  whofcheJght  is  ^/=^-^ 

?c  feg.  of  the  cir,  AB  whofe  height  is  for  that  of  the  remaining 

part  AICK  . 

•    And^x*g.F^£-.cir;C^=Xi^l^^ 

AB  Whoftf  height  is-  — ^— .«^  for  thatof  the  complemental  perpen- 
dicular  ungola  AICG^ 
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tion  of  the  quotient  of  the  greater  diameter  divided 
by  the  lefs  into  the  diflference  between  the  lefe  dia- 
meter and  the  part  of  the  bafe  diameter  not  cut  off; 
and  call  the  laft  produdl  R. 
Then 

1 .  The  difference  between  R  and  the  bafe  of  the  hoof 
multiplied  by  the  quantity  ^,  in  the  laft  problem,  will 
produce  the  convex  furface  of  the  ungula  required. 

.    That  IS,        ^^ — ^'^H^P^E—DD^—dhjD^ 

\/-rzrAb  ^  ^^S-  ^^  ^^  circle  AB  whole  height  is  Z)  x 

'^ ,  -  =  the  convex  furface  of  the  hoof  FEBC.   Ufing 

ftill  the  fame  letters  as  in  the  former  problems.  (The 
fig.  in  page  179. 

2.  The  fum  of  R  and  the  remaining  fcgment  of 
the  bafe,  not  included  by  the  hoof  above,  multiplied 
by  ^,  will  give  the  furface  of  the  remaining  part 
of  the  whole  cone. 

That  IS,         ^_^ x;feg.F^Jg+^x     ^Zad 

w-tzad  ^  ^S'  ^^  ^^  circle  AB  whofe  height  is  Z)  x 
^^^^=  the  convex  furface  of  the  part  FEAVC.      / 

3.  From  the  furface  of  the  part  in  the  laft  article 
fubtra<5l  that  of  the  little  cone  at  the  top,  viz.  the 
produdl  of  ^  by  the  area  of  the  top  of  the  fruftum, 
and  the  remainder  will  be  the  furface  of  the  comple- 
mental  ungula. 

That  is,  ^^±5-^x\-.«^i  +  feg.  FAE  +  ^  x 

*— g^;^—  "JjZTdD^  ^^S*  o^ ^c  c^*  ^  whofe  height 

is 


9 
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is  D  X — J —  =  the  convex  furface  of  the  complemen* 

tal  hoof  FEAGC. — All  thefe  are-  proved  in  cdr.  3 
prob.  15.. 

Example. 

Required  the  convex  furfaces  of  the  .parts,  into 
which  a  cone  is  cut  by  a  plane  which  enters  the  fide 
at  the  diftance  of  1 8  inches  from  the  bafe,  and  cuts 
oflF  20  inches  of  the  diameter  of  the  bafc,  that  dia- 
'  meter  .being  30  and  the  diameter  at  the  top  of  the 
iedlion  i  ^t  inches. 

Here  2)=?  30,  d^i^ji  A;=i&,.fiZ)=:2o,  and  JDzzio.. 
Whence 

^^vW|E3!=iyio9=3'48oio2i7. 

The  feg.  FBE=2o*x'ss622S7s  =  Soo-6o$isj, 
The  feg,  FAE  =  ^o' x'22^iy 2/^$  =  2<y6'2s £1^7..  " 


R:^ 


>9f 


30    X  ^  n/^  X  feg.  whofe  diameter  is  30  and? 
£eight^=«^^i4^^  xtab.  feg;  whofe  height 

And  «iJ=7.85398x  1911*  =289-5291791.- 

'Wherefore 

1.  ^x  tjjK-R  =  3'48oio2i7,  x  179*841984  =r- 
625:868479  =  the  convex  furfacd  of  the  hoof  FEBC. 

2.  ^x  FAE^R  —  3-48010217  X  ?27;oi636  =. 
1834-070779  =  that  of  the  part  FAECF. 

3.  ^xiT/lfi+it-W^/rs  3-48010217x23 7-487 18^1 
»826'479654=thatofthccomplementalhoofJF!JJB6t?. 

Pro- 
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^     I 


.7bj&»^  '^^  cmvex  furfacts  ofthefaraboUc  hocfs  made 
by  a  plane  cutting  a  cone  parallel  to  oneftde^ 

Rule. 

• 

Mvdtiply  T  of  the  difference  of  the  diameters  of  the 
bafe  and  top  of  the  fraftum  by  the  fquare  root  of  the 
produd  of  the  faid  cUfference  and  the  lefs  diame- 
ter, and  call  the  produ6:  S. 

Then 

1.  The  difference  between  5  and  the  bafe  of  the 
hoof  multiplied  mto  ^,  in  die  1 5th  problem,  will 
give  the  furface  of  the  hoof. 

That  is.  ^4^+^<'  X :  fegment  FEE  - f  yc^d 

s/dxD'-d:=i  the  convex  furface  of  tLe  ungula  FEBC. 
Ufing  flill  the  fame  letters. 

2.  The  Sum  of  S  and  the  compkmental  bafe  mul 
tiplied  by  ^,  will  produce  the  convex  furface  of  the 
remaining  part  of  the  cone. 

That  is,  ^'^2S^^^  X :  fegment  FJE  +  ^x  D=d 

^dxD^=  the  furface  of  the  part  FAECV. 

3.  The  difference  between  the  circle  CG  and  the 
fum  of  5  and  the  complemental  bafe  multiplied  by 
^,  will  give  the  furface  of  the  complemental  hoof. 

rr^      .      \/4;6*-fjD-4*       j^  T^  JIT-  7-. — :; 

That  IS,         ty^4 X  :  fegment  FAE  +  *  x  U-d 

sf  d^D-d  ^-Kidd  r=L  i^M,  convex:  furface  of  the  comple- 
menuL  hoof  FAECG. 


=  I03'68. 
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Example. 

Hequired  the  convex  furfaces  of  the  parabolic 
hoofs  of  the  fruftiun  of  a  cone  whoie  height  is  1 3 
and  its  diameters  30  and  i^t  inches.. 

Here  again  ^a  3*480 1 02 1 7.     ' 

5=|xl>I5v^^xD=5=|)<iofx/i9^xio|=^iiii2^ 

The  feg.  FBE^  30*  x  tab.  feg.  whofe  verfed  fine  is 
(^  ="  tI  =)  ;3^  -  900X-2545: 5o^jr «  229-095:495:. 

The  feg.  FAE  =s  30*  x  tab.  feg.  whofe  height  is 
(^=  li?=)  '^4=  900X  785398--25455055  =  900X 

73084761  =477762849. 

And  «i^,  as  before,  =  289*5291 79. 
Whence 

1.  ^x  FBESts  3'48oio2i7  x  I25"4i5:495'  = 
436*458737  =  the  convex  furface  of  the  hoof  FEBC. 

2.  ^x  FAE+S  =  3*48010217  X  581-442849  =s 
2023*48052 1  =  that  of  the  part  FAECV. 

3.  ^FAE+S-ndd^  3*48010217  x  291*91367  =s 
i  o  1 5*88939  6= that  of  the  complemental  hooiFAECG. 

Problem    XVIII. 

To  find  the  curve  fiirfaces  of  the  hyperbolic  hoofs  of  the 
frujhtm  of  a  cone,  made  by  a  plane  cutting  it  per^ 
.  pendicular  to  the  bafe. 

Rule* 

.  !•  Multiply  die  quantity  i^,  found  as  in  the  pre- 
ceding problems,  by  the  bafc  of  the  hoof^  and  the 
produA  will  be  its  fiuface. 

3  B  That 


t^.  Cqkic  U%(guaa4.  Part!  ItK. 

That  is,  J55X  feg.  FBE=:       qLJ~     ^  ^^g*.  of  die- 

circk  AB  whofe' height  is.— — -=tfee  curv€  fiirfacc  of 
the  perpendiculsir  hoof  FEBC     (See  the  figure  at 

page  175-) 

;  2.  Multiply  ^by  the  complcmcntal  bale,  and  the 
produdl  will  be  that  of  the  complemeixtal  part  of  the 
whole  cone*  ' 

that  is,  5^  X  feg.  FJE  =  '^^J'^^  xfeg.  of  tha 

Qircle  AB  whofe. height  is  -j—(;=^^-47)=the  curve 

fiirface  of  the  part  FAECK 

3.  Multiply  ^by  the  difference  between  the  cona- 
plementa)  fegment  and  the  circle^  CG,  and  die  pn>^ 
4u A.  will  be  that  of  the  complemcntal  hoof 

That  16,  ^x%Se:=^^^  X  :. 

^ndd+fcg.  of  thecirdt  -48  whofe  height  is  -^  =5:  the 

«urve  furface  of  the  compkmental  hoof  FAECG.. 
Ufing  ftill  the  fame  letters  as  in  tlie  former  problems* 

iVote,  The  two  firft  articles  are  the. fame  ruk,  a^id  feirc  fpr  th«j 
iFhple  coi3u».«i:Mr^  a4f•a^y  perpcyKUculac: patt^. 

E"  X  A  M'  P  L  E. 

Required  the  curve  furfaces  of  the  perpendicular 
hoofs  of  a  cone  whofe  ba/e  diameter^  is  30.  inches  ; 
die  height  of  thefedtion  being  18  and  the  diameter 
Qf  the  cone  at  the  top  of  the  fedlion.  ipiincjies. 


TBe 


Sed^L 


Sp»erb.. 


t^ii 


The  fegment  FBE  aj  30*  x  tabu  fig.  whofe  height  is 

The ftfgmentiligsr  30- x  tab;  feg.  whofc  hdglit  is, 

1^^^)/^^  =  9Qo>^:689i($363. =620-337267. 
Whence 

i..%JFJ?ZflP3;i^oi.o2 1  7x8j6:5^,2  I  o77.=3or  1 02 
SB  the  cux:ve  furiface.  of  tiie  hoof  jF£-RC. 

2.   ^x  FAE   =v  3;-480i02I7   X   620*337267     sr 

2rii8'837o68  =  that  of  the  part  FEACF. 

.    3.  J^K  EAK-ndd.  =5. 3*4801 02 1 7  x  330-808088  = 
1 1 5 1  '2^S9^S = thatof  thecomplemental  hoof i^jEJfCG- 

P  R  o.  B  L  E  M    XIX*. 

To  find  the  curvf^farface  cfafphtrc^  or  (f-M^fegmnt 

#r  zoiw  of  it. 

R  u  L  £• 
Mteltipty  the  circumfCTcnce  oFthe  Iphere  into  the^ 
height  (^  the  part  require,  and  the  prodndi  will  ber 
the  curve  fuiface^  v^hcther  it  be  figment,  zone,  he- 
soirpbere,  or  the  whole  fphere.* 

Note,  The  height  o£  the  whole  Q>here  is  its  diameter* 


*  Dem.o.n,»tiuati>ov. 

Put,  i(af.tbi&.  diameter  AS  or.  aCG^  xva. 

^g  the  height  oCttc  zone  ADFB^jt^i^SD^ 

2  =  DAf  /  =  3'  141 59  &c.  and  /  =s  the  fiu> 

fticc  required. 

,_        •  •  •     • 

-^  therefore/ ss/ixy and  confeqaently/ss 

pdx\  viz.  the  produA  of  the  circumference 
of  the  fphere  and  height  of  the  zone>  for 
f4^ = 'thet!ircuxnfeiaence.of the  circlcwhoie  * 
diameter  \sJ„ 


C<^ 


F5P  SPH£iL£.  FJutin. 

E  X  A  M  P  L  E   L 

If  the  diameter  or  ^axe  of  the  earth  be  J^Sji 
jnilts,  what  is  the  whole  furface,  fuppofii\g  it  a  per- 
fed  fpheret 

7957ix  3*  141 592  »  25000  miles,  (extremely  neaf) 
« the  circumference. 

Then  J^Sji  x  25000=  198943750  fquare  miles  = 
the  whole  furfece  rtquired.  And  dre^half  is  9947 1875 
=  the  furface  of  the  hemiiphere« 

Ex- 


Corollary  I. 
.     When  X  becomes  ^:CGss  W,  /  will  be  =  ifJJ  ar  the  furface  of 
the  hemifphere .     And  confequently  that  of  the  whole  fphere  is  pdJ, 
^e  produft  of  the  circumference  and  height  or  dtametor. 

Ct>  &  O  L  L  A  E  Y    II. 

To  or  from  i/i/1/9  the  furface  of  the  hemifphere,  add  or  fubtrad 
/fh,  thatt)f  the*z«ne  AI^FB^  and  the  remainder  fdxid±:  x  =r/^x GE 
will  be  the  furface  of  the  fegment  JD6T,  viz,  the  product  of  the  cir- 
•cumference  and  ^ight.     So  that  the  rule  i^  general,     j^ '£;/>« 

COROLLA&Y    III. 

The  furfa^ces  of  fpheres»  and  alfo  of  their  fimalar  parts,  are  to  eiach 
other  as  the  /quares  of  their  diameters.  For,  by  exterminating  the 
common  given  quantity  /,  they  are  as  J,  the  diameter,  into  the  height 
df  the  part ;  but  the  heights  of  fimilar  parts  are  as  the  diameters ; 
wherefore  &c. 

'      C  O  &  O  L  LA  R  Y    IV. 

Tl>c  furfaces  of  any  fegments  or  zones  of  a  fphere  arc  to  «ach  other, 
or  to 'that  of  the  whole  fphere,  as  their -heights*  For^d  is  common 
to  them  all. 

Corollary  V. 

Or -the  furface  of  any  fegment  or  zvikc  of «  i|>tere  is  as  its  height. 

Corollary  VI. 

The  furface  of  any  fegment  or  zone  is  equal  to  4  time#  a  circle 
whofe  diameter  is  a  mean  proportional  between  its  height  and  the  di- 
ameter of  the  fphere.    For  this  circle  is  ss  4/*  V^l*  Jssi/Jir. 

Co- 


Sed«  L  Sp  H  £  R  k;  1^.3 

Example  II. 

To  find  the  iurface  of  the  two  frigid  zones  of 
the  earth. 

Note,  The  frigid  zones  are  the  two  oppoflte  fegments  DCF^  dHf^ 
in  which  each  ox  the  arcs  DG^  dH^  or  half  the  breadth  of  the  zone, 
is  23i  degreeyi^ 

,  Draw  the  radius  CF;  then  the  a:ngle  2^CE=23t 
degrees,  and  the  angle  EFC=  90-231  =  66j  degrees ; 
alfo  the  angle  £=90  degrees.  .       : 

Then,zss.LE:s.LF::FChz97Si:CE=S^^S'^67Sos^ 
And  EG  =  GC-CE  «  3978-8 75-3 648-8675054  « 

330*0074946  =  the  height. 

Hence  25000  (the  circumference)  x  330*0074946 

=  8250 1 87*365^1  the  fiirface  of  the  fegment  DGF  ot 

frigid  zone. 

3C  Ex- 


COROtLARY   VII. 

Hence  the  fiirface  of  a  fegment  DGF  h  equal  to  4  times  the  circle 
whofe  diameter  is  the  chord  GD  dravm  from  the  rertei  to  the  extre- 
mity of  the  bafe  j  or  equal  to  a  circle  whofe  radius,  is  th^t  chord  J  For 
CD^^HG^E^i/dT;. 

CoR  OLt  ART   VIII. 

And  hence  the  forfaee  of  a  fphere  is  equal  to  4  times  the  area  of 
a  great  circle  of  it ;  that  is>  a  times  the  area  of  a  circle  of  the  fame 
diameter  with  the  fphere.  And  confequentJy  the  furface  of  an  he- 
mifphere  is  double  die  area  of  its  bafe. 

Corollary  IX. 
Or  the  furface  of  a  fphere  is  equal  to  a  cirtle  whofe  diameter  is 
double  to  that  of  the  fphere. 

Corollary  X. 
The  furface  of  any  fegment  or  zone  of  a  fphere  is  equal  to  the  curre 
furface  of  a  cylinder  of  the  fame  height  with  it,  and  whofe  diametee 
is  equal  to  that  of  the  fphere. 

Corollary  XI. 
Hence  the  furface  of  a  whole  fphere,  or  of  a  hemifphere,  is  eqniL 
to  the  curve  furface  of  the  circumfcribed  cylinder; 


^ 


St^trkis* 


PartBL 


$ix  A  MP-JL  £    ni. 

,  To  find  die  ibrfacc  of  the  torrid  zone  IKki^  which 
extends  to  tibe  diftince  of  {lA  or  Jt)  ^3!  de^^e»  on 
each  fide  from  AB  the  diameter. 

•      •  • 

JTere  the  I /iCC=23i  degrees. 

Then,  s.  LL:s.LLKC:: KC:CL^is^6'i7Z. 

And  Li^ptCL-  3 17  J*  1 44  =d:ie  height. 
. ,  Wherefore  25000x31 73*144  =  7932860b  fqnare 
miles  =:t3be  furface  of  the  torrid  zone. 

.  %%  h  k  p  t  E  IV* 
Heqmred  the  convex  furface  of  each  of  the  tem- 
perate zones  DTKt^  dfkty  which  are  included  between 
^e  frigid  and^  torrid  zones. 

By^the  xft  ^.CE^.z'67^'^6ii  . 
and  by  the  2d  ex.  CL=i5g6''572' 

.  .their  diflFerence  is  Zi-Ertr2o62*2955  =  the  height. 

.  -WhsrefoK  2jpoox2o62-2955=5 1557387^  fquarc 

miles  =  each  temperate  zone^ . 

.  Heikce  the  xv^  frigid  zones  «r  1 6500375 
the  two  temperate  zones  « 1 03 1 1 47  75 
the  torrid  zone         =  79328600 

theii*  fum  is  i  98943 75b = die 
faxSsjct  of  tfad  fphere. 

.        .  P  R  O  B  L  1  IK    XX- 

Tofnd  the  lunar  furface  AB  DC  A  included  ketween  two 
great  cirdes  ABD,  DC  A  of  afphere. 


X    ^ 


R  U  L  £     I. 

,  .Multijdy  the  diattaeter  AD  into  the 
breadth  BC  of  the  furface  in  the  mid^ 
die,  that  is,  into  the  arc  that  mea- 
sures the  angle -SJC  of  inclination  of 
tlie  two  circle^,,  and  the  produ^  wiU 
be  the  furface  ABDCA. 


That 


.   TknX  h,  if  if  A  AD  the  dinmetcr, 

« athe  l«i^;th  oi  the  arc  SCmcr  ik9 

. '  towJtUe  irf  the  ftaface. 

Tben  ad  is  the  furface. 

*  R  U  L  E    II, 

As  foar  right  angles  aretx>d)e&rfaGet)f  tliei{iiiere$ 
Or,  Ae  otic  right  angl«  is  to  a  greart  cirde  of  the  fpliere ; 
So  is  the  angle  made  by  the  tmo  great  circles. 
To  the  iurface  included  hj  then), 

« 

E  X  A  MP  t  «• 

Requktd.the  iurface  included  by  two  greac  cir- 
cles forming  an  anglfr  of  25  degtree^  the  dian^eter.  of 
the  fphere  being  i  o  feet*  • 

I.  By  rule  !• 

Firft,  3'i4i5926xio  »  3r4i59265Kthe  circum- 
ference* 

And 

*  *    # 

If  tflie  great  circle  BCE,  whofe  poles  are  J  aad  2>,  be  conceived 
■o  lie  aiTiaeu  iQtQ  an  mueninte  DUiuber  of  e^ual  pctfts^  aiMi  erect  etr* 
cles  be  conceived  to  be  dastmx  through  tivt  pdints  of  diviiion  and 
through  A  and  Z>  ;  it  ts  e^f»t  that  the  whole  furBice  will  be  di- 
vided ^  by  the  circles^  inM^the  fame  nuil»ber  of  parts  fimifor  and  eq^al 
to  one  another*  and  ^tfafit;^  tb^r^fiorej  the  fnrfi^ce  iaclnded  betweety 
any  two  of  thofe  circles  will  be  as  the  auiiiber  of  parts,  or  as  the  arc 
of  the  circle  BE  included  by  them;  wherefore  as  the  whole  circnm« 
ference  BE  is  to  the  arc  )BC,  or  ^a0  four  right  angles  to  the  angle 
BJC^  {o  IS  the  furface  of  the  fphere  to  tfie  Imar  ftirikce  j4BDCj4  ; 
or  alfo  as  one  right  angle  is  to  the  anek  BAC^  f6  is  the  area  of  a 
great  circle  of  the  fphere  {i  of  the^  ftfr&t:e)  to  the  iunair  fudace.  Which 
is  rule  a. 

If  d  be  the  diameter  and  c  the  eircuflnfcreitce  of  the  fphere,  and  a 
the  arc  BC ;  then,  from  the  procefs  above,  rza::  cd.(^tht  furface  of 
the  fphere)  i ad sa  the  lunar  furface^    Which  is  rule  l#    -    . 


Sphere. 


Part  ra. 


196 

And  36o:25(::72:5)::  3I'4I592^S^*«S'<^^^*^* 
ereateft  breadth  of  the  furfacc. 

Then  2-.i8i66ixio«  2r8i46i,=  the  furface  re- 
quired. •  * 

2.  By  rule  2.  '    ■     n  ^ 

Heres  r4i5926(thecirciimferencc)xio=3  J^'iS9^o 

ss  the  furface  of  the  fphere.  ^ 

And  360  :  25  ::  (72: 5::)  31^'1S9^^  -  2V9i66l  a 
the  furface  required. 

Problem    XXI. 

Tojind  the  area  qfajpheric  triaiigUi  that  is,  thefpherk 
jurface  included  hy  the  arcs  of  three  great  circles  of 
the  fphere  traerfeSiivg  one  another. 

Rule. 

As  8  right  angles  or  720%     . 
To  the  furface  of  the  fphere; 
Or,  As  2  right  angles  or  180% 
To  a  great  circle  of  the  fphere ; 
So  is  the  excefs  of  the  3  angles  above  2  right  angles. 

To  the  area  of  the  triangle.* 

That 


*   DbM  O  N  S  TK.  ATIOM. 

For  having  produced  all  the  fides  <j(  the  tri- 
angle ABC  (P)  till  they  interfeft  again  and  form 
the  triangle  p,  which  by  the  principles  of  the 
fphere  will  be  equal  to  the  former  triangle  P  ; 
put  i^ss  i  the  furface  of  the  fphere  zssP-Jr^4- 
R+T.   Then,  by  the  laft  proUem, 

f  iSo*  i  A •.'.^S:P+r, 
.     J  180    :  B  it  i S :  P+^, 

(i8o  '.Ci:iSxP+R(sip+JV\, 
hence  i8o  iJ+B+C:'.iSi{iP+T+^Rs:) 

.     iP+iS, 
and  as  180   tA+B+C—iSo::iS:2P::iS:?ss 
_^+W-i8o^     ^f.Z>. 
730   .  ^ 


Co- 


5cft*  !•  Sphere*  ,1^7 

That  IS,  fhidx-j^^the  area  of  die  triangle,  put- 
ting/>=  3*14159  &c.  ^«the  diameter  of  the  fphere, 
and  s  ss  the  fum  of  the  3  angles  of  the  tiiangle. 

Example. 

If  die  angles  be  SS,  60,  and  85  degrees,  what  i& 
the  trilineal  furface }  fuppofing  die  diameter  to  be 
10? 

Here  'r^SpSax  10x10=78-53982:=^  of  the  fur- 
hce  of  the  fphere. 

Then   180 :  20  (=  55+60+85- 1 80) : :  78-53982  r 
— ~ — =8-72664= die  area  of  the  triangle  required. 

Problem   XXIL 

To  find  the  area  of  ajpheric  polygon^  or  to  find  thefphe^ 
rical  fitrface  included  by  any  number  of  interjehir^ 
great  circles. 

Rule. 

As  8  right  angles  or  720% 
To  the  furface  of  the  fphcrc  5 
Or,  As  2  right  angles  or  i8o*, 
To  a  great  circle  of  the  fphere  j 
So  is  the  excefs  of  all  the  angles  abo^e  theproduffl        v 
of  1 80  and  2  lefs  than  the  number  of  angles,        ^ 
To  the  area  of  the  fpheric  polygon. 

3D  That 


COROL^LART. 


When  Psso,  then  {^+J?+^  or)  /=  180;  but  when  Pss.\pdd^ 
half  the  fnriace  of  the  fphere^  then /--oi^ss  9609  or /s  540;  con* 
fequently  J+B+C  is  always  between  180  amd  s^Or  tint  is,  greater 
than  2  and  lefi  than  6  right  angles. 


k__^_ 


i9^  Si- HE  RE.  Part  lit 

That  is,  putting  «=  the  number  of  angles, 

s  =  the  fum  of  all  the  angles, 
d=  the  diameter  of  the  Iphere, 
and/>=j-i4i59&c. 

Then  f>d'  x  '~'^°^''~-  =  the  area  of  the  fpheric  po- 
lygon,* . 

Example. 

What  furface  is  included  by  the  intercepted  arcs 
of  five  interfering  great  circles  of  a  fphefe  of  lo  feet 
diameter ;  fuppofing  the  fum  of  the  angles  formed 
by  thofe  arcs  to  be  640  degrees. 

Here  the  furface  of  the  Ijphere  is  3*141  j'926x  10x10 
«  3 14*  1 5926. 

And 


*  ** 


*  De  mo  ns  t  rat  ion. 

For  if  the  polygon  be  fuppofed  to  be  divided  in  as  many  triangles 
as  It  has  fides  by  great  circles  drawn  to  all  the  angles  through  Iny 
point  within  It,  forming  at  that  point  the  vertical  angles  of  all  the 
triangles.    Then,  by  the  laft  problem,  it  will  be  iij.any  one  triangle 

As  720 :  S::  fum  of  its  angles— i^o :  its  area,  * 

Wherefore  by  compofitton,  As  720  :  5::/--igo«:  fum  of  all  the 
triangles  or  area  of  the  polygon. 

But  all  the  vertical  angles  =r  360  or  180x2. 

Wherefore,  As  720 :  ^: :  j-iSox^^:  Sx  17"^^^^^^^  —  th^ai-ea 
of  the  polygon.     ^E.D. 

CoROtLARy. 

When  the  polygon  is  =  o.  then  /  iss:  i8ox/7=;;  and  when  the 
polygon  IS  r=  the  femi-fpheric  fupface.  then /=  i8ox,^+ 360- 
lioxn  ;  confequently^the  fiun  of  all  the  angles  of  any  polygon  is  al- 
.^yshetwcen  i8ox«-a^  iSox/,,  that  is,  le&  than  «  times  2  right 


Se<a.  I.  Sphere.'  i^» 

And  iSoxn-aas  180x38=540,  whith  taken  from 
640  leaves  100. 

Whence,  as  720:100::  3 14- 15926: 1^^-222!=, 
43*03323  =  the  arei  of  the  polygon  reqviired. 

Problem    XXIIL 

To  find  the  fur/ace  AEBF  included  between  two  inter- 
fering little  circles  of  afphere. 

Rule. 

Through  the  poles  Z),  C,  dnd  in- 
terfciSlions^, -5,  of  the  two  little  cir- 
cles AFBy  AEBj  draw  the  great  cir- 
cles AD,  DB,  BC^  CAi  and  alTo  the 
great  circle -DjEK?. 

By  prob.  2 1  find  the  area  of  the 
triangle  BCD,  having  firft  found  the 
angles  at  B,  C,  and  2),  from  the  given  fides,  by  the 
principles  of  fpherical  trigonometry. 

By  prob.  19  find  the  furface  of  the  fegment  cut 
oflF  by  the  circle  of  which  AFB  is  a  part,  thus,  viz. 
As  the  diameter  is  to  the  verfed  fine  of  the  arc  DF 
or  DBy  fo  is  the  furface  of  the  fphcre  to  that  of  the 
fegment. 

Then  as  4  right  angles,  to  the  LBDC,  fo  is  that 
furface,  to  the  part  of  it  DBF, 

In  the  fame  manner  find  the  furface  CBE. 

Then  from  the  fum  of  DBF  and  CBE  take  the 
triangle  DBCy  and  the  remainder  will  be  the  part 
BEFi  the  double  of  which  will  be  the  whole 
AEBFA. 

Pro- 


aoQ  Spherc.  Pmlll, 

Problem   XXIV. 

To  find  the  foltdity  of  a  fphere  or  globe, 

*  R  u  L  E   I. 

Multiply  the  llirface  by  7  of  the  radius  or  by  i  of 
the  diameter,  and  the  produd:  will  be  the  folidity* 

R  U  L  E     II. 

Multiply  the  cube  of  the  diameter  by  '5236,  and 
the  produifl  wil  be  the  folidity. 

That  is  (Pz^)  ^sn^^'  =  the  folidity- 

Ex- 

*DEMON8TRATIO!f. 

The  fphere  may  be  confidered  as  conftituted  of  an  ignite  number 
of  pyramids  whofe  bafes  compofe  the  ij)hefic  fiirface,  ^md  all  whofe 
vertexes  concur  in  the  center,  their  common  height  being  ^qnal  to 
the  radius  of  the  fphere.  And  coniequently  the  fphere,  or  any  ipheric 
p^amid  (being  a  part  contained  within  right  lines  drawn  from  the 
furface  to  the  center)  is  equal  to  a  pyramid  whofe  bafe  is  equal  to 
the  fpheric  furface  and  height  equal  to  the  radius.  And  therefore 
the  furface  of  the  whole,  or  of  any  fuch  part,  being  drawn  int^  ■!•  of 
the  radius  will  give  the  folidity>  as  in  rule  i. 

• 

CoROLrAKY    I» 

Since  the  furface  of  the  fp.&erc  'nszfd^t  v/p  (hall  have/^ix  (4.  of 
the  radius  or)  f^=s|^^'  =='52^598775  &c.  xd^  (which  is  rule  2«) 
ss  y  pf  a  cylinder  of  the  fame  diameter  and  height. 

Corollary  II. 

If  A  be  the  lieight  or  verfed  fine  of  any  fegmcnt ;  then,  fmcepS  =s 
its  furface,  f/^^^'^ss '523598775  &c.  X(^6  will  be  the  folidity  of  the 
fpheric  pyramid  or  cone  whofe  bafe  is  the  furface  of  the  fegment. 

Corollary  HI. 

Hence  fpheres  jmd  their  fimilar  p3rramids,  and  alfo  any  other  fimi-* 
lar  parts  of  themj  are  as  the  cubes  of  the  diameters. 

Co- 


I 


. .  t .    k  \ « 


Supjiofitig  tite*earth'  t:i>  be  fpheriCal,  ^^nd  iu  dia* 
meter  79577  miles,  yrhat  is  its^iblidity. 

'•    '    '^       ;    •    '    i*  By  ruler.   . 
•  Byrexam^  i  o€  pccb.  i$J  tbc  fuiiStce  i»..i5>89437jro, 

tten  1 9894375ox^22Hi— 2638^7437^60 mile&  =  A« 
folidity.     .        ,.  ;,,  >  .  .. 

2,  B7  the  ad  hile..     ,' 

Here  :523(5i'  « -5236x7^57?!'  ==  a63857624ji43^ 
miles  =  the  folidity  by  this  rule :  the  diflfereiice  ari- 
fing  by  taking  the  number  '5236  a  litde  too  gteat. 

.'iSE.  '  "        Pro- 


'      «    .  «     V    '  "*  '    ■'» 


,  Corollary.  IV.'   , 
.    Xf  to,  or  irom  lifd*i)  the  ipheric  cone- be  added  or  fubtra^ed  [^px 

-^*     .     x^Y,d^l}^^^J^4^b±,\pdb^^\ph^)  the  cone  whofe  bafe 

is  the  ikme  "with  the  baft  df  the  fegment,  and  whofe  vertex  is  in  the 

center^  .tAc  fimn  or  difiEere^cc  ipdb^^lfib^  ^=st/^*  ^  4-<'—>^>  will  be  the 

fpberic  fegment  whofe  height  is  b,  ettner  greater  or  lefs  than  the  he- 

mifphere,  or  of  whatever  magnitude  bi  s,  npt  exceeding  d.  Or  if  r  be 

r*-i»-b^ 
=  the  radius  of  the  fegment's  bafe,  fince  //=s  i  ■*     ,  the  fegmeot'wtll 

htifirH+ifb^iBiifbx^i^^W-  '  "    .' 

.     Corollary  V. 

Hence  the  diflFerence  betweeri  two  fcgments  whofe  heights  are  If, 
Sf  atid  the  radmfes  of  ^ir  bafes  R^  r,  will  give  for  the  frulhim  or 
aooe  i^x :  '^R}  H-^H^-^^r^h—S^ ,  which,  putting  a  for  the  altitude  of 
the  fruftum,  and  exterminating  H  and  b  by  means  of  the  two  tc^'SL' 

tions  5l±^=s  ^— ^,  and  ix =^-i5,  wUl  become  i^r/x/e*  i-r*-^^*; 
H  b      '     • 

Co  ROLL  A  RV    VI. 

If  one  end  of  the  ffufbm  pafs  throuijh  the  cetitef ,  tljtn  fl'ssj^^sa 
r»+tf » ^  and  the  laft  theorem  will  become  dp  xr*'+f«*  =  ap  )<^</*— |/sr* . 

•Co- 


•  .  #    .  ,  '   •  < 


i82  Sphere.'  PartHt 

P  R  -O  B  L  E  I*    XXV. 

• .'. .   To.Jhtd  thfiJ^Udity  ^  thefegpunt'ofaffhere, .-., 

^^\3  L  E  'r.  •  - 

To  three  times  the:fquare  of  the  radhis  of  its  bafe 
add  the  fqiiareofitB  haght,  iocdtifdv  the  fnm.by 
thSe  iietght,  and  the  prodiu^  b)r  '5236  ^  and  the.la^ 
product  will  be  the  folidity. 

That  is,  if  r=Z>£  the  radius. pf  its  bafe,  " 

i>=;jEC  the  height ; 

TTien  '523  6i&  x  yrr-\-hh = the  folidity  of  the  legment 

T>GF.  By  cm:.  4  to  the  laft  problem.   [See  the  figure 

in  page  liJLf.J 

Rule   IL 

From  three  times  the  diameter  of  the  fphere  lub- 
tradl  twice  the  height  of  die  fhiftum,  multiply  the 
difference  into  the  fquare  of  the  height  and  into 
•5236,  and  the  laft  produd  will  be"the  iblidity* 

.That  is,  if  d^GHxkt,  diameter  of  the  fphere, 

A= EC  the  height  of  the  fhiftmn ; 

Thcn.'52j6A*  X3</-2A=  the  foUdity  of  DGF.  By 
cor.  4  to  the  laft  problem. 

Example. 

What  is  the  folidity  of  each  of  thc^  frigid  zones 
of  the  earth,  the  axe  being  79577  miles,  and  half 

the 


Corollary  VII. 
Hence  the  middle  zone,  or  the  double  of  the  laft  ezprefllon  will  be 


atf/xr*+|«»  s  2fi^xJ^»-^-^J^»,  where  «  is  t  its  altitude  and  rss t-tJ^c 
diameter  of  each  end.    But  if  A  be  its  whole  altitude,  and  D  the 

diameter  of  each  cad,  thofe  theorems  will  become  J-^/xS*+^^  s 


SeA.  L  Sp  h  e  r  e»  ^c^ 

the  breadth,  or  arp  F^^^  of  the  zcoe  being  23^  de« 
greea  ? 

By  rule  2» 

As  I  sriabular  radius  :3978i=radius  of  the  e^rth:: 
*o829399= tab.  veried  fine  of  23?  degrees :  '0829399 
X  397^^=  330'oo74946= the  verfed  une  or  height  of 
thefegment.        •• '_^ 

Then  *s2s6b*  x  s^2h  =  '5236  x  33o*oo7494^  ^ 
330*0074946  x232i3'255oio8=E  1323.6797 10  =  the 
content  of  the  fegmcnt.. 

B7  rule  I. 

As  1 :3978i::  •3987491  =  tabular  fine  of  234  de- 
grees:  -3987491  x  3978t=  1586-57282526  =  the  ra- 
dius of  the  fegmcnt's  baie>  ' 

Then  -5236*  X  3r*+A*  =  -5236  x  330*0074946  x 
7660544-936=  1323680299-69=  die  folidity  of  the 
fegment* 

Problem  XXVI, 

Tofttd  the  folidity  of  afruftum  or  zone  of  adhere. 

Rule. 

Add  together  die  fquares  of  the  radiufes  of  the 
ends  and  j  of  the  fquare  of  their  diilance  or  of  the 
height,  multiply  the  fiun  into  the  faid  height,  and 
the  produdl  multiplied  into  1*5708  will  produce  the 
content  required. 

That  is,  R'+r%fb'x{pb=thc  folidity  of  the  fhi- 
Hum  whofe  height  is  h^  and  the  radiuses  of  its  ends 
R  and  r,  p  being  equal  3- 141 6*  By  cor.  5  to  prob. 
24. 

Ex* 


904  St  H  £  R  £.  Part.  JII. 

E  X  A  M  P  1.  £    L 

What  is  the  folidity  of  the  fhiftum  of  a  fphere, 
the  diameter  of  whofe  greater  end  is  4  feet,  the  dia- 
meter of  the  lefs  3  feet,  and  the  height  2j  feet. 

\f-  ■     

Hcre/2'+r'+fA*xr57o8A=2*+rj*+ix2-i:'xr57o8 
x2T=8yX3"927  =  32725=thefolidity  of  the  ^ftum 
required. 

Example  II. 

What  is  the  folidity  of  each  temperate  zone  of  the 
earth,  they  extending  from  23 j  degrees  to  66^  de- 
grees of  latitude,  and  the  diameter  of  the  earth  be- 
ing 79571^  i^il^s.        -     ' 

By  the  example  to  the  laft  problem  the  radius  of 
the  top  is  1586-57282526. 

And  as  i :  3978t::  -9170601  =s  tabular  fine  of  66 i 
degrees  :  •3978TX  "9170601  =  3648*86750538  a=  the 
radius  of  the  bafc. 

Alfo  by  example  4  prob.  1 9,  the  height  is  2062^2955, 

Then^'+r*+TA*xr57o8A=i7249i36x2o62-2955 
1-5708  =  55877778668  =  the  folidity  of  each  tempe- 
rate zone. 

Otherwi/e. 

Since  the  radluies  of  the  ends  of  this  zone  are  the 
fines  of  23?  and  66  j  degrees,  which  are  complements 
the  one  of  the  other,  the  fum  of  the  fquares  of  thofc 
radiufes  will  be  equal  to  thefquare  of  the  radius  of  the 
fphere ;  and  therefore  idd+jhhxi'syoShsi  i-jx^^i^S- 
X 3062-2955; X 1-5708  5=  558777786(58  =  the  content 
the  fame  as  before. 

Pro- 


.Se€t.h  Sphere. 

P  R  O  B  L  E  M     XXVII. 

To  f  ltd  tbefolidity  (f  the  middle  zone  of  afphcrcj.    .. 

r  R  u  L  £.'  .       . 

Multiply  either-  the  lum  of  the  {qnare  of  the  dia- 
meter of  the  end  and  \  of  the  iquare  of  the  height, 
or  the  diflference  between  the  fquare  of  the  diameter 
.  of  the  fphere  and  ^  of  the  fquare  of  the  height,  into 
the  height,  and  the  product  by  7854  for  the  con- 
tent.    . 

That  is,  ^/^/+f/&Ax 7854^1  of  DD^^^hhx^jSs^I?^ 
the  content  of  the  middle  zone  whofe  height  is  h^ 
the  diameter  of  each  end  ^,  and  the  diameter  of  the 
Iphere  D.     By  cor.  6.  ta  prob.  24. 

E  X  A  M  P  L  E    I. 

•       •       • 
Required  the  fblidity  of  the  middle  zone  of  a 
^here  whofe;  top  and  bottom  diameters  are  each  3. 
feet,  and  height  4  fpet.      ^_ 

Here  dd^hh x 7.854Z?  =  3 *-l4^4* ^4^  7^54  =  59>« 
x4x"26i8  =  617848  =  the  content  requiired. 

E  X  A  M  P  L  E    11. 

What  is  thefolidity  of  the  torrid  zone  of  the  earth, 
which  extends  to  231  degrees  on  each  fide  of  the 
equator;  the  diameter  of  the  earth  being  7^S7i 
miles? 

By  die  example  to  prob»  25,  the  fine  of  23  V  degrees,, 
or  •  the  height  of  the  zone,  is  I586'57282526,  and 
the  whole  height  is  3  ^73' 145^^052  =  A. 

Then  DD^ihh>c-7Ss4h  = 


795775'-  •  X  3^73:^565052*  X  3i73'H5^5o^2  x' 
7854=  14945.5081 1.37 -the  content  required. 

3  F  ScHo^ 


^JbO^ 


Sipmc^c 


i^rt  xa: 


S  C  H  O  L  I  V  M. 

Trom  die  lafl:  three  problems  we  find  that 
The  two  frigid  zones        »      2647359420 
The  two  temperate  zoaes  «  ii  iysSSS7$l^ 
The  tsorrid  zooe         «         14^455081137 

*w}iofe  fum  2^63857997893  is 
the  wjiole  ipherpf  nearly  the  iaine  -as  fbtmd  ia  prc4>« 

F  R  o  B  L  «:  M   XXVIII^ 
To  find  thefoUdity  qf  the  fectmd  fegmmt  ^f  nffhef^. 

Definition. 

A  fecond  fegmcnt  is  a  part  cut  off  a  &gment  by 
a  plane  perpendicular  to  the  bafe. 

Rule* 

By  prob.  23  find  the  curve 
furface  of  the  fecond  fegment 
AECcj  which  bdng  drawn  into 
'f  of  the  radiusof  t]»e  sphere,  will 
produce  the  contenx:  of  the  (phe*  K    O 

ric  {k&ov  OEAeC^p  from  which 
if  there  be  taken  the  pyramid  OEAe  whofe  bale  is 
the  fegment  AEe  and  height  ON^  and  firom  the  re^ 
nvainder  be  taken  the  pyramid  OECe  whofe  bafe  is 
the  fegment  CEe  and  height  KO  or  HIj  it  is  evident 
that  Ae  laft  remainder  will  be  the  fecond  fegment 
AE^eCi  for  thefc  two  pyramids  and  the  fecond  feg- 
ment compofe  the  fpheric  pyramid. 

Pro- 


c 

1 

r-N. 

A^ 

"     *^^^ 

/^ 

A 

H^--^ 

Problem   XXIX. 

Tofnd  the  fur/ace  qJ  a  circuit  Jfin^e^  fer  ^f  hnyfe^ 

mcnt  or  friijhm  of  ikn 

I>EFINrTION* 

« > 

A  circular  fpindle  is  a  iblid  ACBDA  cobcdved  to 
be  generated  by  the  rotation  of  a  fegn»6nt  ACB  x>fA 
circle  abdut  its  chord  AB  as>a  axe. — The  diftpnce 
FE  oFthe  middle  of  the  chord,  tir  center  of  the  i^in- 
die,  from  the  center  of  the  circle,  or  of  the  revolving 
^rc,  is  called  the  -Cexttrtl  diilancc. 

From  tfic  pfodua  of  m  Mgk  <Jf  A«  foHd  Mid 
tradius  of  the  rtvt^ing  ore  iubtrafl  the  product  of 
tM  iaid  arc  and  central  diflance,  multiply  th^  re- 
mainder by  3'  141 6,.  and  double  the  produ^  wiU  he 
the  furfftce  de&nbed  by  that  ate,  ^Drhether  it  be  the 
whole  or  any  part  of  the  fpindle** 

Tlxat 


>*  I.IWIIMIll H  I    l»— i>— — —— »^ 


*DfiM0N<T&AT10N. 

Put  z  ss  the  arc  CP^  x  =:  its  fine  HS,  r  and  e  for  the  radius  and 
central  difrance,  and  /dc  3' 141 59  te.    Then  the  fclxion  of  the  fur- 

face  /  is  =3  2pz  x  RP  ss  2/  xzy^rr— xi— c^z  ;  but,  by  the  property  of 

the  circle,  Wrr — xx  issa  ry;   therefore /  a  2p'Krx^GZ^  and  jszTf 
y^rx-^czss2fxrxJiK'^cxC^. 


ConoLiAitr  1% 


When  ERszEA^  the  rule  becomes  af^jir^EA^^xCA  for  the  fut- 
face  of  half  the  fpindle,  or  2p^r^JU'^cxACB  for  that  of  the  whole* 

toabLtARY  II. 

If  from  the  furfacc  of  the  femi-fpindle  be  taken  that  of  the  frufitmi, 
ther^  will  remain  2p%r^RA^C}^AP  for  that  of  the  fegmeat  PA^i 
(0  that  the  rule  is  general*  Cqp» 


'>26o 


Circular  Spindle. 


Part  la 


nP=24; 


That  is,*  if 
r=jFCthe  rad.  of  the  arc, 
c  =FE  the  central  diftance,. 
h-Rr  the  height  of  any 

part  pP^q,'- 
a^  Pp  its  revolving  arc»  - . 

&/)=:3-i4l6^    '.  .   - 

Then  hr—acy.i.p'^thc  iur- 
face  of  that  part  i>P%. 

Ex  A   MP  L  E.. 

Required  the  furface  of  a  circular  fpindle  whole 
grieateft  diameter  is  30  and  its  length  40  inches.; 

Here,  by  the  property  of  the  circle,  EK^  AE^-tEC 
xsiG*-f-i5  =  40o-M5=26f»and26T+i5-5-2sc4i|'4^2 
«:20t=:  the  radius  of  the  circle..* 

And  EF^  FC-CE  =  2ol^  1 5  «  5^^  the  central  dif^ 

tance^  :.-.::  

AMoy  ^ 


i^^ 


COROLLARIT    III. 

When iF  coincides  with  F,  c  vaniflies,  th«, fpindle  becomes  afphere^ 
.and  the  theorem  becomes  barely  2/rx,  the  fame  with  that  before 
found  for  the  fphere. 

CoROLLAi^Y    IV.  *   : 

From  cor,  i ,  it  appears  that  the  radius  is  to  the  coiine  of  an  arc 
always  in  a  greater  proportion  thaa  that  of  the  arc  to  its  fine,  or  of 
th«  double  arc  to  its  chord ;  but  thofe  ratios  approximate  to  an  equa- 
lity as  the  arc  diminiflies,  till,  when  the  arc  vaniflies,  they  become 
accurately  equal,  'and  the  arc  and  chord  vanifh  alfo  in  a  ratio  of 
equality.— Confequently,  ia  fmall  arcs  the  arc  is  a  fourth  proportional 
to  the  cofme,  fme,  and  radius,  nearly.  Thus,  the  fine  and  cofmc  of 
an  arc  of  i  degree  are  '0174524  and  "9998477  to  theradiui  i;  then 
•9998477  : '0174524::  I  :"0l7455oss:the  arc  aearty,  the  true  figures 
being '0174533.  -'  -    '  • 
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Alfo,  as20T:2p'::  li  Si44.2j'*s  96+100  a  •p^ae  the 
tabular  fine  of  the  arc  AC^  to  which  belong  737398 
degrees,  the  double  of  which  147-4796  are  the  num- 
ber of  degrees  in  the  whole  arc  ACB.  And  there- 
fore by  rule  i  prob.  6  fed.  i  part  2>   we  have 

•01745329x147-4796x201  =  53-62508  =  the  length 
of  the  revolving  arc. 

Wherefore,  by  the  rule,  hr-ac  x  2  ^  = 

207x40-5$  •  62508  X  5tx  6-283  2 =2^x40-^53^62708x7 

xix6-2832=624'd2444X5'236=327o-5335=tlie  fur- 
face  required. 


P  R  4>  B  L  £  M 

Tojmd  ihejblidity  of  a  circular  f^ndk. 

» 

From  I  of  the  cube  of  half  the  length  of  the  ipln* 
die  fubtrad  the  produdl  of  the  central  diftancc  and 
half  the  generating  circular  fegment,  multiply  the 
remainder  by  four  times  3- 141 59  &c.  and  the  pro- 
dud  will  bfe  the  content  of  the  fpindle.* 

3  G  That 


*  General  In  V  £3  TIG  ATiaif. 
Puttmg  REszx  (fee  the  fig.  to  the  hift  ptbb.)  EFssc,  a*J[4i£9  &c 
mp ;  the  fluxinn  of  the  folid  S^i^  b-ca/x  xPR^^px^}i^^i\^  ^k 

pxxHP^—cx^Hy  'CszpxxffP^-cx2RP+e7^pxxr*^c*^x*^2cxRPt 
and  ^ = ^x  X  r» -f » -fx» -^ X  /?PC£ = /  x  Jfe •-- |x* x x^^cxRPCE 
csdbe  fruftum  generated  by  RPCE\ 

Corollary  I. 


i«^*«i«M*^^^MM 


When  X  b^coines  ss  M  •  the  theorem  above  becomes  ^/!l£ '  — ^  x-^^C^ 

x2/catthc  fpiiutic,  zai^A£^'--c%J€Ex^m^^  whok  fpindle. 

Co* 


*2io  Circular  Spindle*  PartUI* 

That  is,  if  / = AE^  =  the  length, 

c=JEF=  the  central  diftance^ 
£Z=the  area  ACEy 
and£=:  3*  141 59  &c. 

Then  jP  -ac  x  4^ = the  whole  fpindle  JCfiZIrf: 

Example. 

If  the  length  of  a  circular  fjpindle  be  40,  and  itd 
greateft  diameter  3  o  j  what  is  its  fblidity. 

By  the  laft  problem  the  radius  is  2oi,  the  central 
diftanceil,  and  the  length  ofthe  whole  arc  53*62508; 
hence,  5  3*  62508x20!=  the  double  ofthe  it&x^xFAB^ 
(lines  being  fuppofed  to  be  drawn  from  the  center 
to  A  and  -6)  and  40x5!=  the  double  of  the  triangle 
EABy  and  confequently  53'625o8  x  20t— 40  x  5!  = 

53-62508  X  25-40  X  7  X  T  =  883-8558  =  the  double,  of 
the  fegment  ACB^  i  of  which,  or  220*9639  is  the 
half  of  that  fegment. 

Theny/^-^2rx4j)=TX2Q^-22o-9639x5yX4X3-i4i(? 
Bss  ^  X  20*— 220*9639 X  li  X  20.X  3*141 6  =5:  275-542  X 
62*832  =  17312-858=  the  folidity  required. 

Pro- 


Corollary  II.. 
If  from  the  f  fpindle  be  taken  the  fruftimi,   there  wiH  remaia 

^AR*  xSAji^AR^^cxAPR  for  the  fegment  PA^of  the  fpindle* 

Corollary  IIL 

If  E  coincide  with  F,  the  fpindle  will  become  a  fphere,  c  will  va^ 
nifli,  and  the  theorems  above  become  ^xOF^  s=^^x6V  for  the  whole 

inhere;  pxFHxGF*—\FH^  for  the  fpheric  fhiHum;  and  \pxCH^x 
^UF'-GH  for  the  fpheric  fegment  j  and  are  the  fame  with  tke  thea- 
rems  in  problems  24,  25a  and  27. 
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Problem   XXXI. 

To  find  the  content  of  the  middle  fruftum  or  zone  c/^  a 

circular  fpindle. 

Rule. 

From  the  fqnare  of  half  the  length  of  the  Ipindle 
take  I  of  the  fquare  of  half  the  length  of  the  middle 
zone,  and  multiply  the  remainder  into  the  laid  half 
kngth  of  the  zone,  from  the  produ(ft  liibtradl  the 
producft  of  the  generating  circular  area  and  central 
dlilance ;  then  the  remainder  drawn  into  2  times, 
3*  14159  &c.  wilt  be  the  content  of  the  middle  zone.. 

That  is, 
putting  /  =  ER  =  half  the  length  of  the  zone, 

L  =  EA  =5  half  the  length  of  the  Ipindle, , 
c  =  FE  the  central  diftance, 
and  a  ==  the  generating  area  RPTW. 

Then  LL-^^lUl-acxzp  =  the  zone  PTZ^, 

E  X  A  M  P  L  E. 

If  a  calk,  in  form  of  the  middle  frullum  of  a  cir- 
cular fpindle,  have  its  head  diameter  24,  bung  dia- 
meter 32,  and  length  40  inches ;  how  many  ale  gal- 
lons will  it  hold. 

Here  CE-PiE^.^^^^^^,.  W=^-^«- 
1 00  =  TK\  hence.  1 00+4  =  1 04 = the  diameter,  and 52 
=  the  radius  of  the  generating  circle. 

FC-CE-s^'-'^^-i^=^^  ^^^  central  diftance,  and 
v^j:F*=FiES==yjr*^*=4v^ 
s=  EA  =  half  the  length  of  the  whole  fpindle. 

Pi2xiW=  12x40=  48o=:the  area  i2Prr/r,  and: 

the: 
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the  fegment  PCIT,  ^und  by  the  table  of  circular 
fegments,  is  107*5 185. 

The  fom  of  tiiefe  two  is  587*5 1 85* » the  generating 
area  RPCYW. 

Whence  LL—jllxl-racxip^ 


64x22-ix40ox!i  0-36x587-5  i85x2x3*i4i59&c.sffl 
4342787^x6*a83i8  &c.= 2 7286*54 11 256=5 the  foli* 
dity  in  inches. 
.   Then  27286.541 1 256-J-282  as  (^6*7608  ale  gallons* 

Problem  XXXII. 
Tofnd  the  content  of  tbejegmcnt  of  a  circular  fpindle. 

Rule. 

From  3  dmes  half  the  length  of  the  fpindle  lub- 
tradl  the  height  of  tl>€  fegment,  and  multiply  the 
remainder  into  the  fquare  of  the  faid  height,  from  j 
of  the  produ  A  fubtraft  the  double  of  the  produ(5l  of 
the  generating  area  and  central  diilance  ^  then  the 
remainder  drawn  into  3T4159&C.  will  produce  the 
content.       ' 

'  That  is,  sEA^JRx  'AR'-2FExJPRxp  =  the  fo- 
lidity  of  PA^ 

Example. 

If  the  length  of  the  whole  fpindle  be  12,  and  its 
glrateft  diameter  ^i  what  will  be  the  content  of  a 
iQgment  of  it  whofe  height  is  i. 

^\=l|=L^=r8  =  Z/r,  A:E+£C=8+4i=i2i=the 

diameter,  and  o^  =  the  radius  of  the  generating  cir- 
cleil  J^C-C£=i(!>T-4y=  ix^EF  the  central  diftance  } 

N/J7'"0r  =  v/6^'-i*=V^||'x5'^4»=ji=ri^,  CF- 
:Fr=6i-3^=2i'=7l::.  By 
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axs 


By  the  table  of  circular  femncnts  the  half  fegment 
per  is  8736234375,  to  which  adding  JiT^  5x2  » 
10,  makes  18736234375  =  the  area  jR^. 

And  in  like  manner,  the  half  fegment  ACE  is 
i$>-88676328i.  Hence  JCE^RC^  19-886763281  - 
187362343.75=  1-150528906  =s  the  generating  area 
APR, 

Wherefore  zEA-AR  yjAR'-  2FE  x  ACE  x  »  a 

I7Xt-34xi-i505289o6x3-I4I59&c.=  1-639815495 
x3'i4'59&C'=i"Xi'l^32^3=«he  content  required. 


Mi 


SECTION   II. 

Of  conic  fe^ionsj  and  of  the  figures  arifing  from  or 

depending  on  tbem^ 

General  Definitions. 

A  Conic  feAion  is  the  plane  iurface  made  by  x 
plane  cutting  a  cone^ 
According  t»  the  di£ferent  places  or  pofitions  in 
which  the  cone  i&  cut  by  die  plane,  there  arife  £ve 
difl^rent  fedlions,  viz.  an  ifbfceles,  triangle,  a  circle, 
911  ellipfe,  a  parabola,  and  an  hyperbola;  the  three 
laft  of  which  only  are  peculiarly  c^ed  conic  iedtions^ 
becaufe  the  two  firft,  the  triangle  {uid  circle,  are  fi- 
gures whofe  properties  are  known  prior  to  thofe  of 
•the  cone. 

If  the  cutting  plane  pafs^  through  Ae  vertejc  of 
the  con^,  the  ^<5lion  will  be  an  ifbiceles  triangle 
ATRy  ^hoTe  fides  RA^  AT^  are  each  equal  to  the 

3  H  flant 


tii4 
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Pare  III. 


flant  heiglit  of  the  cone, 
and  bafe  TR  is  a  chord 
of  the  circular  bale  of  the 
tone ;  and  the  cone  will 
be  cut  into  two  pyramids 
^TRA,  CTRA,  each  of 
the  fame  height  with  the 
c^Ae,  and  whofebafeSaflB 
the  fegments  BTM,  CTR, 
of  ±e  civdc  BTCRB.  If 
the  plane  pafs  through 
the  axe,  the  cone  and  its 
bafe  will  be  divided  e- 
qually  in  two. 

If  the  plane  cut  thefide 
of  the  cone  below  the  ver- 
tex, the  fcdlion  will  be  one 
of  the  other  four  figures  according  to  the  various 
inclinations  of  the  plane  to  the  fides  of  the  cone. 

If  the  cutting  plane  make  no  angld  with  the  plane 
of  the  bafe,  that  is,  if  the  plane  be  parallel  to  the 
bafe,  the  iedlion  FI  wiU  be  a  circle  j  for  every  fe^ion 
of  a  pyramid  parallel  to  the  bafe,  is  fimilar  to  the 
bafe ;  and  will  cut  off  a  fruftum,  VCBL 

If  die  plane,  cutting  the  fide,  make  an  angle  with 
the  plane  of  the  bafe,  the  iecStion  will  be  either  an 
dli;:^,  parabola,  or  hyperbola,  and  will  cut  o£Fa 
'hoof. 

If  the  plane  be  inclined  to  the  bafe  in  a  lefs  angle 
than  the  fide  is,  the  fe<ftion  FE  will  be  an  elHpfe, 
;and  will>  therefore,  cut  the  other  fide  of  the  cone, 
produced  if  neceffary,  fbmewhere  below  the  vertex 
A. 

If 
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If  the  cutting  plane  be  inclined  to  the  bafe  in  th^ 
lame  angle  as  the  fide  is,  the  fedlion  FP^  will  be 
a  parabola;  which  will, not  meet  the  oppoiite  fide 
AB  of  the  cone,  fince  it  is  parallel  to  it,  by  reaibn 
of  its  equal  inclination  to  the  bafe. 

If  the  cutting  plane  make  a  greater  angle  with  the 
plane  of  the  bafe  than  the  fide  of  the  cone  doth,  the 
the  feSlion  Fi^will  be  an  hyperbola,  and  will,  there- 
fore, cut  the  oppofite  fide  of  the  cone,  produced  up- 
wards, in  V  above  the  vertex.  And  if  ^e  fide  of  the 
cone  be  continued  in  every  dircdlion  through  the 
Tcrtex,  lb  as  to  form  above  die  vertex  another  cone 
equal  to  the  original  one ;  the  ledlion  of  the  cutting 
plane,  produced,  ahd  the  upper  cone  will  be  an  hy- 
perbola equal  to  the  lower  one;  and  the  two  are 
called  oppofite  hyperbolas. 

The  points  T,  £,  v,  where  the  cutting  plane  meets 
the  upright  triangular  fedlion  BCAy  are  called  the 
principal  vertexes  of  the  feftion.— Hence  the  ellipfe 
and  hyperbola  have  each  two  vertexes,  the  parabola 
only  one :  or  the  parabola  may  alfo  be  faid  to  have 
two,  by  confidering  the  one  as  infinitely  diftant  from 
the  other. 

A  line  connedling  the  principal  vertexes  is  the  axe, 
axis,  or  tranfverfe  diameter  of  the  dfedlion. 

The  center  of  the  fedlion  is  the  middle  of  the  axe, 
— ^Hence  the  center  of  a  parabola  is  infinitely  diftant 
from  the  vertex. 

A  diameter  is  any  right  line  drawn  through  the 

center  and  terminated  on  each  fide  by  the  curve,  the 

Interfedlions  of  the  diameter  and  curve  being  the 

"vertexes  of  the  diameter.-^Hence  every  diameter  of 

the  ellipfe  and  hyperbola  have  two  vertexes ;  but  of 

th« 
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the  parabola  only  one,  xinlefs  we  confider  the  other 
as  infiHitely  diflant.  And  hence,  alio,  all  die  diame- 
ters of  a  parabola  are  parallel  to  each  other  and  infinite. 

If  a  tangent  to  the  curve  be  drawn  through  the 
vertex  of  any  diameter,  and  another  diameter  be 
drawn  parallel  to  the  tangent,  thafe  diameters  are 
faid  to  be  conjugates  the  one  to  the  other  .-—The 
axes,  or  principal  conjugate  diameters^  are  perpen- 
dicular to  each  other. 

An  abicifia  is  any  part  of  a  diameter  terminated 
at  the  vertex. 

An  ordinate  to  any  diameter  is  a  line  contained 
between  the  diameter  and  the  curve,  and  is  parallel 
to  the  conjugate  diameter,  or  to  the  tangent  at  the 
vertex. — ^The  ordinates  to  the  axe  are  perpendicular 
to  it.  And  in  the  ellipfe  and  hyperbola  every  ordi- 
nate hath  two  abfciflas,  in  the  parabola  only  one. 

The  paramener  of  any  dkmeter  is  a  third  propor- 
tional to  that  diameter  and  its  conjugate. 

The  focus  is  the  point  of  interfeddbn  of  the  axe 
and  an  ordinate,  to  it,  which  is  equal  to  half  the 
parameter  of  the  axe. — The  ellipfe  and  hyperbola 
have  each  two  focufes,  the  parabola  only  one. 

A  fpindle  is  a  body  conceived  to  be  generated  by 
the  revolution  of  the  fedlion  about  its  double  ordi* 
nate,  and  is  denominated  elliptic,  parabolic,  or  hy- 
perbolic, acccording  as  it  is  generated  from  the  re- 
volution of  the  ellipfe,  parabola,  or  hyperbola. 

A  fpheroid  is  the  body  conceived  to  be  generated 
by  the  revolution  of  an  ellipfe  about  its  axe,  and  is. 
denominated  either  prolate  (oblong)  or  oblate  ac- 
cording as  the  revolution  is  made  about  the  tranfr* 
verfe  axe  or  its  conjugate.    The  axe  about  which 

the 
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the  r«ve{p^^  is  m^^t  ifr  t^  fixed  axe,  "die  oj^er  is 
the  rcvoivi4g;a*p.,  _. 

A  icoof^  is  a'  Ibfidconcemd  to  }fp  g^n^ted  &om 
ijie  rey^ti««i  ef;^.. parabola  orihy^feida  about 
the-tx^lV^rTe  ^e,  .ai>4  (&  accprdingly  dcoominated 
eitbet  .^rabflUc,  or  Hypfrttolic.    The  foriwr  of  tbpfe 

Ijoloidjt    .:■,,.:: 

If  any  fblid  formed  by  the  revolution  of  a  conic 
iedion  about  its  axe,  i.  e.'  a  ^herdid,  parabolid,  or 
hyperbolordi.  b«  cut  by  a  plane  iii  aoy-pcrfitioB;  the 
f^oa  v/itl  be  a  amic-  fedljoq,  and  all  ttif  jtai^U^ 
ip;te«isi(tiUberlike8ndfiBaia«.%*^       ,  r: 


'      ,^    '     De,MQ.N5TIIATIQN-.-.. 

Let  ^^iCbc  the- generating  ie£tion»  or  x  {e&ion  ^ 
the  given  folid  through  its  axe  BQ,  and  perpendi- 
cular to  the  propofed  fection  AJSV^  their  copimon 
interfiaion  twifag  AC ;  lee  GIT  be  any  other  line* 
meeting  with  the  generating  fcitiott  in  Q  and  H,  and 
cutting  AC  in  Ei  and  ere<a  EF  perpendicular  to  the- 
pIaae,/i5Cand  meeting  with  the  propofed  plane  ini''. 
3 1  Then,, 
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Then,  if  liC  and  t7^  be  conceived  to  be  moved 
continually  parallel  to  themfelves,  will;  the  rcftangle 
AExEC  be  to  the  re€feingle  <iExEH  always  in  a 
<onftant  ratio  ;  but  if  Gifhe  perpehdieukF  to  BDy 
the  points  G,  F,  /f  will  fee  in  the  circunafefaice  of  a 
circle  whofe  diameter  is  Gff^,  fo  that  GExEH  will 
\>t  -Er  ;  wlierefdre  ^^x£C  will  be  to  ZJ*  always 
in  a  conftant  ratio ;  confequently  AFC  is  a  corik 
fedlion,  and  every  feiSlion  pv*lkl  t<J  AFC  will  be  of 
tlae  fame  kind  with  and  .fimijj^:  to  it  .  ^^E.D. 

'  -^    '         .t  .Corollary  L 

Th*  above  conftant  rktio^  in  whifch  AExEC  is  to 
EF%  is4:hat  ^f  A7*  to  /iV"  the  f<jttferes  of  the  dia- 
meters of  the  generating  feKStiofi  refpedlively  pkrallel 
to  ACj  GHi  that  is,  the  ratio  of  the  fquare  of  the 
dianieter .  parallel  to  the  leAion  to  the  iquare  of  the 
revolving  axe  of  the  generating  plane.  ^ 

.'  This  will  appear  by  cpnceiving  ^,and  GH  to  be 
moved  into  the  pofitions  AX,  MN,  interfaSling  in  /, 
the  center  of  the  generating  iedlion/ 


V 


Corolla^  tMI. 

And  hen;:e  it  appears  that  the  axes  AC  and  2EF 
(fuppofing  E  now  to  be  the  middle  of  AC)  of  the 
fedlion  will  be  to  estch  other  as  the  diameter  KL  is 
to  the  diameter  MN  of  the  generatihg  fedioh. 

Corollary  III. 

If  the  fedlion  of  the  folid  be  made  fb  as  to  return 
into  itfelf,  it  will  evidently  be  an  ellipfe.  Which 
Always  happens  in  the  Ipheroid,  except  when .  it  is 
perpendicular  to  the  axe,  which  pofition  is  alfo  to 

be 
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lie  ^KC^pte^' in -the  Other  folios/ the  fediou  bfeing  al- 
^v^a^^'theil'sf  circfe:  in  the  paraboloid  the.  fedion  is 
alfv^ayS  An  ellipfe  excepting  whea  it  is  paiTallel  to  the 
axe:  and  in  the  hvperboloid  the  fedtibn  is  always  an 
fcUipfe  when  its  axte  makes  witK  the  axe  of  the  folid 
jLTi^&gle^  greater  than  that  made  by  the  faid  axe  of 
tile-' folid  and  the  afymptote  of  the  generating  hy- 
perbola, the  fe<SUon  being  in  hyperbola  in  all  odier 
cafes,  but  when  thofe  angles  are  equal,  and  then  it 
is  a  parabola. 

',      ,       CoROi.LAJlt.  IV.      ' 

j3«t  jj^  the  fe^iou  be  parallel  to  the  fixed'4ixe  BD^ 
it  will  be  pf -the  fame  kind.with^aad  fimilar  to  *the 
gejfter^ting  p'^ane  >4J3C;  f  tliat  is,  the  fedlioa  parallel 
j;q  j:he  sute^/uua  fpheroi^,  is.andlipfe  fimilar  to  the 
generating  ellipfe  ;  in  the  paraboloid,  the  fedlipnia 
a  parabola  fimilar  to  the  genera^ting  parabola ;  and 
in  an  hyperboloid, /it  is  ah  hyperbola  fimilar  to  the 
giiierating  hyperbola  of  tlie  {c^^ 

I  .   ,  Co.^lOLLAR  Y    V. 

In  the  Ipheroid,  the  le^lion- tlirough  the  axe^is 
the  greatcft  of  the  parallel  fec^tioiis }  but  in  the  Hy- 
perboloid  it  is  the  leaft  j  and  iii  the  paraboloid,  all  the 
fe^lions  parallel  to  the  axe  are  equal  to-  one  another.' 
-  For  the  a%e  is  tihe  greateft  parallel  chord  line  in 
the  ellipfe,  but  thie  leaft.  in  the' oppofite  hyperbolas, 
and  all  the  diameters  are  equal  in  a  palrabola.    - 

Corollary  VI. 

If:  the  extremities  of  the  diameters  KLy  MNy  be 
joined  by  the  line  /TAT,  ^nd  -^0  be  drawn  parallel  to 

KN 


^^•-aridTiaed&jg  9ii!^JSMJfm^f  £  bemg  the,  aaidf 
die.  of.  .iC,  or  JE  i^Jcam-.iWt  wjd  Gi5f  pat^ljd  t'^ 
AW^.Thm  £}fJt  wriill-Uv«qt^l  to.ilii'.the  opjjer  fecwlr 

aae.of- rfic  fcftian. .  ,r'rh..'-.  '    -;•• -•  tJ.';  ;  •  L::.;  :    :: 

Fori  by.  fimiJkif;:triaogl«a>  .^:/^:;'^£.;.ji?Ok\  iQ« 
upon  G^as  a:dijui?«tenddkit)fi.«:cicclie:  meoUa^^ 
f)«i^)endicular- to.-fi?.^iaf^x. aftd  it  i5.evi4eftttb4J 
jE^ will.he  equal  to. the iemi-dlajaiet§Elj£F';      .••.;■  ^ 

r  '  •         " 

Corollary   vli. 


Draw  AP  parallel  to  the  ^e  ^A  of  the  folid  and 
meeting:  the  perpendicular  Gil  in  P.  And  it  will  be 
cvitknt'that,  ih'iiie  fpheroidj  the  femi-i^ce  J&i^ai£0 
will  be  greatet  than  ZP^;  but  int  the  hyperbferloid;  the 
femi-axe'£F=  EO  of  the  elliptic  fei^k>a  will  be-kfs 
than  EP ;  and  in  the  paraboloid,  £Ft=f£(?  ifs  always 
cqiial-to  EP.  '?  '  ■'  '     •  '\"'  '"  "  •     '  *'^'- 

SCHK)L.IUM> 

The  analogy  of  vh,c  fe^SHp'ns  of  fCn  feyij)erl?(>i9J^.to 
thofe  of  the  cone  are  very  remarkable, '  all  the  three 
conic  fedlions  being  fbrhied  by  cutting  an  hyperbo- 
Icfid  in  t}\^  fame  p^^ions  ias  t^p  gbfterii^  Gut.      .  ; 

Thus  let  ar*  hypcftjboia  and  its  aiyiaptote  bs  re- 
volved cc^ethier  abou^  4?te  tranfvcrfe  axp;  tlje  fyfMes! 
^efcribiag  an  hyperboloid  and  th^  latter  a  cone  cir^^ 
Gumfcribing  it ;  then  let  them  be  fijppofed  to  be 
tK)th  cut  by  a  plane  in  any  pofition ;  2|nd  the  twQ 
fedlions  will  be  lifce^  fknilar,  an4  concd^itriq  figures: 
that  is,  if  the  plane,  cut  both  the  fides  of  each,  the 
fedions  will  be  concentric,  fimilar  ellipfes ;  if  the 
cutting  plane  be  parallel  to  the  afyitiptotc  ctt*  to  the 
fide  of  the  cone,  the  fe<5tions  will  be  parabolas^  and 

in 
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in  all  other  pofitlons,  die  fe(Sions  will  be  fimilar 

and  concentric  hyperbolas. 

• 

That  the  fedlions  are  like  figures,  appears  from 
the  foregoing  corollaries  ;  that  they  are  concentric, 
will  be  evident  when  we  confider  that  Q:  is = Aa,  pro- 
ducing JC  both  ways  to  meet  with  the  afymptotes  in 
a  and  c ;  and  that  they  are  fimilar,  or  have  their 
tranfverfe  and  conjugate  axes  proportional  to  each 
other,  will  appear  thus :  Produce  GH  both  ways  to 
meet  the  aiymptotes  in^,  Z?,  and  on  the  diameters  Gllf 
ghy  defcribe  the  fcmi-circles  G^JI^  g^hj  meeting 
E^^y  drawn  perpendicular  to  GHjin  J^and  R;  JS^ 
and  jEi2  being  then  evidently  thefemi  conjugate  axeSjj 
and  jEC,  Ecj  the  femi-tranfverfe  axes  of  the  feftions : 
Now  if  GH  and  AC  be  conceived  to  be  moved  pa- 
rallel to  themfelves,  AExEC  or  CE'  will  be  to  GExEH 

CF 

or  E^  in  a  conftant  ratio,  or  ;^will  be  a  conftant 

ratio ;  and  fince  cE  is  as  Eg^  and  cE  as  Eh^  aExEc 
or  cE*  will  be  to  gExEh  or  ER^  in  a  conftant  ratio, 

or  ^  will  be  a  conftant  ratio ;  but  at  an  infinite  drP* 

tance  from  the  vertex  C  and  c  coindde,  or  EC^Ec^ 
as  alio  EG=:Egj  confequently  E^ER^  and  then 

^  will  be  =  ^ ;  but  as  thefe  ratios  are  conftant,  if 

they  be  equal  to  each  other  in  one  place,  they  muft 
be  always  fo,  and  confequently  CE:Ec::^E:ER. 

And  this  analogy  of  the  fe<Slions  will  not  feem 
ftrange  when  we  tonfidcr  that  a  cone  is  a  fpecies  of 
the  hyperboloid,  or  a  triangle  a  fpecies  of  the  hy- 
perbola, whofe  axes  are  infinitely  little. 

3K  Pro- 
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« 

Proposition  II. 

If  5/ be  the  femi-diameter  belonging  to  the  double 
ordinate  AEC  of  the  generating  plane,  AEC  being 
the  diameter  of  the  fedlion  AFC  conceived  to  be 
moved  continually  parallel  to  itfelf,  and  if  x  denote 
any  part  of  the  diameter  SI  intercepted  by  E  the 
middle  of  AC  and  any  given  fixed  point  taken 
in  Sly  then  will  the  fe<5lion  AFC  be  always  as  A+ 
Bx+Cxx ;  Ay  By  Cy  being  conftant  quantities ;  B  in 
fbme  cafes  ajErmative,  and  in  others  negative ;  C 
being  affirmative  in  the  hyperbola,  negative  in  the 
elliple,  and  nothing  in  the  parabola;  and  A  may 
always  be  fuppofed  to  denote  the  diftauce  of  the 
given  fixed  point  from  the  vertex  S.. 

Demonstration. 

■ 

In  any  conic  feAion,  AC*  is  as  A+Bx+Cxx ;  but 
all  the  parallel  fedions  are  like  and  fimilar  figures, 
and  fimilar  plane  figures  are  as  the  fquares  of  their 
like  dimenfions  ;  therefore  the  fedlion  AFC  is  as 
AC%  that  is,  as  A+Bx+Cxx.      ^E.D. 

Co  RO  LL  A  R  Y. 

If  the  given  fixed  point,  where  x  begins,  coincide 
with  the  vertex  5,  then  will  A  be  equal  to  nothing, 
and  the  iecilion  will  be  as  Bx±Cxx  or  as  x±:Dxx  in 
the  hyperbola  and  ellipfe,  and  as  Bx  or  as  x  in  the 
parabola. 


SECT. 


5«a.  m. 


Ellipse. 
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SECTION   III. 
'Of  the  ellipfe^  and  the  figures  generated  from  it\. 

Problem   I. 

To  defcribe  an  ellipfe ;  hanging  the  troTi/ver/e  and  ccm- 

jugate  axes  given. 


Rule.* 


I. 


Tr\RAW  the  tranfverfe 


TR  and  its  conjugate 

CD  bifeaing  each  other  per- 
pendicularly in  the  center  c. 

2.  With  the  radius  Tc  and 
center  C,  defcribe  an  arc  cut- 
ting TR  in  the  points  -F,  / 
which  will  be  the  focufes  of  the  ellipfe. 

3.  Take  any  point  P  in  the  tranfverfe,  then  with 
the  radiufes  TP,  PRy  and  centers  F^f  defcribe  two 
arcs  interfering  in  /;  fo  will  the  point  /  be  in  the 
curve  or  circumference  of  the  ellipfe. 

And  thus,  by  affuming  feveral  points  P  in  the 
tranfverfe,  there  will  be  fbuiul  as  many  points  in- 
the  curve  a&  we  fliall  chufe ;  through  all  which  let 
the  curve  line  be  drawn. 
The  fame  performed  from  the  fame  principle  by  means 

of  a  firing. 
Having  found  the  focufes  F,  f  take  a  thread  of 
the  length  of  the  tranfverfe ;  fafEen  its  ends  with 

pins 


f  ♦  The  truth  of  this  conftruAion  will  appear  by  obfcrving  that  tht 
tranfveffe  &xe  is  equal  to  the  fum  of  two  fines  drawafrom  me  focufes 
to  meet  in  anj  point  in.  the  curve*.- 
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pins  in  the  focxifes ;  then  flretcb  tlie  thread  F/f  and 
it  will  reach  to  /  in  the  curve:  and  by  moving  a 
pencil  round  within .  the  thread,  keeping  it  always 
ftretched,  it  will  trace  out  the  curve. 

P  R  o  B  L  E  M    11. 

..1  ' 

I?t  ah  ellipfe,  to  Jind  any  two  conjugate  diameters j  an 
ordinate  to  one  of  theiyi^  and  its  abfcijfaj  otte  from 
another ;  njiz.  having  any  three  of  them  given^  to 
fnd  the  fourth.  .    . 

C  A  s  £  I.     *  To  fnd  the  ^rdimttt. 

Rule. 

As  amy  diameter : 

Is  to  its  conjugate:: 

So  is  the  mean  proportional  between  die  two 

abfcifias  or  fegments  of  the  diameter : 
To  ^he  ordinate. 


I  ■■  >■  I 


That  is,  as  dicziy/xxd-^x-Z-^s/xxd-xziyi  ptrttiag 

d  for  the  diameter,  cits  conjugate,  and  x  an  abicifla 

to  the  ordinate  y. 

* 

Example, 

If  the  tratilverfe  be  35,  the  conjugate  25",  and  the 
abfcifla  7 ;  what  is  the  ordmate. 

Here  J\/^x<^=:|^y7x3i-7  =  iv^7X28=iv/7^ 
_5)^_  10  =  the  ordinate. 

Case 


*  The  values  of  the  feveral  quantities  m  the  four  cafes  of  this  pro- 
blem are  found  from  the  general  equation  expreffing  the  property  of 

the  curve,  viz,  ddi  cciixxd-^x  :jy, 
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Case  11.    Tojind  the  abfcijfas. 

R  U  X  E. 

As  the  conjugate : 

Is  t6  the  diameter : : 

So  is  the  fquare  root  of  die  difference  of  the 

fquares  of  the  ordinate  and  femi-conjugate : 
To  the  diflance  between  die  ordinate  and  center. 
Then  that  diflance  being  added  to  and  fubtradled 
£rom  the  iemirdiameter,  wfll  give  the  two  ab(ciilas. 

That  is,  i^±-\/icc-77=^. 

Example. 

What  are  the  two  abiciflas  of  the  ordinate  10, 
the  diameters  being  35  and  25. 

Here  \d^'-^^^y^^^f^J^\-io^^H^ 

1  y/Y^*  =  5i^^  =  28  and  7  the  two  abfciflas  re- 
quired. 

Case  III.     To  find  the  conjugate. 

Rule. 

As  the  mean  proportional  between  th^  two  ab- 

iciflas: 
Is  to  the  ordinate:: 
So  is  the  diameter : 
To  its  conjugate. 

That  is,  as\/xx^x  \y ::  d\ -^J^z^c. 

3  L  Ex- 
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♦ 

Example- 

What  IS  the  conjugate  to  the  diameter  35;  the 
abfcifla  to  an  ordinate  of  10  being  7. 

Here-i=  =  ^  =  ^  =  25  the  conjugate  re. 

v/^-xxx      1/28x7         M 

quired. 

Case  IV.     To  find  the  diameter. 

Rule. 

To  or  from  the  femi-conjugate,  according  as  the 
lefs  or  greater  abfcifla  is  ufed,  add  or  lubtraft  the 
root  of  the  difference  of  the  fquares  of  the  ordinate 
and  femi-conjugate :  Then,  as  the  fquare  of  the  or-  ' 
dinate  is  to  the  produdl  of  the  conjugate  and  abfcifla, 
fo  is  the  fum  or  difierence  above  found  to  the  dia- 
meter. 


That  is,  -  X  k  :?=  \/^cc-yy = d. 

Example. 

If  an  ordinate  and  its  lels  abfcifla  be  10  and  7  j 
what  is  the  diameter,  fuppofing  the  conjugate  to  be 

25. 


licvcd^f^McW^^y^'^^^^ 
7^  £i±il=7x5  =  35  the  tranfverfe. 

Problem   III. 
To  find  the  length  of  the  circumference  of  an  ellipfe. 

Rule. 


Seam. 


Ellipse. 
♦Rule   I. 


227 


MiJtiply  the  circumference  of  the  circumfcrib- 
ing  circle  into  the  feries  i  -  ~-rTr7"^;r^^TT^ 

O  .  2.3       2.2.4.4        2.2t4.4.6.6 

3'3^5'5'7^^    g^^^  where  d-  the  diflFerence  between  an 

2.2.4.4«O.O.o.o 

unit  and  the  fquare  of  the  quotient  of  the  left  axe 
divided  by  the  greater,  and  the  produd  will  be  the 
periphery  of  the  ellipfe  fought. 

Ex- 


^Demonstration. 

Let  tte  femi-tranfverfe  nxe  Te  be  called  a ;  the 
fenii-coiijugate  cC,  c ;  the  ordinate  y^B^  y ;  and 
ks  diftance  cA  from  the  center,  x;  alfo  the  arc 
CB,  z. 

Then  fince,  by  the  nature  of  the  curve,  j?  is  =s 

-y^tf^i— XX,  jf  will  be  ss  —  ,  i";  andconfequent- 

^  at/aa — xx 


XX' 


ly  z  s  V  X*  +j>»  S5- 


aa 


i^aa — XX 


(J>y  writing 


tffor     ■      or  I 


3</'x 


6 


/        dxx 
ox  V  1  —  — 
r^  aa 

'"')  ""   .  t^aa-^xx 


-  ax  rf/x»      i/»x* 

—         vx;  I  — . 

V^ira — XX  2^*      2*4/7^ 


—  -.^ — r-T  &«•  by  throwing  the  numerator  into  a  feries.*  But  the  fluent 
2.4.6a' . 


tfX 


3-  is  re  the  corrcfponding  circular^arc  6?F  dcfci^bed  with  th* 


of. 

j^aa — XX 

center  c  and  radius  rT*,  which  call  A :  then,  per  page  66  Cotefii  Harmo- 
nia  Men/urarum,  the  fluent  comes  out  A. -B ^  C ^----  Z> 

"^  2^*         .2.^*  2.4.6^^ 

.                aaA^x\/aa^xx              ^aaB^x^  a/aa-^xx    « 
&c.    whercm  ^  =s ,  £7=  :i ~ ,  ^s- 

2  4 


^aaC^^x*  »/aa — xx 


,  &c.  for  the  length  of  the  arc  CB, 


But 
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Example. 


Required  the  periphery  of  an  ellipfe  whofe  axes 
are  24  and  18. 

Herei-,^f=i-f=^=-437i:=^- 

Then 


But  when  A  arrives  at  7*,  x  is  =  ^ ,  and  i/aa-^xx  a  o ;  hence  the 
values  of  the  quantities  i^,C,  2),  &c.  become  barely  ^ss^y^,  C«:  -^B 

sx^—A  Z>=i^C=:^^^  &c.    And,  confequcnUy,  the  fcrics 
2.4  6  2.4.6 

above  becomes  y^x :  i ^ \ — - — -^rTTTA  ^^'  ^^^  ^  ^  ^^ 

2.2      2.2.4.4      2.2.4.4.6.6 

elliptic  periphery,  where  y^  is  J  of  the  periphery  of  the  circle,  or  s^ 
the  whole  circumference  of  the  ellipfe  when  J  is  that  of  the  circle. 

Corollary  I. 

Hence  the  peripheries  of  fiAiilar  ellipfes  are  to  each  other  as  thofe 
of  their  circumfcribcd  circles,  or  as  any  two  fimilar  diameters  of  thofc 
ellipfes. 

Corollary  II. 

If  a  be  the  lefs  fcmi-axc,  and  r  =s  the  greater,  the  fluxion  of  the- 

arc  will  be  z^xtj — '^ — \  andiftf=i, and i'=s\/2, the famq fluxion 

^    aa — XX 

z  will  bessxiyili— —  X— ==3— ==rH ==:.— Andifwc 

^   I— XX         v^i— X*       v^i— X*      \/i— X* 

a 

write  V  for  xx,  we  fhall  have  z  =s  J^^ilt?,  as  Mr  Landen  found 
in  page  142  of  his  Math.  Lucuh.—Or,  by  writing  w'  for  x,  we  (hall 
have  univerfally  z  ss  ww*"'  wy^lt^-I.  Which  theorems  are  of 
ufe  in  determining  fome  fluents. 
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Then  the  2d  term  -4=   ;      =  '10938 

-id 
the  3d    —  B-       ^='00897 

the  4th  —  C=  ^  -B=-ooi^4 

the  5th  —  2)=  ^^=*ooo39 

the  6th  —  E^}^D='ooon 

die  7th  —  F=^|y^jE= '00003 

the  8th  —  G=^i^2^=*ooooi 

J4-I4         

their  fum  is  •12053,  which  ta- 
ken from  the  firft  term  i,  leaves  •87947  for  the  value 
of  the  feries ;  and  being  drawn  into  3*  141 6x24  the 
periphery  of  the  circnmfcribing  circle,  gives  66*3 1 056 
for  that  of  the  ellipfe  required. 

*  R  u  L  fi    11.     . 

Multiply  i  the  fum  of  the  two  axes  by  3*  141 6,  and 
the  produA  will  be  the  circumference  nearly. 

That  is,  ^  x^  =  the  circumference  nearly,  putting 

/  for  the  tranfverfe,  r  for  its  conjugate  axe,  and^  for 
3'i4i6, 

3IVI  Ex- 


*  It  will  be  evident  that  this  rule  will  not  diflPer  much  from  the 
truth,  if  it  be  confidered  that  this  arithmetical  mean  between  the 
*axe$  exceeds  their  geometrical  mean,  and  that  the  geometrical  mean 
(as  will  be  proved  hereafter)  is  the  diameter  of  a  circle  equal  in  area 
to  the  ellipfe,  which  circle  is  of  a  lefs  ambit  than  the  ellipfe,  or  any- 
other  fignre>  of  the  fame  area. 
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Example. 

Let  there  be  herfi  taken  the  fame  example  as  be- 
fore, in  which  the  axes  are  24  and  1 8. 

Then  ^^~-x3-i4i^=2ix3-i4i  6= 65-9736=  the 
circumference  nearly. 

*  R  u  L  E    III. 

Multiply  the  fquare  root  of  ?thefum  of  thefquares 
of  the  two  axes  by  3' 14 16,  and  the  produ<a  will  be 
the  circumference  nearly. 

That  is,  ^  v—^  =  the  circumference  nearly. 

Example. 
Taking  again  the  fame  example. 

We  have  v/^i^±^x  3-141 6  =i5x/2x  3-1416  = 
2 1-21 32x3- 141  <5=66-6433=thecircumferencenearly. 

Rule 


•  C^U  the  iafipite  ferics  in  role  1,  S;  vi?,  Sst.i^  4 ^ , 

,,  2.2     2.2.4.4 

we  fliall  have  iJ a/i— -^/Z  — 3^*  j^,^      xvu     r  •  «. 

VI     *  64  ^276  Wherefore  rcjedling 

thU  laft  ^€BQaimBg  ferieg,  on  account  of  its  ftnalbcfs,  we  have  S  s£ 

^/\—\d  nearly,  and  confequently  the  circumference  of  the  ellipfe 

Cs.Vi-i'/  nearly,  c  being  the  circumference  of  the  circumfcribed 

m        -■      '■••    ■Willi  . 

circle.      Or  C -si  pt  V'T^EJ  »  ^/  v/  i-x^  fl     ^^  V ^  .  £f_  _ 

^ V  —^>  whiqjFis  the  3d  rule,  p  being  ^  3*i4i59  &<i. 

Again 
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R.u  L  E  rv.  * 

Find  the  fquare  root  of  |  the  fum  of  the  Squares 
of  the  axes  as  in  the  laft  rule,  and  call  it  A. 

To  3  times  the  greater  axe  add  its  parameter,  di- 
Tide  the  fum  by  4,  and  call  the  quotient  B. 

Then  multiply  the  difference  between  B  and  3 

times  ^by  1*5708 (=^-^-V  and  the  produdl  will 
be  the  periphery  nearer  than  by  the  laft  rule. 

That  is,  Ti>  X  3  ^  ^^  -  ^^  =  the  periphery,  P  be- 
ing  the  parameter. 

Example. 
Taking  the  fame  example  as  in  the  former  rulesy 
We  have  ^=\/ 2^—=  i5-/2  =  21-2132. 
As  24: 18::  18:  i3^=theparam£ter,bythedefinition* 
And'^tlii=,2ii=  21-375  =  5. 

.Trhen3-^^xr57o8s=:  2 1-2132x3-2  i-375xr5'7o8' 
=s  42*2646  X  1-57Q8  =s  66-3892  s=  the  circumference 
nearly. 

Rule 


■I  •  i* 


.•Agam,5-i+irf=:-^-|^&c.  but  3  5-}^i-i«/=-^ 

_  2£fcc.  wherefore  iS—%*/\—\i-\-\'-^^—r  &c.  hence  S  =s 
2f6  64 

3Vt-V-i-K^ j^.  ^  ^^^  confequcnUy t=.ii»/x  sv'i-trf'-iff 

!♦ 4 

P  U  the  parameter  of  the  axe.    And  this  is  the  4tb  rule. 

*^  Farther, 
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Rule  V.* 

'F4nd  A  and  J3  as  in  the  lad  rule. 

Divide  the  difference  of  the  fquares  of  the  axes  by 
the  fquare  of  the  greater  axe,  multiply  the  fquare  of  the 
quotient  by  tV  of  the  greater  axe,  and  call  the  refiilt  C 

Then  from  5  times  A  take  3  times  5,  to  the  re- 
mainder add  C,  multiply  the  fum  by  1*5708,  and 
the  produdl  will  give  the  circumference  of  the  ellipfe 
ftill  nearer. 

Or, 

From  s  times  A  fubtradl  rV  of  the  fiam  of  35  times 
the  greater  axe  and  14  times  its  parameter,  to  the 
remainder  add  tV  of  the  prbduc^  arifing  from  the 
multiplication  of  the  faid  parameter  by  the  quotient 
of  the  fquare  of  the  lefs  axe  divided  by  that  of  the 
greater,  and  multiply  the  fiim  by  r 5  7  08. 

That  is,  ipycS^-^i — ^3X^  +  -^|  x-,  ort/x 


^y {i^-iL^  +  -iI  ar  the  periphery  Vety  neatly. 

Ex- 


♦  Farther,  5-i+- +5^*  =  -  i^  &c.  or  ±5^1+ -  +  5^  =a 

—  — ,  wkicli  taken  from  the  laft  approximation,  and  reduced,  give» 
64      

5=  tx5v'i— W— 3X^— *•+ -t;  and  confeqnently  Casi^/x 


^iP^S-y^-^-^'^^"^    +-^-    Which  is  the  5tli  rule.    And 
thuj  we. may  proceed  to  any  degree  of  accuracy  required. 
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Example. 
Taking  again  the  fame  example  as  before,  we  have 

i?  =  2r37j:, 


^-       24  ^i6         4*         ^I'-ib^xa^'   ^^/I- 


Then  ^J-s^+Cx  1*5708=: io6*o66-64-i25+-287i 
X i;57o8=42-228 1  x i •5708= 66-33 1 9  =  the  circumfe- 
rence very  near. 

Or,  to  ufe  the  latter  part  of  the  rule, 

=  66*33 1 9  ^^  fame  as  before. 

R  u  L  E    VI. 

Take  ^  the  fum  of  the  quantities  in  the  fecond  and 
third  rules,  and  it  will  give  the  circumference  very 
nearly,* 

That  is,  i^x^-^+v  ^-^=the  periphery. 

Example. 

Taking,  ftill,  the  fame  example, 
The  number  found  by  the  2d  rule  is  65*9736, 

And  by  the  3d  rule  is  66*6433, 

their  fum  is  132*6169,  the 
half  of  which  is  66*3084  for  the  circumference,  and 
is  nearer  to  the  true  number  found  by  rule  i  than 
any  of  the  other  approximations. 

3  N  Pro- 


*  For  the  one  being  nearly  as  much  too  great  as  the  otiier  is  too 
little,  t  their  fiim  mim  be  near  the  truth. 
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P  R.  a  B  L  E  M   iV. 
To  find  the  length  of  any  arc  of  an  ellipfe. 

*  R  u  L  E  I. 
If  a  denote  the  femi-tranf- 
verfe  Tir,  c  the  femi-conjugate 
cCj  and  x  the  diftance  cA  of 
the  ordinate  AB  from  the  cen- 
ter, then  will  the  arc  CB  be 

?f^£:=<^x'  &C. 


PartllL 


II2tf 


And  the  feries  will  be  the  fame  if  x  be  confidered 
as  an  ordinate  to  either  axe  2c,  the  other  axe  being 
2  J,  the  arc  beginning  at  the  vertex  of  the  axe  2c 
and  terminated  by  the  ordinate  x. 

Ex- 


« « 


*Demonstratiok. 

Bf  proceeding  as  in  the  itlveftigation  of  problem  2,  we  have  the 


iZ^» 


fluxionof  thecurvezssx  V =  ^-'xii-l x*  4-1 —  . 

-I -~Yi x^  &c.  reftoring  ^  and  extemainating  d\  and  the 

Jiuent  azzsLxx:  1+ t-^*  +  ^— m — ^f* H ■    .,  ^  ■■  x* &c* 

6tf*  40*1'  II2tf** 

Corollary  I. 

When  X  becomes  =: ^9  the  rule  Becomes  ax  :  1  +  ^ —   4^  r  — 

6i»*  4CW* 

H Haw*"' ^  one-fourth  of  the  periphery  of  the  ellipft. 

^E.D.  COROLLART   IL 

Byfcppofmgtfssr,  the  ellipfe  will  become  a  circle,  and  the  ge- 
neral ieries  for  the  elliptic  arc  will  become  for  the  circular  arc  x  x  : 


&c.  =s  XX :  I  -4 1. 


o  v»^ 


;?+ 


3.5X- 


x+il+ifl  +  ^  ^ 

6a*      40/J*       II2.I*  " •  2.3«»  "^2.4.5«*"^  2.4.6.7i2« 

&c,  the  fame  as  ^^'as  dctcnained  at  page  88^ 
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Example. 

If  the  two  axes  be  24  and  18,  and  the  diftance  cA 
be  3 }  Required  the  length  of  the  arc  BC. 

Here  a=  12,  ^=9,  and  5^=3. 

Then  the  ift  term  sb       —        —        i '00000 

2dtcnn|^4**--4=x         —         -^        0-0058(5 
3dterm-B  =  3X^^^**J=:  —       o'oooi^ 

r  .     8a*—4a*c*4-e*     «  n 

4thtcrmC^^x     ^X^y    x*.g=  ~  q-qoooi 

thefom  is  i*oo6o6 
And  3xi*co6o6=  3'oi8i8=sthearcrequired. 

*  R  u  L  E    IT. 

Find  the  length  of  the  circular  arc  FE  intercepted 
by  Cr,  cBf  and  whofe  radius  is  i  the  fum  of  the  Uncs 
CCf  cB ;  and  it  will  be  equal  to  the  elliptic  arc  BC 

nearly. 

Example. 

Taking  here  the  fame  example, 
We  have  iZ^= 9,  and  AT^  1 5. 
Hence  Tc^  :cC::  TAxAR:AB^  ^^Jj^J^ll^^^^ 

BC-x/cA'+AB'^^9+^^^^^WiS^'=9*^^6i6^ 

Then^ 


*  For  the  circular  arc  FE  is  equal  to  the  arithmetical  mean  be- 
tween the  circular  arcs  SG^  CD,  dcfcribed  with  the  radiufes  Be,  cC; 
to  which  it  is  evident  the  elliptic  arc  muft  be  nearly  equal,  and  fo 
much  the  nearer,  the  lefs  the  arc  itlclf  is.— Riile  2  rf  the  laft  pipoblem 
is  a  particular  cafe  of  this  general  rule. 

•  This  rule  will  alfo  be  the  more  exaft  the  nearer  the  axes  of  the  elr 
lipfe  approach  towards  an  equality. 
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Then  ^^^  =  '-?^^^ = o- 1 0808  s:  the  radius  of  the 

2  2  ^ 

circular  arc  EF. 
But-^-s-^-^s'SZCCicrithc  fine  of  the  iangle 

jSc       9'2i6i6       o    jj    j  ,  o 

CcB  or  arc  EF  to  the  radius  i,  to  which  belong 
1 8*9968  degrees. 

Wherefore,  by  rule  r  prob.  6  fe<3:.  i  part  2,  •01745 
xi8*9968x9To8o8=3'oi9::=the  circular  zvcEFj  or 
elliptic  arc  BC  nearly, 

*  R  u  L  E    Ill- 
Divide  the  dijfFerence  of  the  fquares  of  the  femi- 
axes  by  the  fquare  of  the  greater,  and  call  the  quo- 
tient q. 

Then  divide  the  difference  between  the  fquare  of 
the  greater  femi-axe  and  the  produdl  of  4  of  the  fquare 
of  the  diftance  cA  of  thfe  ordinate  from  the  center 

mul- 


*    DlEMONSTRATlON. 

By  the  firft  ruk  the  arc  -^  is  equal  to  a:x  :  i  H x*  +  ^- x* 

H — ^-7^ x^&c.  butm  tlie  inveftigation  of  that  rule  it  appears 

hence  it  is  evident  that  x  ^^fUl—  x  t  1 4-  -1—  *»  4.  l^-f—TfT v4+ 

^   aa^xx  '^6tf*      ^      72^'  ^ 

ifaT" »        ""         '  "^^  coaftquently  ^c  y\/    ^  '    nearly. 

Corollary. 
When  the  two  axes  are  equal  to  each  other,  tte  ellipfe  will  become 

a  circle,  d  will  be  =r  o,  and  the  nlle  will  become  a:  s/  — — —  fot  the 

circular  arc. 
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XDJoitiplied  intt>  9^  by  die  differeaotce  between  the  fqtiare 
of  the  j(aid  gxva£er  femi-axe  and  t  of  the  iquare  of 
tlxe  Md  diftaace;  and  the  root  of  the  quotient  mul- 
tiplied infio  dtSi  &id  diftance  will  be  the  arc  nearly. 

That  is,  xV^TV^'  «  Ae  are,  where  a^Tc  the 

'  ant    I XX 

greater  femi-axe,  x = cJ^  and  ^ = -^^ = i— — ,  c  oemg 
the  Icfs  femi-axe  irC 

£  X  A  M  P  L  £• 

Taking  again  the  fame  example^ 

And  X  ^^-3  v^i^^;^.  3.0,78,8-tte 

arc  roquirad  nearly. 

♦  R  u  L  E    IV. 

Call  ihe  quantity  found  by  the  laft  rule  B. 

3O  Mu^ 


For fincc  As&xxi  1+-2-1  «*  +  -^ i — »*H ^.    ■ 


X* 


♦  Demonstration. 
we  fcayt  A-^Bszxx  :  ■  '0^1^^  +  ^,,^  8cc.  but 


jOtf'  75^' 


■       will      gjgTIi    ■■  ^«  _ 

therefore  J^B^^^B^x  x  x+  t-t-—  '  ^  • .^      ■  ***c.  and». 


^»x» 


Kje^mg  the  feries,  -^=fX9^— 4>fxi  +  -T-j.3s. 


agS  El,  L I  p  s  E* ;  Part  nii 

•  .'Multiply  the  diftance  cJi  ^nto  the.lefs  femi-axe,' 
divide  the  proidudl  by  the  iqtiare  of  the  greater,  to 
i  of  the  fquare  of  the  quotient  add  i,  multiply  the 
fum  into  the  diftance  cA^  and  call  the  produ6b  C.  - 
<  Then  from  9  times  B  take  4  times  Q  divide*  the 
remainder  by  5,  and  the  quotient  will  be  the  arc 
very  nean  '       ' 

That  IS,  A= — syX^XV   aa-{vx~^^^+'6^* 

•         •  •  * 

Example. 

Taking  ftill  the  lame  example. 
The  Quantity  found  by  the  Taft  rule  is  3*0 17898 

And  *xi+g;=xn-9^1r=  3x1+^*3-017573 

.rn        9^~4<^_  27'i6io82--i2'07oai3_  i  j;'09077_ 
J      ""  5  ~        5        "" 

3*o  1 8 1 54  ss  the  arc  very  nearly. 

Rule   V. 

As  the  fum  of  15  times  the  parameter  of  the  axe, 
at  whofe  vertex  the  arc  begins,  and  a  third  propor- 
tional to  the  faid  axe,  the  abfciiTa,  and  the  difference 
between  9  tinfies  the  faid  axe  and  2 1  times  its  para- 
meter ;  is  to  the  fum  of  1 5  times  the  parameter  and 
a  third  proportional  to  the  axe,  the  abfcifla,  and  the 

dif* 


Corollary. 


When  aisssc,  then  the  nilc  becomes  f  y  x  9  \/ — 2L 4  ^6aa+3(x 

j[Drtlie  Circular  arc 
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difference  between  1 9  times  the  axe  and  2 1  times  its 
parameter;  fb  is  the  ordinate,  to  the  length  of  the 
arc,  very  nearly.* 

^sp+    c  ^y 

That  is,  — ^ — 'qC-^2ip x^=^the  arc  CB,  where 

C  =  the  whole  axe  CO  at  whofe  vertex  the  arc  com» 

rnences, 

^  I        1 1  ■  I  ■     ^  ■■       ■      ■■  ■  ■ 

« 

♦Demonstration, 

^.           .               CjJaa—xx      ex*    ,  cx^    ^        ,     .         .,  _ 

'  Since  y  IS  sstf s= — :+:r-i  «c.    it  is  evident  that  a 

ffaftion  of  this  form  x  x  ■    j.  j^     >  tvhen  expanded  in  a  fcries,  will 

pfodnce  a  forks  of  the  fame  form  with  that  exprelBng  the  length  of 
the  arc  in  the  firft  rule,  and  which  being  put  equal  to  it  will  afford 
equations  for  determining  the  values  o£  j4  and  B, 

Thus  XX — '   ,  '        isas  xx -^, V— a=  xx  i  i  + 

ifl+^^^!^x«&c.wh;chletbcput=xx:i+£;4  +  i^f:=d«« 
"8cc.     Then,  by  equating  the  correfponding  terms,  we  obtain  — -— 


2Itf<? 


9g*— 2itf*  ^       . — f—  —  2- — -X,  putting  t7sE  8^",  and  /  =r  its  pa** 


lOCC  IOC  loC 

2<7^ 

rameter  — 
c 


Coufcqu^Uy  ,^_„.  „g-„. 


Z40 


E  UL  IT  SlE. 


Part  m. 


mences,  ^  =  its  parameter  = -g;^-,  ^=:the  abfcifla  Cff, 
and  x=the  ordinate  HB. 

Example. 
Taking,  ftilJ,  the  fame  example,  in  which  ^ac  9, 

i:  =  i2,  C=i8,  ^iii^'^ssi,  and  x  =  3j  hence  ^=s 

4      " 


•2857874715. 


Then 


w     '< 


Corollary  I. 


Hence,  in  the  dHpfc  ^^  whofc  ver- 
tex is  A^  either  axe  y^A',  and  latui 
tedium  ^4P ;  if  there  be  drawn  the  4m> 
dmate  BD,  and  P(?  be  taken  x\AP 

i^AK^jiAP  ^  ^Z),  and  there  be 

drawn  the  right  )io«  GBR  meeting  the 
taneent  AE  in  E;  ijien  will  AE  be  =  to  the  arc  Aff^  very  nearly  J 

AGy.B  f} 
For,  by  fimilar  triangles,  CD  :  DB  ::.CA  i  AE  =  — n>"^  == 


D  A. 


:?p^;&x^^^(^^^fo^-) 


i^^p+ 


— -^AD 
loAK 


xOi?, 


which  IS  the  arc,  nearly*  by  the  above  dertionftration. 

And  this  proves  the  truth  of  the  conftruftign  given  by  ^/>  /.  A'Jwy- 
to»9  in  his  letter  of  June  13,  1676,  to  Mr  OlcUnburg,  But  Mr  Jones^ 
4A  pubtifiung  thisi  l^tcr,  hath  printed  AP  inAfiad  of  AD^ 

Corollary  II. 
When  the  ellipfe  becomes  a  circle,  then  AK'ss,  AP^  and  the  aboFe 

rule  will  become        ,.-. -j=}<DB  for  the  len^rth  of  the  circular 

i^/iP—i2AD  ^ 

arc  whofe  diameter  is  APy  verfcd  fine  AD,  9»d  right  fine  Z)^.    And 

.this  is.  nearer  the  tnHh  than  any  of  the  other  approximations  befoce 

given  for  the  circular  arc,  except  tibiat  in  rule  6  for  that  purpofe, 

for  the  example  in  that  rule  calculated  by  this  approiamationt  gives 

^'1170598  for  the  length  of  the  ftrc. 


SbftnHL 


•  -* 


£LIfiPS£^.« 


Then  XX -r>:~:-.    =3>C 
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I9X18--2IX32 

— s    ~jr 


,     .  ,  i^xi5x3«+9xiB-2 Ix3i2>0'     ^'  3xi5x32+9x3-7xi4Sx"28578747i5 

=3x  i*oo6o56=3'oi8i68=:  the  length  of  the  arc  very 
nearly.  .  ' 

•  "  ■•    •     f^'OBt.iHL  -V. 

*Tt>jkd  the  <  area  cf^m  tU^. 
R  tr  L  E  "I.    .  - 

;••■•"••'■•..■ 

•"Multiply  continually  together  the  wo  axes  and 
the  number  7854  for  the  area  of  the  ellipfe. 

That  is,  n/r=:  the  area,  jlutting  *  =!»  the  .tranJCVer fe, 
<:  =  the  conjugstte,"  and  «s  •7854*  '  By  'corollary  4; 

.    .    3P  Ex- 


^GsNSLAL  Investigation. 

' '  Let  AS 9  DEi  be  any  two  eonjugate  di- 
ameters of  the  tlWp&JDBE'A^  <rH  a  dou- 
ble ordinate  to  the  diaiytctcr  AB9  AKBL     ]^ 

tA  circle  wliofe  diamctpr  is  AB-^  KL  a  dou-^     / 

'ble  ordinateV  the  circle  to  the  diam«t^. . 
JB,  and  AI  perpcndiculat  to  GH. 

•    Noiv  VHilft  kL  by  flowing  gen«ratc«  the  , 
circular  iegmcnt  KAL,  QH  will  dcfcribe 
the  .elliptic  fegment  GAH\  but  thtfveio- 

'city  of  ^kt  is  to  that  of  GH  ^s  FA  m 

'^At\  arid  by  tie  property  of  all  conjugate 
diameters*  as  ACxCDxUsfjmFiS-^i^ff  > 
the  nature  of  the  circle,)  ATF:  FG\  lrWerd<^e  a»  the  xirculaf,  feg- 
ment KAL  is  to  the  ellipse. fegment  GAH^  fo  is  ACy,AF  to  CDxAI^ 

*';ftfiir(^tfxraditti  ioCDxfia^^LjFA,  fy  is  JC ,to  C0  x fine  lC,  put- 
ting 1  for  the  tadius,  ... 


«   •    • 


«     , 


^2,  ElLiPiE.  PaitlH.' 

£  JC  AM  P  L  £. 

If  tht  axes  of  an  dlipfe  be  35  and  2^,  what  is 

the  area. 

•7854x35x25  =:687'225.=:the  area  required. 

Rule 


CorollartI. 

The  whcJc  cUipfe  and  «fcle,  4cftrifccdtt|>on  any  diameter  of  it, 
are  to  each  other  u  the  corTcfpoiidmg  fcgnente  cut  off  them  by  their 
J^SuTdS  ordidWei  gSTkI^pS^  through  the  fame  point 
of  that  diameter.  ^    aey  11. 

As  radios  :  fme  of  the  a^fW  made  by  any  two  conjuKite  diame- 
terV::  amean  proportional  hewcen  the  two  circles  defcnbed  upon 
thofe  diameters  :  the  ellipfe 

p^r  J'-x''5'x^"-0''O|   by  cor.  I. 

Hence  {r^cd  i  s*c(l ii)  r*  :  /»  «'  ©rfx©^  :  O*. 

.     And  r:/::\/0^xO:O- 
Where  1/  and  c  are  the  diameters,  /  the  fme  of  the  L  made  by  them 

to  the  radius  r,  ©  denotes  a  circle,  and  Q  an  ^¥^^ 

CoaoLLAav  III. 
If  the  coniueate  diameters  be  equd  to  each  other,  it  wUI  foUow 
that  As  radiw:  to  the  fme  of  the  angle  made  by  the  equal  conjugate 
Jameters  ::  fo  is  the  circle  defcribed  on  one  of  thofe  diameters  :  to 

the  ellipfe.  ^  tv 

Corollary  IV. 

The  cUfpfe  is  a  mean  proportional  between  the  two  circles  defcftbtd 

%^£y  Se  with  each  other  a  right  angle,  whofe  fine  is  =:  to 
the  radittl.  .. 

COROLI^ART    y. 

As  radius :  to  the  fine  of  the  angle  made  by  any  two  conjugate  di- 
ameters ::  fo  is  the  circle  whofe  diariicter  is  a  mean  proportional  be- 
tween  the  conjugate  diamcUrs  ;  to  the  ellipfe. 
.  This  fbllowl  bmk  corollary  2. 

Corollary  VI. 
The  ellipfc  Is  equal  to  a  circle  lAofe  diameter  is  a  meaa  pBopor- 
ti«nal  between  the  two  axes. 
Trom  corollary  4.  ^^ 


ie^:Jtt^ 


£llif6£c 


ft4S 


M^tipty  cbnrianally  together  any  two  a»JQgate 
diameters^  the  .aatual  Hut  of  their  ktcluded  angl«^ 
and  the  nmnber  'jSs^ 

.  That  is,  Jenszs^  area,  putting  d  and  <:=  any  two 
ccmjugate  diameters,  xsfine  of  their  included  I,  and 
li=-7854.  Ex- 


-v*- 


*  CoROLLAftr  Vn* 
As  an  eUTpfe ;  is  to  die  redangle  of  itt  two  ayes  (or  to  the  f«ft« 
anrie  of  any  tn^  '<oiijti^te  diameters  dnrnn  into  th«  ima  df  their 
indnded  L,  xbt  radtvs  beiQg^  i) :':  (o  is  any  circle :  to  thefqiiare  of  iu 
diameter.— Any  two  Hke  fe^ents  or  zones  of  the  ell^fe  and  circle 
are  alfo  in  the  fame  proportion. 

CoaoL&AKT  Vin. 
EllipfcSft  and  their  like  fegments»  are  to  one  another  as  the  redangles 
of  their  axes,  or  as  the  remighs  of  any  conjugate  diametesi  formix^ 
the  fi^*^^  ^y\gVg  in  each* 

Co^Qi'Z'itay  IX. 
Similar  eOipfes  are  to  one  another  as  the  fqnares  of  their  fike  dia« 
mctersc 

CoaOLLARY    X. 

From  corollary  7  comes  alfo  the  following  conflmdion. 

Let  JDE  be  an  ohlique  fegment  of  the 
,  elKpfe  yiFSGJ,  cut  off  by  a  double  or* 
dinate  to  the  diameter  jfB,  FG  being  the 
conjugate.  Through  the  center  C  draw 
mP  perpendicular  to  FG  and  meeting,  is 
ii,,P,  with  jfn^  -SP,  both  parallel  to  FG* 
diien  about  the  axes  aP^  FG,  defcribe  die 
eOipiei  aFPGa,  meeting  the  ordinate,  |»ro- 
duced,  in  ^  and  1/.  Then  will  the  nght 
elliptic  fegment  dae  be  equal  to  the  ob- 
lique fegment  DJE,  as  well  as  the  whole 
t\}\p{tMFPGa  equal  to  the  el!2pfe  jfFSGjf; 
moreover  thehr  corref^Kmding  ordinates  di, 

DEr  parallel  to  the  common  diameter  FG,  are  ercry  where  e^uafr 
as  are  the  lilce  parts  or  zones  contained  between  any  two  of  fueh  or« 
dtoates.  And  the  fame  may  be  fiud  of  ail  cllipfes  contained  between 
AepanHelr^if,  BP9.  infinitely  produced :  in  which  property  they 
reremble  parallelograms  of  the  fame  baft  aa4  becween  ttw  fime  m- 
raHeb.  ^ 


'"•It' 

E-ai  AM  P'li^E. 

area.  •.  .       * 

'^  'Tie  fine  of  77'  34?^  is '^7<^5^^5,^  wherefore 

.-  -    PROBLEM.  VI. 

T» Jf»^,  /i&<r-  <^r^«  oj  the  jt^m  ff  m  ftUpfe  cut  off 
■     hy.a.dmbUovdkmte  to  either  axe,  Jhat  Uy  ty  a 
line  ferfeftd^xtr  to  that  axe*    ;. 

Rule    l..  .    ■; ..  .    . 

Fkid  the  corre^O&cTmg  'ftgmfeiit  of  Ae  circle  de- 

ifcidbcd  upon  die  fame  axe  .to  ^Jiicl^  me  cuttiog  Iiac 

-or  bafe  of  the  fegn^ent  is  perpendicular.    -HicniAs 

this  axe :  is  to  the  other  4S<f ::  fo  is  the.  circular  ieg- 

ment :  to  the  elliptic  fegment. 

Tliis  follows  ftom'co^lfetjr  7  to  the  laft  problem. 

•   '.  ■.'■'''• 

,  '  R  u  L  e   II. 

.^m3  the  tabular  drcular  fegment  whofe ycr(sd^nt 

.•pr  height  is  equal  to  the  quotieiit  of  the  height  of  the 

elliptic  fegment  divided  by  its  axe  r  Then  muitiply 

contimially  together  this  fegment  aixd  the  two  ai^ 

of  the  cllipfe,  for  the  area  of  lixe  fegment  itequif cdv 

This  follows  from  the  former,  . 

E  ix  A  M  P  L  £•.  / 

What  is  the  area  of  an  eHipttc  fegment  cut  t>ff  by 
'fl  Iitie"'|>araneT  to  and  at  the  diftanfce  of  7I  firoin  the 
ilefs  axe,  the  axes  being  55  and  25. 

,  "^  "'Here  i ^s-;!  a  iid at.the  hdght  of  the  ftgmetfc. 
.     -       -  --       ■'"■'■  ■  -■■••  -    '      -•    Ana 


.t 

And  10^353:2-4-7^5 ;2857f  =  the  tabular  vcrfcd 
iine,  ivhoie  &£^eiit  is  '18516^9* 

Then  •i85i669X35X2jrsi62-o2io3755rtlie  area 
jof  the  lefs  iegmimt*  .     ' 

If  the  greats  fegpient  had  bee&  required.  Thea 
*785398i6-u85j^69s'6oo2si2^.  And  •6o4»3ji24f 
X25x3j:=:  525*2023525= the  area  of  the  greater  fer- 
ment. 

« 

£  X  A  M  P  L  £   il. 

^  What  is  the  area  of  the  elliptic  &gment  cut  off 
Ijy  a  double  ordinate  perpendicular  tp  the  conjugate 
axe  at  Ae  diftance  of  77  from  die  center,  the  ax^ 

being  35  and  25,  '  ':  , 

...  '     -       .  » *    ■ 

Here  i2^-7T=5=the  altitude>f  tfcefc^iy^ptt.     . 
And  5:*-  25  =  I  +5  =  '2  =  the  tabular  verfed  fine, 
whole  corref^nding  JTegment  is  •it  18238.  * 

Hence  Ti  18238  X25X 35  =  97'845825  =r  the  area 
of  the  left  fegmcnt;  •  - 

Again,  •785S98i6--i  118238= -67357436;  And 
'^735743^^^5x35  ^S^9'37iS^5  -  the  greater  feg- 

•  *    ♦     -       ■    '.  .  J 
Problem   VII. 

To  find  the  area  of  an  elliptic  figp^nt  cut  off  by  a 
doiAle  ordinate  to  any  diometef;  that  is ,  hy  aline 
oblique  to  the  axes. 


•     r 


R  XT  L  t. 


w 

Diyide  the  abfci^Ta  AF(^glto  prob.  s)  of  the  dou- 
ble ordinate  by  ks  (RamaxtABf  and  fiiod  Hie  taba^ 


^246  Ellipse*    ,  PanHr. 

^lar  crrctrbr  fegment  wHofe  vcrfed  fiiie  is  die  quotient : 
Then  paultiply  continually  together  the  tabular  area 
^d  the  two  axes.  O  the  tabular  area,  the  diameter 
AB  to  which  the  bafe  of  the  fegment  is  a  double  oi*- 
dinate,'  its  conju^te  diameter  G-fiT,  and  the  fine  of 
'their  included  angle,  for  the  area  of  the  elliptic  feg- 
"ment  required  * 

E  X  A  M  P  L  £• 

•  •  ... 

[  The  axes  of  an  ellipfe  being  35  and  2jr,  it  is  re* 
quired  to  find  the.  area  of  a  fegicnent  whole  bafe  is 
a  double  ordinate  to  a  dianieter  whofe  length  is  33^^ 
it  being  divided  by  the  double  ordinate  into  the  two 
abfciffas  7  and  26. 

Here  FA-i-AB-  7t  33  -  '^i^i^r  «  the  tabula^ 
verfed  fine ;  to  which  correfponds  the  area  'izi  62869. 

Hence  •1216286^x25x35  =  106*425104=  thefcgr 
vueoxGAH. 

Moreover,  785398i6-*i2i62866  =  •66376<?47» 
And  •6637'6947x25x35=  58679828625=8 the greaf 
ter  fegment  GBH. 

Pro- 


« 


*DSMONSTRATIO)r, 


For,  by  cor.  7,  prob.  j,  as w/j? >  e  to  cireolar  fegment  LJK '^  fotf 
^/Hrf  ^^  ^  ?•  ^  ^= )  reftangle  of  the  two  axes :  to  elliptic  feement 
CJHy^3loS.,c^rc^zT, {fiipxtTit. LAK^ A Brif^  trtidar  cifcular  fc|mciit 

(i)  ^haft^ijei(fcdim€  is  ;^;"  therefore  {Afi\.xJB^  x/t:)  i :  y  -  reft, 
-wjgk  of  the  axes  to  elliptic  fegmeot,  ^  9.E.D. 
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'  PR.O  B'.L  KM    Vilfl  '• 

.  r  .  ..  * 

Tofnd  the  trilitual  area  ABCXJncluded  by  either  axf^ 
a  line  drawn  from  any  point  init^  and  their  inter- 
cepted arc. 

R.y  L  E. 
Draw  the  ordinate  DB  meeting  the  circle  defcribed 

npoa  the  faid  axe  in  Q-and  xirav  ^^  ^^ 

,Thcn,  As  the  aboveTfaid  axe  : 
Is  to  the  other  axe : : 
So  is  the  circular  trilineal  AC^ 
To  the  elliptic  trilineal  AB^^  p       aoX    d  a 

•  •  '      Note. 


^m^i^m*mm^* 


*DEMONSTRAT10ir»-  . 

For,  by  the  inveftigation  and  coroUanes  to  prob.  ^,'  As  the  diie 
y^ :  to  the  axe  IV : :  6'i)  :  DB :  %  circular  fegroent  ^D :  elliptic  fegment 
j^SD  ::  (bccaufe  of  the  common  bafe  AD)  triangle  ACD  :  triangle 
ABD ::  (by  compofidon) the  trilineal  AC^ :  trilineal  jiB^   ^ft.D. 

Corollary  I. 

Since,  by  rule  2  prob.  6  fefl.  i  part  2»  the  circnkr  arc  ^  (put- 


&c.  we  fiiall  have  i ry  x  :  ^-^-zzZi  + 


:*  + 


3-5>' 


&c.  =  the 


3.2/-*  '  5»2.4r*      7.2.4.6r'^  .  , 
fcAor  OC^  which  being  Increafcd  or  diminiflicd  by  \  OAxDCss  the 


Sf' 


9-5/ 


triangle- ^C^,  we  ffiaU  have  ij.x:^^+ — +^+ 

&c,  for  the  general  value  of  the  trilineal  ^C^; '  and  ibiffcqucntly 

2.^iA^4'^+  -^.T  +  ^  l'^^,.s   ^«-  =  ^^  ^*'P^^  triliaeal 


y/^'J^'  ^  being  the  radios  of  th«  circle,  or  femi-axe  ^^of  the^Uipfe; 
and  c  the  other  feihi<*axe. 


■J  • 


And  fmce  r :  r : :  y :  ^D  =  2,  we  fhall  have  jr  =  --,  and  confcqucntly 

the  value  of  the  elliptic  trilineat  ^B^  exprefled  in  terms  of  its  owa 

ordisuitft 


Note.  It  b  evident  that;  ^e  tri^figle  AOO  added 
to  or  fubtra^e3  from  the  circular  feAor  OC^  will 
give  the  cifcolar  trilineal  jtC^  according  as  A^ 
15  greater  or  le&dian  half  ^  the  axe.  Or  the  femi- 
fegment  CD^  increaied  or  diminiihed  by  die  trian- 
gle ACD  will  give  thefanse. /' 

-.-.  -Ex- 

ordinate  «  (i?2)), and  fcmi4iies  r,  r;   Will  be  ^ix  :  jfi^+i -'4. 

C«R6Lt'ARY   n.  .-         ^ 

.  If  ./f  coincide  widi  Of  t)ie  triangle  y^^i?  will  vanifli,  and  the  trili« 


,% 


meal  become  barely  a  fe^tor  ^if  ^  w]io(eTaloe  wtUbeif^x:i4— 2 

3.2c:* 

5.2.4^  '  7.2,4,6c* 

CoaoLLAar  IIL 
Wlen  zsscs  then  the  quadrant  ^5^  will  be  i  rex-:  i  +ii-  ^ 

•  3*2 

.  ^  m^  I       h*»     ■  I    ii*1ii  »w   9CC« 
(^2.4  7.2.4.6 

Corollary  IV. 
If  J  coincide  with  P,  then  A^:sst  J^P  ss  2r,  and  the  trilineal  PB^ 

And  when  B  coincides  with  p,  then  will  the  trilineal  P/^be  s 
3*a     5.2.4^7.2.4.6 

■•     C-O  ROLL  ART    V. 

IF  from  the  double  of  the  quadrant  in  ccffoUary  j^  be  ^fcen  the 
trilineal  in  corol.  4,  there  will  remain  r  x :  ^^  4.  Bf!!lll!  j.  o'ffizfL 

.      '  ,    _  1  6.2(?»    ^^I0.2.4<^ 

+5*3  jtjt;^  &c.  for  the  value  of  the  fegment  PfB. 

Co^ 
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Example* 

Given  the  axes  35  and  25  of  an  dEpfe,  an4  an 
ordinate  to  the  tranlVerfe  10 ;  i?eqiured  the  area  in- 
cluded hj  the  tranfvarfe  and  t  line  drawn  from  the 

3  R  top 

"  ■' ' '  —  -  - 

*•'.*■•' 

^   Corollary  Vi: 
If  from  die  value  of  the  feftor  OB^m  ccMX)llary  2,  be  taken  that 

of  the  triangle  OB^Tgsi\rz\  there  will Temain  \rzx:    ^*    f    3^* 

>K;  !'^  V^fl  -^^  *^  *«  «alAe-of  the  iegment  B^. 

Corollary  VU;  ' 

Whein  V  ownddes  Kith/,  the  feries  in  each  of  the  two  lafi  co- 
rollaries beconfcs  i  '^*>^-  ~  +  7-77+r4^-X^<^-  for-Acralue  of 
eacb  6f  the  fegtneats  P/,  ^j||, 

♦    ff'^te'Ae  fccos  ««f  ibe  etlipfc,  then  ^^u  r-iz  t^-rr—ii,  and  tbe 

COKOLLART   I^C.     - 

■   Putting  ra>/5^SBirzxt*+^+_l^&c.  («  b«ng  -s 

i± ^ i--j  and f  =5~a:2x :*+^-pj+j^;l-^*c.weflial]haT«, 

by  reverting  the  feries,  z  as>^— ■■,   ,  4>  ^^^"^^  ^5 
^  '^  tf      6^*tf*;  I20r*^'^ 

J^:^ ^    *''•  ^^^f  =  ~  J  ^^^ch  feriesgeneraUy 

converges  very  fkft,.  fnd  affords  a  good  direft  Volution  of  Kepler'^ 
pTouiein. 

'  Suppofe,  for  example,  it  were  required  to  &i4  the  true  anomaly 
afd^e  eatth,  tad  its  ii^eu^ce  isonxiht  fim^  aaiwermg  to  the  mean 

anofknalj 


*©/©  Ellipse.  Part  lif. 

top  of  the  ordinate  to  cut  the  tranfVerle  in  an  angle 
of  40  degrees.  •    ,^ 

Here,  as  />?  =  25 :  i'^=  35 "  -0^=*  10 :i)C=  14* 
•     As  rad. : tang.  ^^(50°):: BD:DA^i r.917536. 

I^ence  ADxi DC  =Sy^z2 7 52  =  the  A  ADC 

As  25  :  35  ::v/i2*5*-io* :  io*5  =  OD^  and  hence 
^-OD  =  7  ss  i>^  Then,  by  the  table  of  circular 
fegments,  the  femi-fegment  CD^  will  come  out 
^•4920775. 

The  triangle  ADC-^  fegment  CD^  isi'^i^il^S 
s  the  trilineal  CA^ 

.   Wherefore  as  35:25::  151-9143395: 108-5102425 
s:  the  area  of  the  elliptic  trilineal  ^  J^required. 

Pro- 


^momaly  of  i  fign  or  30  degrees,  the  ezcentricity  being  '0168 1  to  tlit 
mean  diftance  i .  -  __ 

•     Here  P^=r=i,idf^=3'oi68i,  d^/ssirssV'i— '01681  •  as -9998 587, 
the  area  of  a  quadrant  of  the  elKpfe  =:  •785398  ^c-  x  re  =  -7852872 ; 

then,  as'jfigns:  i  fign  :: -7852872  ? -2617624  =  7*;  hence  ■-- sr  2T 
s=-C235248,and?^s=— =^j<. 78539  &c.— -5235988  s=/:alfo<j=a 
roi68i,  and  ^  Bs  •2589869. 

Then,  ift  term  ^ss  -ss         —        — .        —      +'9834<5790 

n 

I       ^^ 

2d.    —     fix-T^X^SS  —  —        — 'O4245088 

ad    •—    (7 »  i2z2f  jP x^  =5         —         +'00046655 

.  r%        280— 504^+2254*  -/*  _ 

^th  —  Da 2-2 i^t7x-j=5    —•00000044. 

the  fum  =     "^94148313 

t^hich  drawn  into  ^  sd^a  -533P4S^S^^  -4928897927^9  sir. 

r 

But 
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Problem  IX. 

•  >        *  «       . 

•  •  • 
Tt?  jf«^  the  furface  of  a  fpheroid. 

*  R  U  L  E   I. 

»  » 

■    •  • 

For  both  fpbcr Olds. 

Let /denote  the  fixed  axe^  or  the  axe  about  whicfc 
the  ellipfe  is  conceived  to  revolve,,  r  the  revolv- 
ing axe;  and  put /)  =  3-14159  &c.ys3^5^^:  Then 

will  the  furface  {s)  of  the  Ipherpid  be  cxprefled  by 
either  of  the  following  feriefes,  ufing  the  upper  or 

under 


But  OD  Bs-V'cf— z2  ss  '87005233  ;  hence  DJssj^O  +  OD  sz 

*886d6293,  and  as  AD :  DB  ::  rad. :  tang.  L^y^2>=s  39*063904^  ss. 
29*  3'  S^"  3*  ^^  ^™^  anomaly;  alfo,  as  rad.  :  fee. L BJD  iiDAxAB 
s=  1*0146255,  the  diftance  of  the  earth  fr<nn  the  fun*  to  the  meaa. 
difiance  x.  ^ 

♦  Demons  TRATiOH. 

Put  the  fixed  femt-axe  Tcz^cRzza  (fig.  to  prob.  ^)rCe^sicOs&M^. 

cA^sXt  ABzxjy  arc  CB^ss  z>  and  3'i4i59  &c.  xs/.    Then,  axbii 

•  

^aa-^xx :  -  4/ua^xx  ssy*y  hcacty  ss ^»  and  z  ^  v  *  *  -b'* 

^ ^ 

a?»  a .=:-  ^  -^ ;,  and  cimeMieKltiy  tke 

fluxion  of  the  furface  'ist2ty'z  ss^^\/a^^x*»aa^isi 
^JtL^-^ir;^*  (putting  fr s  «4-**) »  ^  ^f^-«-  2^  X  - 

I 

—-— .  —  -^^ — ^44^  *c«   "»<*  *e  flttcat  "  '  =  2**>,-  X  : 
c      M*     2.4fl«     a.4.6«"'  ^  *. 

be 


2j:2  Spheroid.  Part  III. 

under  figns  according  as  it  is  an  oblong  or  oblate 
fpheroid, ^,s^.prfx'. i^l-^q^^^q*^  >^- js 

2.4.6.8.9*  Jr  J  2.^^     4.5  i  6.7  "       8.9   H 

&c*  where  -4,  jB,  C,  &c.  are  the  feveral  preceding 
terms* 

£  X  A  M  P  L  E. 

If  the  axes  be  50  and  40,  required  the  furface  of 
each  Iphcroid. 


r  • 


I.  For  the  oblong  fpheroid. 

Here/«5o,  r=4o,  and^^=gLV,^«.3(J«y. 

Hence 


^a?»      ^-*«f* 


, tc written//^, lie  fcrics  "Will become /BBsa/ijfx : -I---  _„ 

2.3^*      2.4.5tf* 

^-7 5 ^-v-o i  =  (wIienKsrij)2/tf5  x:  i— i^ -— . 

_.J^ ^J:i^fcc.«  2^r* K  r-  :lrfi_i£ ^»_li£ ^» 

.2,4-6.7      2^^.8.9  ^  2.3  4..5  6.J   ^ 

-C.7D 

—  ^sSr^*  *^'  '*^^«f«»  '^^en  ctf  {s  tftf-,*^)  is  affinxrativc,  viz.  ixi  the 
0.9 

cafe  of  an  oblong  fpheroid,  all  the  figns  after  the  firft  will  be  nega- 
tive ;  but  for  an  oblate  fp1ierotd«  ce  ^iog  negative,  the  figns  a&r 
tke"^^  ^U 'bec^iiis  aheiTOtety^/ff/ and  >«nr«/«    ^E.D. 

CoaoxLARY  I. 
The  fefics  above  will  aot  always  coatergc  fcr  an  obbtc  fpheroid, 

bb 

viz.  vrhen  d  is  greater  than  i>  or  when  ^  is  greater  than  -s,  the  feries 
will  not  converge. 

CoaoLL^at  II. 

Hence  the  fiirfaee*of  ilmilar  fphenoids^  arid  alib  of  their  like  parts, 
are  to  each  other  as  the  reAtti|^df  their  axes,  or  as  the  iWres^of 
Ae  like  dimenfions. 
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Scd.  m.  Spheroid* 

Hence  ift  term -4  =      — .      —      |» 

2d  term  -8=  — q         =      -o*o6 

3dtermC=|-jy         =s      -0*00324 

4thtermZ)=^y       =      -0-00041(^6- 

5th  term  £=^^y       =      -0*000072900 

6th  term  2^ =^^1?      =      -o*ooooij:o+ 

^    7tli  terinG^^^— y      =      -o'ooooo35'-. 

Sth  tenn  -ff=  ~^  q    =      -o'oooooop- 

the  fum  of  the  negative  terms  = -0*063  7480, 
'which  taken  from  the  firft  term  i,  leaves  •936251 
for  the  lum  of  the  feries;  and  this  being  drawn 
into  prf^  3*i4^59265x  50x40  =  6283-18531,  will 
produce  5882-6385  for  the  furface  required 

II.  For  the  oblate  Jpheroid. 

Here/==40,  r=5o,  and^=i^«^  =  y. 

Then  by  increafing  the  values  of  the  terms,  found 
above  for  the  oblong  fpheroid,  in  proportion  to» 
to  fuch  power  of  the  ratio  of  the  value  of  5^  in 
this  cafe  to  its  value  in  the  former,  whole  ^xpo^ 
nent  is  refpedlively  x  left  than  the  number  of  eacb 
term;  viz.  in  the  proportion  of  the  o,  i,  2,  3,  &^., 

power  of  ^  to  ^,  or  of  16  to  25,  or  of  64  to  100  y 

we  fhall  have 

3S  tlic 
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the  ift  tetm  =  i  x-^j  «=  i  x  i  =  +r 

ad  term  = '06 X -^  =  +0*^)9375 

3d  term  =  -00324  x  ^  ss  -0-00791 

4th  term  =  -0004166  x  — )  =  +0-00159 

1  Idol* 

5tn  term  =  -0000729  x  -^|   «=  —0-00044 


100 


oth  term  =  "ooooi^ox  —    =s  +0-00014 

• — .g 
t  100 

7tn  term  =  -0000035  x  -^j  a=  —0-00005 

8th  term  =  -0000009  x  ^|   a  +0-00002 

fum  of  the  affirmative  terms  + 1*09550 
ium  of  the  negative  terms  -0-00840 

the  difference  1.087  f 7 
then  628g-i8>53i  x  rcSyi  =  6830-4507  =  the  fm-- 
face  of  the  oblate  fpheroid  required. 

Rule  il.    For  both  Jpheroids. 

Divide  the  revolving  axe  by  the  fixed  axe,  -and 
call  the  quotient  q.    Find  the  difference  between  i 
and  the  fqiare  of  g,   and  call  the  iquare  root  df 
disat  difference  r* 

For  an  dblong  fpheroid,  multiply  •01745329  by 
the  degrees  in  the  arc  whofe  fine  is  /,  and  call 
tke  prodixdP* 

For  an  oblate  lj)hcrc»d,  multiply  2-302585  by 
the  logarithm  of  the  fum  of  s  and  g^  and  csAl  the 
produ^  P,  alfo. 

Multiply  F  into  the  fixed  axe  and  divide  the 
produ<ft  by  /}  to  the  quotient  add  the  revolving 

axe ; 


SeA.  HL  Spheroid*  ^ss 

axe ;  then  the  fiun  multiplied  into  ^  the  circumfe- 
rence of  the  greateft  circle,  viz.  into  3*141^9  &q.  and 
mto  ^  the  revolving  axe,  willgive  the  furfacerequiredt 
That  is,  potting  /=  the  fixed  axe, 

r  ss  the  revolving  axe, 

/«  3-14159  &c. 

P=s  *oi 7453*9  X  degrees  to  the 
finej^,  in  the  oblong,  and  a 
2'3 02585  X  log.  of  /+ J  in 
;  the  oblate  fpheroid  -, 


»  ■■  ■  fc 


then  -jfrxipr^the  iwface  ,of  the  fphaoid.* 

Ex  A  M  P  L  E. 

*n»6.axes  of  afj^roid  being  50  and  30,  required 
the  fiuface. 

I.  For  the  oblong ,  fpheroid.      __ 
Here /r=  50,  r=3o,  ^r.^i^.g^  s^^T^^ 

%/i-*36xs  v/-64«:*8,  which  is  the  fine  of  53-130105 
degrees.  * 

Then  53-130105  X  -01 745329  « "92729^513  «■  P, 

furface  of  the  oblong  ipheroid.  11.  Fw 


»W  ^>»^»— — ^— I 


*   DSMOMStftA'TroN. 

For  the  Htxcnt  of  ^  v'^^C^^  (tkc  fluxion  of  the  furfacc  in  the 


^emonftration  of  the  firft  rule)  is,  wh^o  jc^^^  pixA+  ^P,  where 

c 

P  =  -017453  X  degree^  in  the  arc  v^hofe  fine  is  - ,  when  a  is  greater 

Aan  J;  or  P  =  2-3025  Sec.  x  log.  of^,  when  iz  is  lefi  than  ^,  r 
being  =s  t/aaiKhh.      ^ED. 


2s6 


Spheroid. 
II.  For  the  oblate  fpheroid. 


Part  in. 


Here/a=  30,  r s=  jro,  y  =  |4  =  f ,  and  j  =  v/i  co  y 
tB\/'js:^i  hence  ^+y=:-f+|  =  |  =  3,  whofc log.  is 
'477i2i3;andjPa='477i2i3X2'302585  =  ro986i24, 

Then  30X  ry 6..4  ^^Q  ^  5°x3>  14159  ^<=- =^868'395>  18 

as  the  furface  of  the  oblate  fpheroid. 

Rule  III. 

For  the  oblofig  fpheroid. 

Find  q  and  /  as  in  the  laft  rule. 

Find  alfo  the  area  of  the  circular  middle  zone 
whofe  radius  is  half  the  quotient  of  the  fixed  axe 
divided  by  j,  and  the  diftance  of  each  end  from 
the  center  is  half  the  fixed  axe,  and  call  this  zone  z. 

Then  multiply  continu- 
ally together  z,  q^  s,  and 
3' 14159  &c.  for  the  fur- 
face  of  the  oblong  fphe* 
fold. 

That  IS,  pqrz  .as  the  fur- 
face  of  the  oblong  fpheroid 
ABDP^  where  z  is  equal 
to  the  middle  zone  EFGH 
of  the  circle  whofe  radius 

is  — .^ 


■»  ■ I  ■  »* 


*DSMONSTRAT10H, 


For  fmce  Hii  fluxioa  of  dxc  furface  BKMP  is  2^*y/l!--xx,and 

that 


4Ui 


ir 


I 

Sedl.  III.  Spheroid;  a;; 

Example. 
Taking  again  the  fame  example. 

We  have  |/-5-  i=~=  3 1*25  =  the  radiu&,  or  ($2*5 

s=  the  diameter  of  the  circle. 

Hence  (?C^CD=3r25-25=:6*25=Z)0,  and /X? 
-¥200^6*2$-^  62* s^  •!  =  the  tabular  verfed  fine,  to 
which  belongs  the  area  '04087 528 ;  and  this  taJcen 
from  •39269908,  the  tabtikr  fcmi-circle,  leaves 
•35 18238  for  half  the  tabular  zone. 

Whence  •35'i8238x2x62-5x62.5=2748'623437jr 
=  the  middle  zone  EFGH=  z. 

Then  ^^^2^= 3*1415^  &c.  x*^x  •8x2748*6234375 
=414^-8265  =  the  fiirface,  nearly  the  fame  as  before. 

r 

Rule    IV. 
For  the  (Along  fpherotd. 

Between  the  femi-conjugate  BC  (fee  the  figure  to 
the  laft  rule)  and  the  fum  of  die  conjugate  BP  and 
circtdar  arc  £Fj  find  a  mean  proportional,  and  it 
will  be  the  radius  of  a  circle  equal  to  the  fiirface 
of  the  fpheroid ;  the  circle  being  defcribed  as  in 
the  laft  rule. 

3T  That 


diat  of  the  circular  area  NLIC  as  x  V  -r  -^  xx ,  which  beine  to  die 

cc  ^ 

former  in  the  conftant  ratio  of  i  to-^ ,  their  flaents  muft  be  conti- 

aa 

nually  in  the  fame  ratio ;  and  confequently  the  furface  BKMP  3 
^^%CNLI^pqsX2CNLI:sipx?^%2CNLL  And  the  whole  fur- 
iict  ASDP J msfqsxEFG If.    ^E.D. 


jrg  SpheHoid.  Parfclin 

That  is,   multiply    continually    together   BQ. 
3P+JEF,  and  S'HiS9  &c-  for  ^«  furface.* 


Ex- 


•  Demohstratiok. 
Apply  Jj^ss  JC,.  and  draw  JR  paraUel  to  B^  tkcn  i»  >/A 
sa  the   radius  CNy  for^  by  the   coiiftru£tibn»  CN  is  s  -7=—:=^ 

^  _j^_  «  :g»  :.  i^:^  (by  fUnilar  txianglcMiJ, 

Draw  6"-^,  and  y/5  perpendicular  to  it. 

Then,  by  the- taft  rule,  the  furface  B^P  is  ssfx—yaCNE  A  or 

2CXHA  ^pxBCx  1 —^ s:^>^BCkJ^K+JS:. 

But,  by  fimilar  tnangles,  ^jr\b^i:RcIcBS'  andfiiftccC^ 

s  ^/i,  and  CA=i  B^  by  the  CDuftruftioo  ;  as  alfo  AH  ss  RC,  by 
reafon  of  the  equal  hypothenufes  CH,  JRy  and  common  bafe  AC; 
the  fourth  terms  AS^  CB,  muft,  alfo,.  be.e<|uat  tg  each  other.  And, 
confequently  thefurface  BAP  ^pxBCxAi^'^BC^p^x;;!!^:^; 
tod  that  of  the  whole  fpheroid  ^pxBCx  ATD +BF ^fixBCx 
ENF+IiPf  the  arc  ATD  being  defcribed  with  the  center  iS  and 
ifadius  RA'y  viz.  equal  to  a  circle  wJiofe  radius  is  a  mean  proportional 
between  ^C"  and  ^rD  +  i?P.    ^.E.D.  ,. 

Scholium*. 

This  conftru^ron,  for  finding  a  circle  equal  to  the  furfke  of  an 
oblong  fpheroid,  was  firft  given  by  Mr  Huy^ens  in  his  tiarologium 
OfciUatonumt  prop.  9,  but  without  demonftration. — The  conftru<5tion 
is  here  rendered  general  for  any  part  or  zone  BKMP  of  the  fpheroidy 
viz.  that  its  curve  furface  is  equal  to  a  circle  whofe  radius  is  a  mean 
proportional  between  BC  mdJ^^L^JF  or  fW+TFl  IV  being  per* 
pendicular  to  CL,  For  in  the  fame  manner  as pxBCxNE+AS  was 
found  for  the  furface- iS:^?-,  may  the  furface  of  aay  zone  BKMP  be 

found  to  be  /  X  BCx  Nl  4-  //^.  . 

'  In  imitation  of  the  two  rules  above  for  exprellTng  the  fiirfiice  of 
the  oblong  fpheroid,  by  means  of  a  circular  arc  and.  a  circular  or 
elliptic  area,  I  fliall  here  (hew  the  invcftigation  of  others  for  that 

of 
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Example. 

Taking  ftill  the  fame  example, 

;    We  have  the  radius  CAr=^=:^-|-s53i^;  th©ttas3i^: 

25  =3  CA  the  fine  of  the  arc  EN::  i :  ^  =  '8  =  the  fine 

ot 


of  the  oblate  fpheroid»  by  means  of  the  parabolic  arc  or  hyperbolic 

Area* 

I  Tkus  if  X  be  tss  the  abfci/S^-.  and  7  ss  the  ordinate  of  a  parabola 

■ 

wtofe  parameter  is  » ;  fincc  x  =  — ,  and  x  sa  -^,  the  fluxion  of  the 
—  ^^^+^  (putting  ;/i  3s  i«  s=  i  the  parameter)  ;  which  bez^g  to> 


that  of  the 


oblate  furfece,  vii*  -^  y'^^+^^x*  s  -^V  -+ 


jg  3£ri  ^/>M»+9cx  (putting  w  =  -7>  and  fuppofmg  x  =s  7)  in  th^ 

cottftant  ratio  of  i  to  2/3,  their  fluents  muft  be  in  the  fame  ration 

and  confcquently  if  P  be  put  to  denote  the  parabolic  arc,  then  will, 

2ph?  exprefs  the  value  of  the  oblate  furface,   which  therefore  ii 

equal  to  a  cirde  whofe  radius  is  a  mean  proportional  between  h  andi 

2P,  or  between  ih  and  P.    And  hence  this  conftruAioa>    Let  DEr: 

be  the  lefe  or  fixed  axe  of  the  ellipfe,  AC 

the  greater  axe,  and  F  the  focus ;  join  Dy. 

r,  and  draw  DG  perpendicular  to  DF\  bi- 

fe'^t  BG\n  H\  with  the  vertex  H  and  focus 

B  describe  a  parabola   7?/ :   Then  dmw 

any  ordinate  LK  to  the  axe  D^  niccting 

wTOi  the  parabola  in  /;  and  the  furfocc 

cenerated  by  the  arc  AL  will  be  equal  to  a 

circle  whofe  radio*  is  a  mean  proportional 

between  AC  and  the  parabolic  arc  HI,    Or 

the  furface  generated  by  AL  will  be  equal 

t«>.  tbe  curve  furface  of  a  cylinder  whofc.dia- 

inc»  is  AC  and  height  /f/.  Agfis^ 


t6o  SpMiitorD*  Part  HI. 

of  the  fimilar  arc  to  the  radius  l,  to  whicli  belong 
53-130105  degrees;  hence  53;i30i95X*oi745329 
X  3 1^=28-97  7972  =' the  arc  j&V;  thcnJBPxJBC+EN 
X3*i4i5'9&c*  =  4i44'8262  5:the  furface  as  before, 
nearly, 

R  U  L  E     V* 

For  both  fpheroids. 

Find  q  as  in  the  firft  rule,  theii  to  or  from  I 
add  or  fubtradl  f  of  j  according  as  it  is  the  ob- 
late or  oblong  fpheroid,  and  call  the  fquare  root 
of  the  fum  or  difference  A.    Or  A=:s/iziz^q.* 

Mul. 


7hy 


Again,  fincc  P=: 7 {A  b^ing  the  area  of  an  hy- 
perbola wliofe  femi-axcs  are  h  and  m^-  ahdj^  the  ordinata,  fee  cor.  7 
^^^  I  prob.  6  fed.  ^)»  the  furfacc  generated  by  AL  \v\\\  be  equal 

to  2/x-j^v'w«»+-y>— ^;  and  hence  this  conftruftion  fs  evident. 

Let  I  AT,  produced,  meet,  in  N^  with  the  hyperbola  j5iVwhofc  ver-. 
t«  is  B;  center  A,  and  femi -conjugate  axe  BG-^  draw  GK%  and  KP 
perpendicular  to  it,  and  draw  the  ordinate  N^.  Then  will  the  dif- 
ference between  the  redtangle  ACy^KP  and  the  hyerbolic  area  BN^ 
be  to  the  furfacc  generated  by  AL,  as  the  radius  of  a  cirolc  is  to 
Its  circumference, 

*  For  fmce,  by  rule  i,  the  ralue  of  the  furfece  is  iJa:  Aahby^i 
.d^         d^    ^    id^  o.cd^  ^/ 

1^  _^  ^*        d*        '  ^d^  2  cd^ 

]^  2.3    2.4.9    a.4.6.27    2.4.6.8.81  ^•^^*'^^^*^^*^^ 

taking  the  latter  of  thefe  quantities  from  the  former,  S-^auH  a/PTv? 
'     d^  s^  5d^  4^^/^V'-T^ 

^ ""^  - ^:^:^^'^.SSi  ^^- ""^ confequcntly  5=4^5/ s/i d: |i* 

iKiirly,  which  is  rule  5. 


Multiply  the  produA  of  the  two  axes  by  J*  141 59 
&C.  and  call  the  produdl  P.    ,    . 

Then  the  produdl  of  A  and  P  will  be  the  fur- 
fece  nearly. 

That  is,  pfry/i  =±=1^. 

Example. 
Let  there  be  tfiken  here  the  fame  example  as  at 
rule  I,  in  which  the  iixes  arc  50  and  40. 
Then,   I.  For  the  oblong  fpheroid. 

*Here^  =  ,^,   and  ^i  -  -^  =  ^i-h^  W^^ 

^         25'  3x251.  ,  2J  J  , 

x:y^SoS:=^jL  But  3*i4i5'9&c.x 50x40=6283-1855 
=P.  Then  AxP^  6285-1853 x'^jS ^5893-6278  =* 
the  furface  nearly. 

It.  For  the  obiate  fpheroid. 

ac  1*089725  =  4*    Then  ^XP  ar  1*0897' X  6283"  1 8531 

SB  6846-7869=:' the  furfaqe  <Df  the  obiate  fjpheroid 
nearly. 

*  R  u  L  E    VI. 

For  both  fpheroids. 

To,  or  from  i  add  or  fubtradlj^  according  as  it  h^ 
for  the  oblate  or  oblong  fpheroid,  ^  of  y,  and  call 
^'of  the  liim  or  difference  B. 

3  U  Then 


'»     n       ■  I     « 


♦  Again,  by  traufppfmg  the  two  firft  terms  of  the  fcrics  in  the  value 

of  5,  we  (hall  have  "S  — 4if^/x  i  =4;.-^- ss:4tf^Ax:  — dr ? - 

2_  2.4.5      ;i.4.6.7 


--^-V&c.  or^xS-.4^i/)j<i  ±^ss4aipx: ~±.-^ 

.3*4*6.?.9  .  .    6      "^^^       2.5.9      4-7? 
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Then  multiply  P  by  the  difierence  between  A 
and  5,  and  f  of  the  product  will  be  the  furface 
nearly. 

That  is,  fPxA--Bz::fxpfry^'i^^^-^xi^^ 
3  the  furface  nearly. 

E  XA  M  P  L  E* 

Taking  the  fame  example,  we  fhall  have 

I.  For  tht  oblong  fpheroid. 

&c.  Then -(4-5  =  '93808 --417777  =  -5203.  And 
f  X  -5203  X  <$283-i853  =  5884-2029  =  the  furface  of 
the  oblong  ^heroid  Tcry  nearly. 

II.  For  the  oblate,  fpheroid. 

9  6*9'   oxio        9       32         *twi* 

&c.  Then -4--ff=  1*0897 --4861  =: -6036.  And 
f  X  -6036  X  6283-1855  =  682<»-68o6  ss  the  furface  of 
the  oblate  fpheroid  nearly. 

Rule    VIL 

For  both  fpheroids. 

From  the  fum  or  difference  of  i   and  i-  of  q^ 

according  as  it  is  for  the  oblate  or  oblong  fphe- 

'  roid, 

—  IXsI  ^^'  "w^*c^  being  taken  from  S—  /^abp  -/i  ± |i*  ss 


4.7.27  "" 2T8781  ^^'  ^^ remainder  above  found,  leaves {.  S'-4ahpx 

Vi±\d^-^xi±id^^  ±L  ~ Jf-  &c.  and  confequcntlr 

.  2.7.27      4.8.81        ^^         ' 

wore  nearly,  which  is  rule  6.  r  r  yir       m    ^^^1:^^04 
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roid','  take  ^t  of  the  fquare  of  y,  and  call  Vr  of  the 
remainder  C.* 

Then  froni  A  fubtraa  the  fum  of  £  and  C,  mul- 
tiply the  remamder  by  P,  and  V  of  the  produ<a 
will  be  the  fiirface  of  the  fpheroid  ftill  nearer. 

That  is,  V  P  xA-B-C  =  the  furface  nearly, 
where  C=~xi  ±^y_^'-yy,  and  the  value  of  the 
other  letters  as  before. 

Example. 

Taking  ftill  the  fame  example,  in  which  the 
axes  are  40  and  50 ; 

I,  For  the  oblong  fpheroid. 
Here  again  j  =  /^  =  -36,  P  =  6283-1853,  A  = 
'93808,  5  =  -417777  Sec,  and  C=  ^y  x  i  - ^y -  y-^^ 

=  •27755.8.  Then  V  P  x  A-B-C  =  6283^1853  x 
•93628  =  5882-8206  =  the  fiirface  of  the  oblon? 
fpheroid  very  near.  . 

II.  For 

*  Farther,  by  tranfpodfig  the  firft  three  tenns  of  the  original  fe-.* 
ries,  and  reducing  the  refult  to  make  the  firft  term  of  it  equal  to 
tiat  of  the  laft  remainder,  we  fhall  liavc 

27  0  ;^Ty  t      r  2.7.27       6.8.81 

&c.  which  being  taken  from. the  laft  remamder,   f  ^J  —  /^ahp  X, 
^x±|^^-fXi:l=P^=±,^^.^^&c.W^ 

—  411^/^  X  ^T±^dd  -^4,  X  T±Jdd  —  TT  X  I  i:  i-^*  —  iiyrf*  s=  . 

—  r— i-—-  &c.  and  confequently  S  ss  ^  X  A^hp  x 
8. 12.81  '  7 

— r== ■/ '■ — ' 

27  i/id:^.^^-  12  x  i±Jdd^  8  X  J  *  j-/»  ^  ^(/S  nearer  ftilU 
and  this  is  rule  7. 


4i64  "Sf  HERQiD*  Van  Ul. 

II.  For  the  oblate  fpheroid. 
Here.  7  =  A  =  '5625,   P  -=;  6283-1853,    A^ 
J*o89725»  -5=  *48<>i 1 1>  and  C=s ^V x i+i^j - ^o^f 

=  'a^iya-  Then  v  x  a-b-c  x  p  »  1-087.2  x 

6283-1853  =  6831*079  =  die  iurface  of  tfee  oblate 
ipheroid  very  nearly. 

P  R  G  BL  EM     X. 

Tb  /«i  the  curve  furface  of  the  fmjlum  of  a  fphe^ 
void^    contained  bet'wcen.  tnvo  pluws   cutting'   the 
fpheroid  perpendicular  to  the  fixed  axe^  and  one  of 
them  pqffing  through  the  xenter. 

R  U  JL  E    I. 

For  both  fpheroidr. 

Let  /  denote  the  fixed,  and  r  the  revolving  asre ; 

put  p  =  3'i4i59  &c.  and  y  =  ■  ^^^  as  ia  die  laft 

psobletn  ;    alfo  h  =  the  height  cA  of  the  fruftum 

(ijbe  the  figure  to  rule  i  of  jM-ob.  4)  and  z  ss  ^rj^- ; 

then  will  the  value  of  the  furface  be  expreffed  by 

this  feries  p  rh)^ :  i  =fc:  j-^  z   -  -\-;  z  ^  dt  -— 4t  ^^' 

•*  2.3  2.4.5  2.4.6.7 

-r-^V::2*  &c.  or  prh  x  :  1  ^  ~Az  -  —Bz 
=^l%  ^z  -  «^-02  &c.  where  A,  B,  C,  &c.  are  the 

6.7  .0.9  7         7        7 

feveral  preceding  terms,  and  die  upper  or  under 
figns  to  be  ufed  according  as  it  is  the  qblate  or 
oblong  fphwoid** 

E  X- 

_.^^  _  ..       -  -    -         •  •      —    -  ^"  •'  .  ~ " "  ~         —  —  " "     '" 

*  See  the  iaveftigation  of  rule  t  of  the  laft' problem. 
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E  X;A  M  F  L  E    L 

What  is  the  furface  of  the  fruftum  of  a  fpherDid 
whofe  height  is  .15  s  the  diameter  of  the  greater 
fxid  being  40,  aad  that  of  the  \dh  32?  ^\ 

Here  CO  =  40  =  the  revolving  axe,  2^5^52, 
aiid  IlH=cA^  iS'y  hence  HC-Cc-AB-^y  md 
ffO  ^Cc  +  AB-  36.;  and  confequently,  by  cafe  5 

prob.  2,  we  have  as  \/CH  x  HO  '^  12  :  HB  =  15  :: 

CO  ^  40  :  772  =5  ^^^^  ==•  50  =  the  fixed  axe,  which 

flievrs  that  the  fruftum  is  that  of  an  oblong  iphe- 
roid. 

Then,  as  in  the  example  to  rule  i  of  the  lafl 
problem,  /=  j:o,  f  =  40,  y  =  tV  =  "3<^.    But  h  =  15^ 

^**  y7  '       25^50x50  y 

Hence  the  lil  term  ^  SB       —       +l* 

2d   -—   jB  =  rr^^  aB-o'o2i6 
3d    —    Ca  -^5z  «B-o'oop4i99+ 
4th  —    D=  I^Cz  «=-o*ooooi95- 
cdi   —    £=«  q4-02  =— o'oooooi2+ 
6th    — ■   -Fsac  ~7-jEz=s— 0*0000001 — 

la.  1 1  ■    ■ 

the  fum  of  the  negative  terms  is  -0*0220407, 
which  taken  from  the  firft  term  1*0000000, 

leaves  0*977^593 
for  thcvalueof  the  infinite  {erks ;  which  being  drawn 
into  prh  =  3*14159  &c.  x  40  x  1  j^  =  i^9^'^SSS9'^\ 
produces  1843*4098^x2  for  the  iurface  required. 

3  X  Ex- 
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£  X  A  M  P  L  £    n. 

It  is  required  to  find  the '  curve  furface  of  the 
fruftuxxi  2 c ABC  of  a  fphercud  yrhofe  height  is  i6; 
the  diameter  of  the  greater  end  being  50  and  that 
of  the  lefs  30. 

Here  the  revolving  axe  TR  =  50,  jffC=  AB  =  i  ^ 
and  BH  ^  Ac  ^  15  ;  hence  AR  :=:Rc'-cA=:  10, 
and  AT=^  Tc  +  ^-4  =  40  j  then^  by  cafe  3  prob.  2, 

we  ihall  have  as  \/ARxAT=z  20  lAB  rz  16  y.TR 
ss  50 :  CO  =  ^^^^  =  40  =  the  fixed  axe,  which  in- 
dicates the  fruftum  to  be  that  of  an  oblate  iphe* 
roid. 

'  Wherefore  /«:  40,  r  =s  50,  9  a  VV,  j&  as  16,  and 

47^^        4x9xl6xi6         36  .         u*  1.  u  •  1. 

^  =  •:^  =   16.40x40  =°  TTo  =  36,  which  bemg  the 
fame  as  the  converging  quantity  q  in  the  example 
to  rule  I  of  the  laft  prob.  the  feveral  terms  of  the 
feries  muft  be  the  fame  as  there  founds  viz. 
the  ift  term  w^  a  +1 

2d    —    5  a  +o*od 

3d    —    C  =  -0*00324 

4th  —  jD  =s  +0*0004 1.(56— 
5th  —  £  =  —  0*000072900 
6th  -—  F  =5 +o'ooooi5o.+. 
7th  -—  G  s  —  0*0000035' - 
8th  —  H  si^  +0*0000009— 
9th  — f    I  ^  —0*0000002+ 

fum  of  the  aflBr.  terms  »  +1*0604325 

fum  of  the  neg.  terms  a  —0*00^3166 

their  diflSarence  «     1*0^71151^,  the.  vahie  of 

the 


\ 


.-  •• 
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tite  feiics  J  which  being  drawn  into  prh^  3*^4^59 
&c.  X  50  X  16  s=  2513-27412287,  will  produce 
2656*822036  for  the  furface  of  the  oblate  fruftu» 
required. 

Rule   II. 

For  both  fpheroids. 

I.  Multiply  the  fquare  root  of  the  diflfercnce  of 
the  fquares  of  the  axes  by  the  height  of  the  fruT 
ftum,  divide  the  produdl  by  the  fquare  of  the  fixed 
axe,  and  call  the  double  of  the  quotient  q. 

W77 


2DVJJ  ^rr 


That  is,  $;=  — yp — ,  b  being  the  height  of 
the  fruftum,  /the  fixed,  and  r  the  revolving  axe. 

2.  In  the  objong  fpheroid,  call  the  fquare  roof 
of  the  difference  between  i  and  the  fquare  of  y> 

A.  But  in  the  oblate  fpheroid,  let  A  be  the  root 
of  the  fum  of  i  and  the  Iquare  of  yi 

That  is    ^=  Wrr^iixilie  oblong, 

.  t>/i  +  y?  in  the  oblate. 

•  3,.  In  the  oblong  fpheroid,  let  the  produft  of 
ro 1 745329  and  the  degrees  whofc  fine  is  q  be  called 

B.  But  in  the  oblate  fpheroid,  let  B  be  the  pro* 
du£l  of  2*3p2585P9  and  the  logarithm  of  the  fum. 
of  q  and  the  root  of  the  fum  of  i  and  the  fquare 
ofy. 

That  is,  J?  « 
'01 74  &c.  X  degrees  whofe  fine  Ts  q  in  the  oblong^ ^ 
2*302  &c.  X  log.  of  J  +v/i+j^  in  the  oblate. 

4;  Divide* 


:^ 


.  ■        » 

/jgg  Spheroid*  Pa"  lU. 

4.  Divide  jB  by  q,  to  the  qtM^lent  add  ^,  mut- 
tMy  the  fum  by  the  confinual  produ6l  of  the 
height,  the  revolving  axe,  and  the  number  3*H*59 
&c;  and  the  half  of  the  laft  produdl  Wt\\  be  the 
furface  required. 

That  is,  -^/>r^  X  ^  +  f  «  the  furface  * 

Example!, 

•        •  •  " 

Let  there  be  taken  here  the  firft  example  to  the 
laft  rule,  in  which /is  =  50,  r  =  40,  and^  =  i^. 

Then '-^^S^' *  ^-^  =  ^  - -3^  «  ?•    And  ^ 
inen        yy  50x50      25        ^         •« 

=  v/T^  =  y  1  -  ,V  "  ^  =  -pSSpi-^S.  Alfo 
tKe  fine  (y=)  '36  anfwers  to  2  r  1001965  degrees, 
which  beitig  drawtx  into  •01745329,  will  produce 
-3682678  =  ^. 

Hence  J  +  ^  x  ^-^r/?  =  -9779593  x  1884-955592 
ss  1 843*40985 1 2  «  the  furface,  the  feme  as  before. 

Example  II. 

Let  there  be  taken  the  oblate  fruftum  in  the 
fecond  example  to  the  preceding  rule,  in  wliich 
the  axes  are  50  and  40,  and  the  height  16. 

Here  then  /s=  40,  r  «=  50,  and  A  «  16;   hence 

ff  40x40       5  ^  '  ^  ^^ 

V  1  +  ^    ^  Tv/34  =  I'l 66190^8  =  ^j  likewifc 

*  -  ^  -  ■    ----^ —  -   ■ ■  ■  ■-■ ■         •     ■'"■• 

*  For  this  is  the  fluent  of  the  fluxion  of  the  furface  in  the  in* 
vcftigation  of  the  rules  in  the  laft  problem. 


^  N»- 
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y+v/iH-yy=  17^^190^8,  whofe  logarithm  is 
^2470375^7,  which  being  drawn  into  2*3025850^ 
will  produce  •56882503  =;  B. 

Then  A+-  x  \prb  =  1-0571 16  x  2513-27412287 

=  2656-822287  =  the  furface,  nearly  the  fame  as 
before* 

Rule   III. 

For  the  oblong  fpheroid. 
1 .  Divide  the  fquare  of  the  fixed  axe  by  the  root 
of  the  difference  of  the  fquares  of  the  axes,  and 
call  the  quotient  d. 

That  is,  d  =  -7# 


Vff-  rr  . 

2.  Find  the  area  of  the  circular  zone  whole  dia- 
nieter  is  rf,  and  its  height  from  the  center  equal  to 
the  height  h  of  the  fruflum  of  the  fphcroid,  and 
call  thfe  area  of  that  zone  z. 

3*  Then  as  the  diameter  of  the  circle  is  to  the 
circular  zone,  fo  is  the  circumference  of  the  greateft 
circle  of  the  fpherold  to  the  fiirface  of  its  fruflutn. 

That  is,  as  d:  zv.prr-^^^  the  furface  of  Ac 

frpftum.*' 

Example. 

It  is  required  to  find  the  furface  of  the  fruftum 
of  an  oblong  fpheroid  whofc  height  is  15,  the  axes 
being  50  and  40. 

^ff'-rr  SO  3 

meter  of  the  circle.  3  Y  And, 


^  Thts  is  the  fiune  xdth  mle  3  to  the  laft  problem)  ealy  iuprc&d 
is  other  tenns. 


And,  by  meang  of  the  table  of  circular  areasi  tfa^ 
area  of  ^e  zone  >will  be  found  to  be  *  17603^268 


3 


Alfoprsz  3'14!5^  &c.  X4x»afetfae  greateft  ckcwn* 
ference  of  the  fpheroid. 

Then,  as  ^  :  •17603268  x  ^* ::  3-14159  &c.  x 

4o:'i76o3268x3-i4i59&c.  x4ox^=  i843*4099 
s  the  furfacey  nearly  the  fame  as  before^ 

R  u  L  E   I V.  • 

For  the  oblong  fpbcroid. 

Let  BKMP  be  the  fruftum  whofe  furface  is 
Jbught,  [figure  to  rule  3  of  the  laft  prob.]  NL  0  a 
quadrant  of  the  circle  mentioned  in  the  laft  pro- 
blem J  draw  CIi,  and  IV  perpendicular  to  it. 

Then  the  furface  ^f  the  fruftum  will  be  equal  to 
the  circle  whofe  radius  is  a  mean  proportional  be- 
tween BC  and  NL  +  IV.    Or  the  furface  will  be 

equal  to  the  continual  produdl  of  NL  +  /r,  JSC, 
and  3*i4i5'9  &c.* 

Example. 

Let  there  foe  taken  here  the  fame  example  as  be* 
fore,  in  which  the  axes  are  50  and  40,  and  the 
height  15. 

■ 

Then  fince,  by  the  example  to  the  laft  rule,  CL^ 
CN^  ^,  we  fhall  have  as  CL  =  ^^  :  Zr  =  1 5  :: 

ft 

*  This  is  proved  at  rule  4  to  the  laft  problem. 


SeA.IIL  Sr^nrmt^iiu  sy^ 


s  S3  nuHus : ^' ^  ^^dsithe  fine  ii  2iHooi^6j  de^ 
grees,  which  are  thofe  contained  iii  the  arc  NLy 

and  tiicrejFbre  *.oi  745329  x  ii'iooij^^^,  x  ^  =& 
15*3444958  =  ^L*  And^  by  fimilar  triangles^ 
(fince  IL  =  s/Z.C» ;- j?/^"  =,  V^^l* -  15^  =  ^^ilil  = 

38-8730126)  as  CL-  ^  :  Z./.::  C/^  15  :  TT  = 

13-9942845.  ^ 

And  hence  Nt+'TP'  x  3*141^9.  &c.  )<  j$C  »; 
2^9*^387803  X  3*14159  &c.  X  20  =  1843*409^^^  :5 
i£e  fiif^e,  nearly  the  fame  as  before. 

R  U  L  E    Y. 

For  both  J^hcroid^ 

The  jth  rule  to  the  laft  problem  will  fcrVe,  tf 
inftcad  of  ^  we  vife  2,'  as  found  in  rule  i  of  thisv 
|MK)bkn>,  and  h  the,  height  inftcad  of  /  the  fixcdi 
axe.  .    ;  •  ••••■:.         :    * 

That  4^  prh%/i  =fc  ^%  =  the  M%ct  nearly., 

£  X  A  M  P  L  £     L  /\  -^ 

Taking  the  6me  example  ^s  in  the  laft  rulq. 
we  have  r  =  40,  />  =  15,  and  z  (found  in=  the  firft 
^example  to  ndc  1)  as'iip^i. 

.  Gbnfeqncntly  prit-i/i-^^z  a  ♦884^9 jr5^ji9a.-K 
•97816  ^  t843-7879  =f  the  iSKfaae.jjicj^^y.        •  •   _ 

Ex  A»rp'L  E    H.:        ' 

If  we  take  the  obtatc  fruftum,  whofe  licig^t 
is  id|  and  die  axes  40  and  50;  we  fhall  have 

r  = 
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rs5t>,  h:rt6f  VLCid  z  (fonnd  id  the  fe^ond  example 
to  rule  i)  =  *i6. 

:-. Then  prh ^/i+.^z  =  25i3:?74i2287  x  rojSj. 
:=!  2659*797  =  the  fu^ace  nearly. 

.  R  u  L  E  -  VI. 

jFc?r  both  ^heroids. 

This  rule  ,will  be  the  fame  as  the  6th  rule  to 
the  laft  problem,  ufing  z  inftead  of  j,  and  b  for  f 
as  in  the  laft  rule. 


••a-B^B-a^ 


Thatis,  fPx^-ii  =  f/>ri&xv/id:^2-^x  i=ti^2 
=  the  {Virface  nearly. 

Example  I. 

% 

\    Taking  the.  i  ft  example  to  the  laft  nile,  We  hava 

P=:  1 884- 955592,  ^  =  \/ 1  -  iz  s=  •97816157,  and 

-B  =  ^  X  i-^z  =  '43484444, 

Then  ^PxA-B  s=  i884'955592  x  "97797  =» 
1843*4298  =  the  furface  nearly. 

Example   II. 

Taking  here  the  2d  example  to  the  laft  ruld^ 
wcJiave  P  at  pro  =  2513*27412287,  A-x/i-i-^z 
a  1  •0583005,  -and  J5  «  f  X  i^t-yz  a  '471. 

Then  f  P  x  -4- -8  =  2513-27412287  x  1*05694051 
.,«»  2656*382 1  s=  the  furface  nearly. 

RtILk 
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.    Rule   VII. 

For  both  fpheroids. 

This  rule,  alfo,  will  be  the  fame  with  the  7th 
to  the  laft  problem,  xifing  z  and  h  inftead  of  q 
and/.  

That  is,    V^  X  ^-if-C  =  \',prh  y. 


x/l  dfc  |Z  -  I'  X  I  11=  i-2  -  -/y  X   I  =t:  i-2  -  -^'-^ZZ  =s  the 

furface  very  nearly. 

Example   I. 

Taking,  flill,  the  fame  example  of  the  oblong 
fpheroid,  wefliall  have,  as  before,  P=  1884*955592, 

J  « -978 1 61 57,  and  5  =  •43484444  J  alfoCs=~x 

- 

l-i-z- Vo22  =  •28977188. 

Then    y P  x  A-B-C  =  1884-955592  x  '977^6 
=  1843*411  =  the  furface  very  nearly. 

Example  IL 

Let  there  be  taken,   again,   the  oblate  fruftum, 
in  which,    as   before,    P  =  251 3*2741 2287,    A  = 

1-0583005,  and  i3  =  *47^  ;  alfo  C=  /r  x  i'+l"z-~^'72z 
=  •31311407.    

Then  y^x^-^-^=  25i3*i74i2287xi'057i4 
=  2 65 6*8825. =:  the  furface  very  nearly. 

1       .  .  »      S  C  H  O  L  I  U  M. 

It  is  evident  that  the  double  of  the  fruftum  will 
give  the  middle  zone  ;   and  that  the  fruftum  be- 
ing added  to  or  taken  from  half  the  fpheroid,  will 
give  the  greater  or  lefs  fegment. 
:      '  3  Z  Pro-* 
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P  R  OB  l4  B  H    XI- 

'    *  To  fnd  ibt  foUdity  of  a  Jfberoid. 

R  V  L  E  L         * 

Multiply  continually  together  ilie  fixed  axje,  .  Ae 
fquare  of  the.  revolving  axe,  and  the  number 
•52359877  &c.  (=  T  of  3-I4I59  &c.),  and  the  Uft 
produiS^  vnll  be  the  content  required. 

That 


A. 


*   De  M  O  N  S  T  R  ATI  O  N. 

Put  /«  Bf  the  fixed  fcnM-axe,  pfig.  to  ptdp.  x  fcft.  2]]  r  5=  IM 
the  revolving  femi*axe  of  the  fpheroid,  axz  SI  any  femi^diaiBeter 
of  the  fetftion  NBMy  h  ra  /AT  its  femi-conjugate,  y  as  JEsol  or- 
dinate to  the  diameter  5'/,  or  a  femi-axe  of  the  elliptic  fe^on  j4FC 
parallel  to  A'i,  and  z:si  EF  its  other  femi-axe,  aJlb  x^zEI^  /as 
the  fine  of  the  angle  SEJ  or  of  the  angle  SIK  to  the  radius  i, 

and  ^  ==  3*»4i59  ^c. 

Then,  by  the  property  of  the  ellipfe  A!^£.,  am  iH  ::  aa^^xx^ 

Ih  X  ^^—^ —  ss:  yy  ;   and,  by  prop,  i  fefi.  2,  3  :  r  ::  jr  :  ^  s=  z : 

but  the  fluxion  of  the  folid  KACL  is  fiyzx  s;:  (by  writiiji^  for 

f'y\  psryyx         / 
z  its  value  -fl^L'^'^  yf  fubftitating  for  yy  its  valme  hB  X 

-Hii^Y  /iJir*  X  — —  =5  (by  putting  for  aBi  its  value  /•/) 

pfrr.x  X ^  ;   and  hence  the  fluent  or.  pfrrx x-     '^y^ 

aaa  aaa 

will  be  the  va^e  of  the  fraftum  KACL ;  v^ieh,  when  RJ  or  x 

becomes  IS  or  i,   gives  ypfrr  for  the  value  of  the  femi-fpheroid 

/fSL  ;  or  the  whole  fphecoid-  ss  ^fFRR,  pitting  F  and  R  for  the 

whole  fixed  and  revolving  axes.     ^E.D. 

C^R.OLLARY    I. 

.From  the  foregoing  demonftration  it  appears  that- the  vaij^  of 

the  general  fruftum  KACL  ia  expreiTc J  by  f/rrx  X  '    ■^.■X,..'  . 

uMa 

And 


aa  — 


\ 


That  is,  ipttc  =  the  oblate,  and  ^ptcc  =  the 
oblong  fpheroid,  where  p  =  3*  14 159  &c.  /  =  the 
tranfverfe,  ajid  c  =  the  conjv^ate  axe  of  the  genera- 
ting  elUpie* 

EUL£ 


4MM»> 


Aod  if  for  />  be  ftibftkttUd  its  value  ^ ^z,  it  will  aUo  be  «k^ 
preffod  hy  pin X  X ^^ — • 

X  X  y  V 

AUp>   if  fop  aa-  be  put  its  valve     ,_ — ,  the  laftexpr^oawiU 

become  /r/x  X  -. 7-=^  or  psx  X  ;  which,  by  wn- 

ting  z  infiead  of  its  value  -^,  gives  fsx  x -^-^  for  the  value- 

of  the  {raftunx,  viz.  The  fuxn  of  the  area  of  the  lefs  end  and  twice 
•  that  of  the  greater,  drawn  into  one-third  of  the  altitude  or  diftaace 
of  the  ends. — And  out  of  this  lafl.  expreilion  may  be  expunged  any 
€»ie  of  the. four  quantities  b^  r,  y^.  z,  by  means  of  the  proportioa. 
^  :  r  \i  y  :  2. 

When  the  ends  of  the  fruftum  are  perpendicular  to  the  fixed  axe, . 
dien  tf  is  =/;   and  the  value  o€  the  fruftum  becomes  prrxx  X 

1    *fJ'-*'  &r  the  ralue  of  the  fro&um  whofe  end*  are  perpendlcul^ 

to  the  fixed  la?* .  its  altitude  being  x. 

And  when  the   ends  of  the  firufhxm  are  f^arallel  to  the  fixed 
axe^    a  is  =s  r,    and   the  exprefilpn  for  fuch  a  fruftum  become : 
rr  —  i-x* 

/Ax ^—^ 

Coaoi..LAar'  {I. 
If  to  or  from  \pfrT^  the  value  of  .the  femi-jpieroid,  bc^a^del 

or  fubtra<aed  pfrrx  X ^ — >  the  ^rahie  of  the  general  £rtl«. 

'  aaa  ^ 

ftum  KACU  there  will  refwlt  pfrrhhy.- X-  for  the  vajpc  dfe 

,%  general  fegment,  either  greater  or  lefi  than  the  femi-fphe^oid, . 
whofe  height,  taken  upon  die  diameter  paffiog.thcough  its. vertex 
and  cheater  of  iu  bafe,  is^ii  as^i  db'X-  ' 

Whei^ 
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R  u  L  E-  n. ' 

.  Multiply,  the  area  of  the  generating  clli|xfc  by  \ 
of  the '  revolving  axe,  and  the  produ<5l.wifl  be  the 
content  of  the  fpheroid, 
♦     .  .  That 

When  a  coincides  with  /,    the  above  exj^relfion  becomes  /rr^i 
X       ^J-  for  the  value  of  a  fcgment  whofe  bafe  is  perpexvdicukir 

to  tie  fixed  axe.— And  here  if  we  put  R  fbr^the  radius**'i3it'tli«*'fcg- 

RJiff 
ment's  bafe,  and  for  rr  its  value  —  ■,  ■     ,  ,,  the  exprefllon  for  the 

2fh  —  bh 

of^ih  ■  .  -  .  • 

faid  fegment  will  become  ^pRRhy.  ^^yzTJ ' 

.  And  when  a  coincides  with  r,   this  general  exprefllon  will  be  - 

come  ffJIfA  X —-  for  the  value  of  the  fegment  whofe  bafe  is 

parallel  to  tlie  fixed  axe. — And  if  we  put  F,  /?,  for  the  tWo  fcmi- 
axes,  of  the  elliptic  bafe  of  this  fegment,  refpedlively  corrcfponding 
or  parallel  to/,  r,  the  femi-axes  of  the  generating 'cllipfc,   when 

f 
parallel  to  the  bafe  of  the  fegment,  and  for  ^  and  r  fubilitute  .their 

r»  R  If  ^  h^ 

"values  -7-  and  7 ,    the  faid   fruHum    will   be   cxprclTed   by 

R  20  '  * 

iRR  -^  hh 
.  \pFh  y.' —  ^  ^ —  f  in  v^'hich  the  dimeniions  of  itfelf  only  arc  con- 

"•cerned. 

Corollary  III. 

» 

A  fcmi-fphcroid  is  equal  to  ^  of  a  cyUnder  or  to  double  a  cone 
of  the  fame  bafe  and  height,  or  they  are  in  proportion  as  the  num- 
■'hers  3,  2,  I.    For  the  cylinder  is  =  4 »/'"''  =  V  »/V'">  the  fcmi- 
fphefoid  ss  t^nfrr^  and  the  cone  :=  ^njrr^ 

Corollary   IV, 

When  y=r  r,  the  fpheroid  becomes  a  fphere,  and  the  exprefllon 
Xfnrr  for  the  femi-fphcroid  becomes  ^n.r'^  for  the  femt-fphere, 
:4is  in  prob.  24  fe£l.  i. — 'And  in  like  masiner,  /  and  r  being  fuppofed 
equal  to  each  other  in  the.  values  of  the  fruftums  and  fegmcnis 
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Spheroid* 
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That  is,  \tA^  the  oblate,  and  |r^  =  the  oblong 
fpheroid ;  where  A  is  the  area  of  the  ellipfc. — ^And 
this  rule  is  evidently  taken  from  xbk  formec- 

'4  A  E3C- 


of  a  fpheroid,  in  the  preceding  corollaries,  will  give  the  values  of 
the  like  parts  of  a  fphere. 

CoaoLLAi^Y  Y. 

AH  fpheres  and  fpheroids  are  to  each  other  as  the  fixed  ax9 
drawn  into  the  fquares  of  the  revolving  axes. 

COHOLLART    VI. 

Any  fpheroidsy  and  fpheres,  of  the  fame  revolting  axe^  as  alio 
their  like  or  correfponding  pvts  cut  off  by  planes  perpendicular 
to  the*  faid  common  axe»  are  to  one  another  as  their  other  or  fixed 
axes.    This  follows  from  the  foregoing  corollaries. 

Coaoxi^ART  VII. 

But  if  their  fibred  axes  be  equal,  and  their  revolving  axes  ime-i^ 
qual,  the  fpheroids  and  fpheres,  with  their  like  parts  terminated  by 
planes  perpe&dicul&r  ta  the  common- fixed  axe,  wUl  be  to  each  othfr 
as  the  fquares  of  their  revolving  axes. 

C  oa  o L  I.  A  x  y  VIIT. 

*        » 

An  oblate  is  to  an  oblonff  fpheroid  generated  firooi  the  iame  eI-< 
l^J^£t9  as .  the  longer  axe  of  tBe  ell^fe  is  to  the  fhorter.  For,  if  T 
be  the  tranfverfe  axe  and  C  the  conjugate,  the  oblate  fpheroid  will . 
be  =  \nT*Cy  and  the  oblong  s  \nC*'T\  and  thefe  quantities- 
are  in  the  ratio. of  7  to  £*•         . 

CoROLLAa-T    IX. 

Alud' if  about  the  two  axes  of  an  ellipfe  be  generated  two  fpheres  . 
and  two  fpheroids,  the  four  folids  will  be  continual  proportionals, 
whofe  common  ratio  will  be  that  of  the  two  axes  of  the  ellipfe ;  th^it 
is,  as  the  fphere  upon  the  greater  axe,  or  greater  fphere,  is  to  the . 
bblate  fpheroid,  ib  is  the  oblate  fpheroid  to  the  oblong  fpheroid,  fo^ 
Is  the  oblong  fpheroid  to  the.lefs  fphere,  a^ul  fo  is  the  .tranfverfe  axe; 
to  the  conjugate.  Fdr  Aefe  four  bodies  will^e  as  r^  T^C,  TC^^ 
O,^  where  each  tenn  is  to  the  confequent  one  as  7  to  C*. 


578  S^H»B:^>Im  Twt  III, 

E  X  A  M  F  L  B. 

Reqroifcd  the  <;«BWnjt  of  an  oblate  aiwl  pf  ai» 
<4)long  fpheroid,   the  a^s  being  50  and  30. 
.    Firft^  io  X  3,0  X  78529816  =  I  I.Z8-09724  =  the 
area  of  the  ellipfe. 

then  1 178-09724  X  f  X  36  =:  iss^v^Q  izx^^ 

oblong  fpheroid. 

And  1 1 78-09724  X I  X  50  =  39269-908  =  the  ob- 
late one. 


•    «     • 


Problem   XII. 

« 

T^frid'thc  eiMtMt  qf  the  frufium  <^  ^i' Jpbcr^tdyits 
ends  hexTtg  perpendicular  fOi  one  of  the  apces^  and 
one  of  them  p<ijfmg  through  the  f^e^ter. 

R  V  i^  £    L 

.  V1*o  tke  arei  of  thci  Ictfe  end  ad^d  twice  that  of 
d)ye  greaiKer,  multiply  the  fum  by  dbe  altitude  o£ 
the  fruftum,  and  y  of  Ac  prodtwft  Will  be  the  con- 
tent. — ^By  corollary  i.  Xfy  the  laft  problem. 

That  ift,  2i>^  -+  4?/*  X  \ain  5:  the  fruftiwn  wbofe 
ends  are  perpendicular  to  the  fixed  axe,  where  D 
U  the  diameter  of  the  greater  end,  d  is  that  of  the 
-lefs,  a  the  altitude,  and  n  =  785398  &c. 

And  ^TC+tcx\iin^xkt  fruftum  whofe  ends 
,are  parallel  to  the  fixed  axe,  where  T  and  C  are  the 
tronfTerfe  and  conjugate  axes  of  the  greater  eod, 
and  t  and  c  thofe  of  the  lefe  end. 

Note  I  It  is  evident  that  the  doubk  of  the  fruftum 
will  giv^  the  conteiit  of  the  zone,  or  fphcroidal  caflt. 


» 


.-  r; 


There  is  a  calk  in  the  form  of  me  raiddle  £rw* 
(tttfi^  ^F  zoi^  of  a&  oblong  fpheroid,  th^  bung  dia 
meter  is  •  30,  the  bead  diameter  1 8,  and  the  length 
of  the  calk  is  ^o  iiicbiss  j  what  is  ttue  content  in 
^le  and  wine  gaHoiis.      ^  *  , 

Here  D  =  30,  d-  18,  and  a  =;;  40^ ' 

Wherefore-  TWVd^  x  ^aip  ^  'i"x"36^%  18^  x 
•2618  X  40  =  2i*4x  io;47:j  =  22242'528=:the  con- 
tent in  inches,  * 

^  'Tfeen,  'fiftee  the  gallon,  ajemeafurc  contains  ^82 
€ubi€  inelies,  and  the  wine  gallpn.  23 1^ 

yff'c  have  ^^^^^^  =  78-874  ale  gallons* 

:    M4  ^^^'^l^r  '  ^  9^aB8  wine  galboiis,    ' 

-  •    .     '  •  '         £iC  A  BfPL  E    II. 


#  •  • 


If  a  veflel;  in  the  forpi  of  t;fic;  iRiddle  firuftum 
t)f  an  -oblate  fplieroid,.  h^kc  tjie  diameter  qf  eacii 
end  409.  in  the  middle  50,  and  its  lengd^  18  inches ; 
^hat  is  its  contei^t  in  ale  and  wine  gallons. 

Here*  2 2?*  +  /^  x  ^an  =j  zx  5a*  +^0^  x  '2i6i8  >c 
18  =  118800  x'26i8  =  3iior84cubic  inches* 

Then  ^"^g'^  -  =  1 10*29  ale  gallons, 
-  ^  And  ^^^7T  =  134'%  wine  gallons. 

¥s}i  AM  J  LE    IH. 

_  .  ia  ^e,  f niftum  of  aji  Qbl^i^g  iphjccoid,  thp  ^eatd: 

end^  is  the  generating  Hlipfe  whofe  axes  are  jro 

"It  and 


-mJV^*"' 
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and  30,  the  axes  of  its  lefs  end  40  and  24,  and 
its  height  nine  inches;  required  the  content  in 
^inch^er  buihels. 

Here  2TC+tcx.  ^an  =  2x50x30  +  40x24  x 
•2618x9=:  9330-552  cubic  inches. 

But  268-8  inches  =  a  gallon,  or  2150-4  =  a  com 

bufhel. 

And  therefore  ?f|2^  =  4*339  bufliels. 

Example  IV* 

In.  the  fruftum  of  an  oblate  Tpheroid  the  greater 
end  is  the  generating  ellipfe  whofe  axes  are  jo  and 
30,  and  the  height  is  20  inches  j  required  tie  fo- 
Hdity. 

Here,  by  the  nature  of  the  ellipfe,  as  s^*  3^:: 

y 25T20  X  25-20  =  v^45x7  =   15  ••  —^  =  9 
ss  the  femi-conjugate  axe  of  the  lefe  end. 

And,  by  prop,  i  fc<ft.  2,  as  30 :  £0  iij :  15  =;  the 
femi-tranfverfe  axe  of  the  lefs  end. 

Then  2TC+tc  x  ^na  zz  2  x  50x30  4-30  x  18  x 
•2618  X.20  =  ii8x3ox2ox'26i8  ss  70800  X '2618 
^  18535*44  cubic  inches. 

Rule  IL 

From  3  times  the  fquare  of  the  femiraxe  perpen- 
dicular to  the  ends  of  the  frvftum  fubtradl  die 
fquare  of  the  height  of  the  fruftum,  then  multiply 
the  diflference  by  y  of  the  height,  and  the  produfk 
by  3* X 41 59  &c.  and  call  the  laft  produft.P*— 
Then 
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1 .  If  the  ends  he  parallel  to  the  fixed  axe^  As  the 
revolving  axe  is  to  the  fixed  axe,  fo  will  P  be  to 
the  content  of  the  fruflum.  '  ' 

2.  When  the  ends  are  perpendicular  to  the  fixed 
axe^  As  the  iquare  of  the  fi^Dsd  axe  is  to  the.  fquare 
of  the  revolving  axe,  fb  is  P  to  the  content  of  the 
fruitum. 

a/V—  hb 

That  is,  ^^^=^^y —  %  phrr  will  be  the  fruftum 

whofe  ends  are  perpendiculan    And  ^^^""     x  phf 

=  that  whofe  ends  are  parallel  to  the  fixed  axe ;  / 
being  the  femi-fixed  and  r  the  femi-revolving  axe^ 
h  the  height,  and  p  =  3*14159  &c. 

Example  I. 
If  the  axes  of  an  oblong  fpheroid  be  50  and  30, 
required  the  content  of  a  fruftum  whofe  ends  are 
perpendicular  to  the  fixed  axe,  and  one  of  them» 
paffing  through  the  center,  the  height  of  the  fru- 
ftum being  20  inches* 

Here  ^^Q^^    xj>/?rr  =  ^''^^^^^J/''*  X3*i4i59&c. 

X  20x15*  =i475x3'i4i59&c.  X  'y  =  11121*23799' 
=  the  content  required. 

E  x  A  M  P  L  E   11. 

If  from  the  fame  fpheroid  be  cut  a  fiiifhim 
whofe  height  is  9,  the  ends  being  parallel  to  the 
fixed  axe,  and  one  of  them  pafluig  through  the  ' 
center,  what  will  be  its.  content. 

•   Here— p—x/>V^=^-^^^7j-5^x  9x25  xj-i4r5<> 

&c.  =  594  X  j:  X  3*14159  &c.  =  933o*5'3oi8  =  the 
cont€iit  required. 

4B  Ex- 


« 
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E  X  A  M  P  L  E    ill. 

If  from  an  oblate  fpheroid  whofe  axes  are  for 
diid  30,  a  fruftum  whofe  height  is  9  and  ^hoie 
ends  are  perpendicular  to  the  fixed  axe  be  cut,  wjutti 
trill  be  its  folidity. 

Here  ^^^^ff-  x  i>Arr  =  '^^^^^J    x  9  x  25'  x 

3-14159  =  594  X  V  ><  3*14159  &c.  =  ii'55«*883<$3 
=s  the  content  required.  .  .• 

E  X  A  M  P  L  E  IV. 

In  the  fame  fpheroid  it  is  required  to  find  the 
content  of  a  fruftum  whoie  height  is  20,  the  ends 
being  parallel  to  the  fixed  axe. 

Here.  2-^; —  x  phf  =  ^-  ^\- —  x   20  x  15  h 

3*i4i59&c.=  1475x4x3-14159  &c.  =  \^SZS*l^^^S 
=  the  content  required. 

...  V 

*  • 

/ 

Problem  XIII» 

To  /&«</  the   content  of  a  ff  heralded  cajky    %9t  fuU^: 

Jlanding  upon  its  end,  the  axe  being  perpendicular, 

to  the  horizon.     That,  is ^  qf  the  frujlum  of  an  oh^ 

long  fpheroidy   the  ends  being  perpendicular  to  the 

axe,  but  neither  of  them  pajftng  through  the  center. 

R  U  t  B. 

Multiply  the  difierence  of  the  Iquares  of  the  bung 
and  head  diameters  by  4  times  the  fquare  of  the 
di&rence  between  the  height  of  the  liquor  and 
half  the  length  of  the  calk,  and  divide  the  pra-j 
,     ;  '  dua 
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dudl  by  the  fquare  of  the  length  of  the  cafk  ;  fub- 
tradi  the  quotient  from  ^  times  the  fquare  of  the 
bung  diameter,  and  multiply  the  remainder  by  the 
aforefaid  difference  between  the  height  of  the  liquor, 
and  ^  the  length  of  the  calk ;  then  the  produ(5l 
ulultiplied  by  "261 799  &c.  (=  y  of  78539  &c.)  will 
produce  the  quantity  by  which  the  ckfk  is  more  or 
lefs  than  half  fbllj  and  which,  therefore,  being 
added  to  or  taken  firom  half  the  content  of  the 
<^afky  will  give  the  content  of  the  part  filled. 

'  That  is, 2F+P  X  i/  ±  3b'  -  "^—-yil'^Vxd, 

Xi«^  the  content  of  the  part  filled,  called  the- 
ullage,  ufing  the  upper  or  under  figns  according 
as  the  cafk  is  more  or  lefs  than  half  full  j  where 
i  and  h  =  the  bung  and  head  diameters,  /  =i  the 
length  of  the  calk,  n  =  785398  &c.  and  d  = 
^/ cow,  It;  being  the  wet  part  of  /  or  the  height 
of  the  liquor  in  the  calk.* 

Ex* 

-  - '  -— -         't...    . .    .^  — ..  —  -..  -A.t^,.-*i.. 

•   DSMONSTRATIOll. 

•  Fbr,  if  D  be  th«  dilmcter  at  the  Turface  of  tlic  iiquof ,  by  the 
property  of  the  dlipfe  ^*  —  i6*  i\l^  ::  ^*  —  D^  :  ii^^  and  hence- 

// 
But,  by  the  laft  problem^  2d*  -^/j'-  X^l»  ^  half  the  content  of- 


i        HI 


the  eafk,  antl  3  3»  —  ^-jt  X  ^*  —  ^  X  |</»  =2  the  frufium  by  which  * 
the  part  filled  is  more  or  Ic'.s  than  half  the  cafk. 


.  Confequently  27M^Xi/=fc3**-*-/7-  X^*— i6»  XdXi^t 
the  pan  filled. 
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Example  I. 

If  a  fpheroldal  cafk.  -whofe  head  and  bung  dia- 
meters are  i8  and  30  inches,  and  length  40  inches, 
be  filled  to  the  height  of  30  inches;  ixow  many 
ale  and  wine  gallons  are  in  it. 

Here  *  =  30,  A  =  18,  /  =s  40,  iv  =  30,  and  J  = 
jltntys!  30-20=  10.  ■ 

Then  2b'  -  ^-^xb'^h' xd^ijoo-^x^Sxiz 

X  10  =  2700-  144  X  10  =  25560. 

And  Ib^Th*  yiyl-  1800+ 18 x  18x20=  424801, 

Confequendy  42480  +  25560  x  in  ^  68040  x 
•2617993878  =  I78i2'8303458  =  the  content  in 
inches ;  and  being  divided  by  282  and  2^31,  give* 
63-166065  ale,  and  77*111819  "wine  gallons. 

E  X  A  M  P  L  E   II. 

If  the  height  of  the  liquor  in  the  lame  calk  be 
only  10  inches,  required  the  ullage. 

Here  d  =  -J  /w  "m;  =  20  —  10  =  10  the  laifte  as  be- 
fore, and  therefore  the  part  which  in  the  laft  ex- 
ample was  added  mull  here  be  fubtra(5led ;  fo  that 

424^0  -  25560  X  in  -  16920  X  '2617993878  = 
4429'64564i5  the  content  in  inches  =  15707963 
ale,  and  ly  17 595S  ^"^e  gallons. 

Pro- 


SeA.IIl  Sphekoid*  hBs, 

Plio>BL£i«  xrv. 

To  find  \he  folidity  oftbefe^ent  of  afpherpid  nvhofi 

bqfe  is  perpendicular  to  one  of  the  axes* 

•     - » 

R  U  L  E    L 

From  3  times  the  femi-axe  perpepdicular  to  the 
bafe  of  the  fegment,  take  the  height  of  the  feg- 
ment,  multiply  the  remainder  into  j  of  the  fquare 
of  the  height,  then  multiply  the  produdl  by  3' 141 59 
&c.  and  call  the  laft  prodtuft  ^ 
*  Divide  the  axe  which  is  parallel  to  the  baie  fay 
like  other  axe,  aad  call  the  quotient  q. 

Then  for  the  fegment  whofe  faafe  is  perpendi^ 
cular  to  the  fixed  axe,  multiply  ^  into  the  fquare- 
of  9 ;  and  for  the  other  iegmeiit,  multiply  ^  into  q. 

That  is,  ^q  =  ^7^  X  prrhh  =  the  fegment; 

whofe  bafe  is  perpe^dicidar  to.  the  fixed  axe ; — ^And 

^  =  ^    -■  ■  X  pfbh  5;  the  other  fegment  whofe  bafe 

is  parallel  tp  the  fixed  axe;  wh^ece  h  is  the  h^eigiit; 
6F  the  Segment,  anH  the  other  fymbols  a^  i^  the 
kft  problem.. 

Example  I. 

If  firom  an  oblong^  fphcroid,  ^  whofe  axes,  are  s^' 
and  30,  be  cut  a  fegment  whofe  bafe  is  perpen- 
dicular to  the  fixed  axe,  its  height  beings  5  ;.  re , 
quire^  the  conpent  pf  it. 

Here  —^^prr^^  =^^^x  iS'>^S'^yH}S9'' 
&c.  =  70  X  3  X  3' 14159  &c  =  ^5973445.  s  the  con: 
tent  required* 

4G.  E 


N. 
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.  J5  X  A  M  {P:L  BL.  IL 

If  from  .  the  fanje  fpheroid  be  cut  a .  fegment 
^hofe  height  is  6,  what  will  its  content  be,  ftip-' 
5)ofing  its  bafe  to  be  parallel  to  the  fix6d  aie. 

8cc.  =  39,  X  20  X  3-14159  &c.  =  245o-4422;<)  s.the 
Content  required. 

Example  IIL 
Required  the  folidity  of  the  fegment  of  an  tfblate 
fpheroid  whofe  axes  are  50  aaad  30,  the  height  of 
the  fegment  being  6,  and  its  bife  perpendicular  to 
the  £xed  axe.  • 

•    Here^^x^rr^;.  =  |^^ 

3'i4i59  &c.  =  1300  X  3*14159  &c.  =x  4084-07044. 
fcs  the  content  reqXiired. 

•  '•  ..  •       •  • 

Example  IV. 

To  find  the  content  of  a .  fegment  of  the  fame 
fpheroid,  its  bafe  being  parallel  to  the  fixed  axe, 
and  its  height  j". 

Here  ^S^xp/hh  «^^^^x  iJX5xjrx 3-14159 

§cf.  ?=  70X5'.xS*i4W&c.  :s:.Io5>p-j:j742te  the 
content  required, 

-  R  U  JL  E    It. 

For  the  fegment  ivhofe  bafe  is  parallel  to  the  fixed  nice^ 
,htwing given  its  height  and  the  diameters  of  its  end. 

To  the  fquare  of  the  height  add  3  times  the 
fquare  of  the  lefs  or  greater  fatii-axe  of  the  bafe 

accordkig 
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according  as  it  is  the  fegmeat  of  an  oblong  or 
oblate  fpheroid,  divide  the  fum  by  the  fame  femi- 
.  axcj  and  multiply  the  quotietit  by  the  other  femi- 
axe,  the  produdl  by  the  height,  and  this  produdl 
by  (r  of  3*  141 59  &c.)  '^^sjp  &c.  will  give  the 
content  of  the  fegment. 

■    That  is,  '^'  ^-y      X  pBh  =  the'  content  of  the 

fegment,  where  h  is  its  height,  A  the  lefs  or  greater 
femi-diameter  of  the  bafe  according  as  the  fegment 
is  that  of  an  oblong  or  oblate  fpheroid,  B  is  the 

other  femi-didmercr,  and  p  =  3"i^tS9  &c.' 

«... 

E  X  A  M  P  1  E    I. 

It  is  tequlred  to  find  the  content  of  the  fegment 
of  an  oblong  fpheroid,  wh6fe  bafe  is  parallel  to  the 
fixed  axe,  its  height  being  6,  and  the  axes  6f  its 
ellijitic  bafe  40  and  24. 

TT         7y4A+^fh         „,        3x12*4-6*  X 

&c.  =  13  X  60X  3"i4i59  &c.  =  2450*44226  =  the 
content  required. 

E  x  A  M  p  L  K   II. 

*  * 

Required  the  content  of  the  fegment  of  an  ob- 
kte  fpheroid,  whofe  bafe  is  parallel  to  the  fixed 
axe,  its  height  being  5,  and  the  diameters  of  its 
bafe  18  and  30. 

.   Here^--;^x/.i3^ 

&c.  =  7ox5X3T4i59&c.  =  1099*55742  »  the  con- 
tent required^ 

Rule 
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R  U  L  E    IIL 

For  a  Segment  nvht^e  bafe  is  perpendicular  to  the  fixed 
axe ^  having  giy  en  the  height^  the  diameter  of  its 
hafcy  and  a  diameter  in  the  middle  betiveen  its  bafe 
and  vertex. 

•To  the  fquarc  of  the  diameter  of  the  bafe  add 
4  times  the  fquare  of  the  diameter  in  tiie  middle^ 
or  the  fquare  of  twice  this  diameter ;  multiply  the 
fum  into  the  height,  arid  the  produdl  niultiplied 
by  (3-  of  78539  &cO  •13089969  &c,  will  give  thq 
content. 

That  is,  D^  +4^^  x  1«^  =  the  content  of  the 
fegment ;  D  being  the  diameter  of  the  bafe,  d  =  the 
diameter  in  the  middle,  h  ==.  the  height,  and  n  = 
785398  &c* 

EXr 


*   DeM  ON  S  TR  ATI  ON. 

By  rule  z  the  fegment  is  s  j^nrr&A  x  ■  ^x-*  But,,  by  the  na- 
ture  of  the  ellipfe,  Z>  is  ss -=— »  and  dzs, '^ — i—  ; 

htnce/=  h  X  ^^^l^^po'  and  .^^    -^--^-^.      ;  which  va. 

lues  being  fubftituted  in  the  above  value  of  the  fegment,  gives  ^nh'A 
DD  •\-  j^dd  for  the  value  of  the  fegment  in  terms  of  Z>,  d,  and  A^ 

S  c  R   O  L   I  U.M. 

This  theorem  I  have  inveftigated  in  order  to  ezprefs  the  value  of 
this  fegment  independent  of  the  axes  of  the  fpheroid.  For  this  pur- 
pbfe  I  was  under  a  neceility  of  introducing  another  dimenfton  of  the 
fegment,  becaufe  it  is  not  determinable  from  its  bafe  and  height  alontf 
^  the  other  fegment  was» 
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Example  L 


What  is  the  content  of  the  fegment  of  an  .ol> 
long  fpheroid,  ^hofe  baie  is  perpendicular  to  the 
iixed  axe^  its  height  being  s^  the  diameter  ;of  its 
bafe  18,  and  its  middle  (Uameter  3\/i9« 

Here  DD  +  ^dd  x  inb  =  i^^TT^/7^  x  f  x 

•783*398  &c-  =  3'  +  19  X  30  X  785398  &c.  =  210  X 
3*141 59  &c.  =  65973445'  =  the  content  required. 

« 

£  X  A  M  P  L  £.    II. 

Required  the  content  of  the  fpheroidal  fegment 
who&  height  is  6,  its  bafe  diameter  40,  and  diameter 
4n  the  middle  30^  the  bafe  being  perpendicular  to 
the  fixed  axe  of  the  fpheroid. 

Here  DP  +  j^dd xihp=z 40^  +  60^  x  | x  785398 

&c.  =  2^Tp  X  20^  X  7S5398  =  1300  X  yi4iS9  &c* 
=  4084*07044  =  the  content  required. 

Problem    XV,. 
Tq  find  the  content  of  the  fecond  fegment  of  afpheroidi 

» 
»  . 

As  a  fphere  is  to  the  Ipheroid,  io  is  any  part  of 
the  fpherfe  to  the  like  part  of  the  fpheroid.* 

4D  Pro- 


*  Devon  ST  HAT  I  an. 


*  for  tfcc  Bke  parts  of  any  quantities  arc  as  the  wholes.  And  that 
the  fccond  fcgmcnts,  FGHy  fgh,  are  like  parts  of  the  fphere  anJ 
fphcroid  b  evident  from^the  nature  of  the  fijjures. 


P.H  O  B  L  S:  M  XYI. 

To><^  thejitrfacc  (^  an  eUt^'tc  /pjndie,  or  ^  w^ 

frvfiumorje^itentofu. 

General  Rule, 

.  From  the  fpberoidal  fur- 
face  getteraied  by  any  arc 
£K  of  the  elltpfe,  take  the 
ptodxiA  <rf  the  fame  arc  BK  . 
and  the  circumference  of  the 
•circle  whofe  diameter  is  e- 
<jual  to  tv^ifie  Cff  the  diftance 

of 


fill)  ■    .       > 


Co  ROIUI^ARIF   I. 

And  if  the  iphcrc  AKBI  and  fphcrqid 
jikBi  have  one  Vixt  AS  common;  then 
*h^  whole  folids  and  thcfecond  £egments 
FGHy  fghy  will  be  to  each  other  as  the 
fquares  of  the  other -aiws  Kh  ^'h  >f  th* 
common  axe  AB  be  the   fixed  one ;  or 
tjiey  will  be  to  eac;h.  other  as  the-  othoB 
«xes  A'/,  i/,  (Imply,  if  the  common  axp 
be  the  revolvinij  oac.  For,  if  ^  be  the  a^ce 
t)f  the  fphere,  F  and  R  the  fixed  and  re- 
volving axes  of  the  fphcroid,  the  l^odies 
will  be  to  each  other  as  y/'  toF/i*;  h«ic« 
\{  A^F,  they^ill  be  as  A^  to  /2*  ;  biit 
\(  A^  Ry  they  will  be  «»  -^  to  F. 

CoROuiAiiY  n. 

Hence  may  be  fotmd  the  true  quantity  of  liquot  m  a  l^hcroida^ 
<:afk,  not  fuQ,  whofe  axe  is  parallel  to  the  horizon. 

For  if  from  the  fegmcat  aif  be  taken  i:hc  donble  of  the  fccond  feg- 
tncnt  /gS,  there  wiU  remain  the  part  i£ge ;  which  taken  firom  me 
Vhole  cafk  b^ed  will  leave  the  part  cJeg. 

*  And  after  the  fame  manner  may  be  found  the  quantity  of  liquor  la 
a  fpheroidal  cafk  partly  filled  and  (landing  a^lt  with  its  axe  inclined 
^to  the  horizon* 


8e<t  jQI.         E?Lxi?TTC  Spiiroi-t*  apt 

of  the  centers  of  the  ipheroid  and  fpindle,  and  the 
remainder  will  be  the  furface  of  the  fpindle  gene- 
rated by  the  arc  BK  about  aipirallel  to  AD  the 
fixed  ate  of  the  fpheroid.* 

Ex* 


.1  1a> 


^'    ■»     ■  ■!      ■  iiijMi      I    I     ^m>m^ti^m§m^m»*tmJttm»m^i^iAmm^»»tmi^ 


*   DsKO  HSTUATION. 


Tor  the  fluxion/ of  tbe  fpindular  ficnace  is  sb  z  tli«  fluxtoft  of  the  arc 

BK  drawn  into  iKx  2  fat  apz  xTT^TT/^  and  the  flttcat  is  equal 
^othe^roidal  fur^  BJCMP^zpz  yt  It  or  Cfi. . 

*   C0ROl.LXKlr  I. 

*rhc  fpindulir  furface' generated  hj  BK  h  equal  the  fpheroidsdl 
fttttkcit  3KMP  -*  Aji  furfitac  of  ii  i^hc«fe  v4ioft  axe  is  a  mean  pro- 
portional between  BK9^  2CJf,  For  a/  g  x  CH  ab  that  ipheric  fuf^ 
^ce. — Or  ^pzX-CJi  «  a  circle  whof«  radiiis  is  ^^CJi  xBK^ 

C'OaOLLARY    II. 

'  When  Cir  is  equal  fiothing*  the  fpindle .  becomes  barely  a  ^ho* 
rdd.  AAd  when  IT  firlh  4SekJw  e*,  the  iurface  of  the  fpherc  nauft  be 
added. — ^What  hath  been  Wtherto  done  agrees  to  the  ftxtdtc^  g«4C« 
lated  by  an -arc  about  a  line  parallel  to  either  axe  of  the  dlipfe. 

.  Trom  B  the  ac&emtty  o^  the  lefi  ftxeof  die  cUiple,  ^P^y  #J^t^ 
Vf  C  the  femi-tranfverfe>  and  pdralloi  thcnco  drsiw  jiR  motdng  CB^ 
ctoduced,  in  R ;  wiih  thei  cetiter  C  and  dfte  radios  AR  defcribe  tha 
^c  EF  meeting  the  parallels  «£,  CBy  IK^  hi  in  £>  UN^Fx  Dratr 
CL  and  (7F*,  and  perpendicular  to  them  IV zxA  hS. — ^Thon  the  cii^cl^ 
>^hofe  radius  is  equal  to  a  mean  proportional  between  the  fum  and 
difference  erf  two  lines  whereof  the  one  is  a  mean  proportional  be- 
tween BC  and  Iv-^-LNy  and  the  other  a  nican  proportlonaTBetweett 
BK  and  %CH  will  be  equal  to  the  fpihdular  furrace  generated  by 
BK  about  «^  II  the  traufVerfc  axe.  For  the  fpheroidal  furface  is 
equal  to  a  circle  whofe  radius  is  a  me^n  proportional  between  BC 
Tind  TV^TN  by  rule  4  to  pfob.  9,  and  2/  xBKy^CH  is  equal  t^ 
apircle  whofe  radius  is  a  mean  proportional  between  BK  said  2CH% 
'but  the  ipindular  furface  Is  equal  to  the  difference  of  thofe  two  quan- 
tities, and  the  difference  of  two  circles  is  equal  to  a  circle  whofe  ra- 
dius is  a  mean  proportional  between  the  film  and  difference  of  the 
raldiufe*  of  the  two  ctt>clcs,  thereforoi  &c.^^And»  m  the  fame  manner, 

the 
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E  X  A  M  P  L  E    I- 

Given  the  axes  of  an  ellipfe  50  and  40,  to  find 
the  furface  of  the  ipindle  generated  frpm,  an  aye  of 
that  ellipfe,  the  length  of  the  fpindle  being  30. 

Here  AD  =  soj  BP^^o,  ad  =:  be -30,  Ae^ 
^C-C^  =  25-i5  =  io,  and^D  =  Z)C+a  =  25+ij: 
=  40.  Then  as  ACiCB  ::  \/Ae  x  eD  :  ea  =  CH^z 
cbva7V7d_  2ov5o7^  ==:  il£2=,  16  rr  the  diftancc 

AC  2s  5  ^ 

of  the  centers  of  the  ellipfe  arid  Ipindle.      .     . 

Ry  example  i  to  problem  10,  the  fpheroidal  fur* 
face  generatedby  the  arc  ^^is  3686^8 197024,  and  by 
prob.  4,  the  length  of  the  elliptic  arc  ad  is  30'852v 

Wherefore  3686-8197  -  30-852  x  3-141 6  x  32  = 
3686-8197  -  3101-5872  =  5857325  =  the  furface  of 
the  fpindle- 

E  X- 


thc  furface  of  half  the  fpindle  generated  by  the  arc  Bdis  equal  to  a 
circle  whofe  radius  is  a  mean  proportional  between  the  fum  and  dif« 
fcrcnce  of  two  lines,  the  one  of  which  is  a  mean  proportional  between 
BC  and  5T+7v7,  and  the  other  a  mean  proportional  between  B4: 
and  2CH*, 

COROLLAKT    IV. 

■ 

In  like  manner,  for  the  furface  of  the 
fpindle  whofe  axe  is  parallel  to  the  lefs  axe. 
of  the  ellipfe :  having  conftrufted  the  an- 
nexed figure  as  in  page  259,.  the  fpindular 
furface  generated  by  the  arc  CM  about 
iV^will  be  equal  to  a  circle,  whofe  radius 
U  a  mean  proportional  between  the  fum  and 
difference  of  two  lines  whereof  the  one  is  a 
mean  proportional  between  AC  and  HI, 
and  the  other  a  mean  proportibnar  between 
CM  and  2  if  J^.— This,  like  the  laft  corol- 
lary, will  be  evident  by  comparing  what  is 
done  above  with  whiit  is  done  in  jfiige  253^ 


Sed.  in«  Elliptic  Spxni^lb.  apj 

Example  IL 

Required  idle  furface  of  the  £ruftnm  of  a  (pindle 
generated  from  an  arc  of  the  fame  ellip&  as  in  the 
laft  example,  the  height  of  the  fruftiim  being  15, 
^and  the  central  diilance  io« 

Here  the  arc  £^  generating  the  fruftum  E^C 
is  equal  to  the'arc  in  the  laft ;  and  consequently  that 
^rc  is  =  15*426,  and  die  fpheroidal  fruftum  E^FD 
=  1845-40985. 

Then  i843'405>8  --  15*426  x  3*i4i6  x  20  = 
1 843-4098  —  969*246  =  874*1^63  =  the  furface  of 
the  fruftum  E^C  tet[uited 

PRt)BL«M    XVIL 
To  find  the  folidily  lof  an  elliptic  fpindU. 

R  U  L  E     I. 

\.  Divide  the  fquare  of  the  pei'petidicular  ^aSre 
by  3  times  the  fquare  of  tie  parallel  axfe  AB^ 
imd  multiply  the  quotient  by  the  cube  t>f  FG  the 
^axe  or  lengdi  of  the  fpindle,  and  call  the  produdt 

2.  Find  the  area  v£  tiie  elliptic  fegment  FDG 
from  which  the  fpindle  is  generated^  multiply  this 
«area  by  4  times  Off  the  ceiltral  diftance,  and  call 
the  produft  ^^ 

3.  Multiply  VS70I9  &c.  by  the  difference  be* 
twceii  P  and  ^^,  and  the  pitodu^  will  be  the  con*- 
tent  of  the  fpindle  FDGK 

4£  That 


25>4 


titTic  Spindlf. 


Part  nf. 


aa 


That  is,  2«  X  jf-J'-^vSt:  the  fpindle  FDGN, 

vrheh  «c=*78j?39  &c.  a  =  DEy  b  =  JB,li:iFG,'c  = 
CH,  and  5  =  the  fegment  FDa* 


*  Demon  ST  RATIO*. 

Let  FDGN  be  a  fpindle  generated 
by  the  arc  FDG  of  the  cllipfe  AD  BE. 
Put  a  =s  Fffss  half  the  axe  of  the 
fpindle  ;  b  =  CH  =z  LIzs  the  central 
diftance,  or  diftance  of  the  centers  of 
the  eQipfe  and  fpindle ;  c  zs  AC  =t  the 
one  femi-axe  of.  the  ellipfe,  and  </s. 
CD  zs,  the  other  femi-axe  ;  xz:zHI^ 
CL;  saxdyszIKzsHM. 

By  the  property  of  the  ellipfe, ,c:d::  ^ccf*-xx  :  -  ^cc-^xx 

c 


LK^\i^Xitf^IK^KL'-LI^'^^!^^^l^::^^h^y,^^ 


fluxion 


of  the  folid  S  s  pyyx^szpj:  X  ^^  — 


ddxx       ^bd*^cc — XX 


cc 


^hb 


p^y.dd—k'b -^^^ 2^X-^^— 3: 3  =  fddx  X 


cc 


cc 


^aa  —  XX 
^cc 


—  7bp  X  arta 


—  ^ph^f  ^^^  ^^  fluent  is  iS  ss  /</</x  X 

BIKD  ss.thc  fruftum  DKON. — ^Whea  xis  a»^,  the  above  theorem 

will  become  ^^  X  ^ '  —  2  3/  X  area  FDHsz  DFN  the  half  of  the 


3CC 


fpindle. — And  if  from  the  femi-fpindle  be  taken  the  frufl:umi  there 


will  remain  pddeey.  ^ ^  —  2bpx  area/'A^/=  the  fegment  FA^ 

of  the  fpmdie,  e  being  the  height  FI  of  the  fegment. 

Corollary  I. 

If  d  be  fuppofed  =  c,  the  ellipfe  will  becoine  a  circle,  arid  accord- 
in«^ly  the  theorems  above  given  will  become,  the  fame  witltthofe  be- 
fore found  for  the  circular  fpindle; 


5e<a:.IlI.  Elliptic  Spindle;  :z^£ 

Example. 

The  axes  of  an  ellipfe  being  50  and  jo,    re^ 
quired  the  folidity  of  a  ipindle  generated  from  an 

arc 


'»■  I 


Corollary  II. 

If  H  coincide  with  C,  b  will  vanifli,  a  will  be  s=  r,  and  the  the- 
orems will  become  the  fame  with  thofe  before  fomid  for  the  fpheroiJ. 

Corollary  III.  *    ' 

Pottmg  D  ^  DNthc  greateft,  and  d  =s  KO  the  lead  diameter  of 
the  fruftum,  A  siHI  its  height,  6"=  CH  the  central  diflance,  /  =  the 
elliptic  femi-fegmcnt  KDM,  and  «=s  '78539  &c.  Then,  in  the  fore- 
going theorems,  ii  =sx,  i  =  C  ^=  ^+  i ^>  area  HIKD zs^s^\db^ 

which  values  being  Aibftituted  in  the  theorems  above,  give  \nh  y, 

r  —  ■  ■         ■  ; 

2.DJP  +  ^^— 8^x— D+i  +  2^for  the  value  of  the  fruftum,  or 
,  half  a  cafk  in  the  form  of  the  middle  zone  of  an  elliptic  fpindle ;  and 

f«/X  2D-D  — 86'X— 2>  +  -^  for  half  the  fpindle  when  *y=  the 

\vc2LDFff,  and  /=//F. 

Corollary  IV. 
Btit  in  real  praAice,  fuch  as  cafk  gaugine,  none  of  thefc  rules  can 
,be  nfcd,  bccaufe  that  we  have  not  given  eitner  the  axes  of  the  ellipfe 
or  the  central  diflance ;  and  to  accommodate  rules  to  that  purpofe 
we  muft  introduce  another  dimenfion  of  a  fruftum  befides  its  length 
and  greateft  and  leaft  diameters  ;  Thus,  putting  ;/f  =s  Pj^  the  dia- 
meter'through  R  the  middle  of  the  length  HI^  and  the  other  letters 
as  before.  Then,  by  the  property  of  the  ellipfeyC+jjPl*  — |£TT5[» : 
4::r+i7J|»-6'+i;/;|»:  i,  hence  4  X  ff+T^*  -  3  X  ^'+i^l*  == 

C4^id\*,  and  Css  -X ^ J — rr^ — .    And  the  laft  two  theorems 

'  4      -^^V — <i+4;//. 

l>econie  inb  X  2D»  +  rf»  -  a  X  ^    ^^    jT^"*  X -)>+/+  ^ 

for  the  fruftum  DKOxV,  and  |«/X3D'— 2X^^^^f^X~iP+^ 
for  the  fcmi-rpindk  D  FN^ 


ap^  Elliptic  Spikdle*  PartllL 

arc  of  It  about  its  chord  parallel  to,  and  at  tKe  dif- 
tance  of,  9  from  the  tranlVerfe  axe. 

Mere  15-9  =  6  =  DH-  the  height  of  the  gene- 
rating fegment ;  and,  by  the  property  of  the  ellipfe, 

DC.CAw  2s/DHy.HE\'- -^ « — - — 


10x12 


-  40  =  FG  the  bafe  of  the  ^Hiptic  fegment, 

or  length  of  the  fpindle ;  alfb,  by  ptx)b.  6,  the  area 
of  the  fegment  is  1 677345- '  

Theni^^^-x^^2g^^ 

:=  18  X  yi^iS9  &c.  X  2131^  =  1 677345  =  2578-55  i 

the  content  required. 

R  u  t  E  IL 

Divide  g  times  the  generating  fegtnent  by  the 
length  of  the  fpindle,  frotti  the  quotient  fiibtnwft  the 
greateft  diameter  of  the  fpindle,  multiply  the  remain- 
der by  4  times  the  central  diftanoe,  and  fubtradl  thie 
produd  from  the  iquare  of  the  greateft  diameter  j 
then  the  difference  n^ultiplied  by  \  of  the  length  of 
the  fpindle,  and  the  produdl  by  1*57079  &c^  will 
give  the  content  of  the  fpindle. 

That  is,  |«/xZ)^-4rx-i)  +  3i  =  the  fpindtej 

where  D  =  DN  the  greateft  diameter,  and  the  reft  of 
the  fymbols  as  i6  the  laft  rule;— By  corollary  3. 

Example. 

.;  tlequired  dne  content  of  an  elliptic  fpindle  whofe 
length  is  40,  greateft  diamet:er  12,  and  the  central 
diftance  9^ 

Hert 
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Here  V  =  ^  =  the  height  of  the  generating  fcg* 
ment,  which  is  therefore  the  fame  as  before,  the  area 
being  1677345.  _J ' ^_ 

==  3*14159  &c.  x8o.x  12- 174024  =  2578*56  =  the 
content  required. 

Rule   III. 

From  three  tiines  the  fquare  of  the  greateft  dia 
meter  take  4  times  the  fquare  of  the  diameter  in 
the  middle  between  the  greateft  diameter  and  the 
^nd.  And  from  4  times  the  faid  middle  diamker 
take  3  times  the  faid  greateft  diameter.  Divide  the 
former  diflFerence  by  the  latter,  and  4-  of  the  quo- 
tient will  be  the  central  diftance. 

:    That  is,  ^  X  - — .,.  ^AT^^^  =  the  central  diftance,  I> 

beipg  the  greateft  diameter  and  m  the  middle  dia- 
meter. 

Then  proceed  as  in  the  laft  rule.* — ^This  is  proved' 
in  corollary  4. 
'-  Example. 

If,  as  in  the  example  to  the  laft  rule,  the  gjreateft, 
diameter  be  12,  and  the  length  40,  required  the 
content  fuppofing  the  diameter  at  |  of  the  length  te 

be  6 x\/2i-3  =  9*4954^-  _^ 

•*^^^**"  4  ^      ^171  — lO         4        4x6x^21  —  3  —  3x12 

central  diftance,  the  fame  as  in  the  laft  example ;  and 
tlierefore  the  content  will  be  2578-56,  as  before. 

4F  Pro- 


lb. 


2q8     *  Elliptic  Spindle.  Part  lit 

P  R  O.B  L  E  M    XVIIL 

Tofnd  the  folidity  of  thefrujium  of  an  elliptic  fpitir 
dle^  or  the  content  of  a  cajk  in  form  of  the  middle 
zone  offuch  afpindle. 

R  U  L  B    I. 

I.  Divide  the  fquare  of  the  lefs  axe  of  the  ellipfe 
by  the  fquare  of  the  greater,  multiply  the  quotient 
by  T  of  th?  length  of  the  fraftum  or  of  half  the 
length  of  the  calk,  multiply  the  produaby  the  dif- 
ference between  the  fquare  of  the  faid  half  length  of 
th«  calk  and  3  times  the  fquare  of  half  the  kngth  of 
the  whole  fpindle,  and  call  this  product  B. 

Thatis,P=^r/x^^^^  ^     -^ 


/  being  the  tranfverfe  M  iV, 

and  c  the  conjugate  axe  ^B0 

of  the  ellipfe,  /^  GH  half  the 

length  of  the  calk,  and  L  =  LH  half  the  length  of 

the  whole  fpindle. 

2.  Multiply  Off  the  central  diftance  by  ABHG 
the  generating  area,  and  call  double  the  produd^ 

That  is,  ^=  0.0 H  v.  ABHG. 

3.  Then  the  difierence  between  P  and  J^  multi- 
plied by  3*14159  &c.  will  give  the  content  of  tHc 
fruftum  ABEF,  or  half  the  calk  ACDF. 

That  is,  F^x  p  =  ABEF^  ^  ACDF.— By  the 
demonflration  of  the  lafl  problem. 

Note. 

It  is  evident  that  the  fum  or  difierence  of  two 
fruftums  will  give  the  ullage  of  a  cafk  (landing  with 
its  axe  perpendicular  to  the  horizon. 

Ex- 


Se^.  in.  Blliptic  Spindiue.  2^^ 

E  X  A  M*  P  L  E. 

The  axes  of  an  dlipfe  being  40  and  66 j  ;  it  is 
required  to  find  the  content  of  the  fruftum  of  a 
fpindle  generated  by  an  arc  of  the  ellipfe ;  the  length 
of  the  fruftum  being  20,  and  the  central  diftance  4. 

Here,  as  40  :  66}  ::  >/i6  x  24  r  l3j\/6  =  HL  3= 
half  the  length  of  the  fpindle.. 

fiSXacClX     ^^^      -4OX4OX2OX         3x66fx66f. 

=  24  X  280  =  6720  =  p. 

But  the  elliptic  fegment  J -ff/T  is  =  54^,  to  which 
adding  the  redlangle  AH^  2ox  iz  =  240,  makes 
294T  =  the  generating  area  ABHG  ;  which  being 
multiplied  by  lOH^^S^  produces  2356  =^ 

Then  P-^x/>  =  6720- 2356  x  3*i4ijr9&c..  = 
J3709'9i033  =  the  content  required^ 

R  u  L  E   IR 

Divide  3  times  the  elliptic  fegment  wEofe  chord 
is  the  length  of  the  calk  by  the  faid  length,  to  the 
quotient  add  the  leaft  or  head  diameter,  and  from: 
the  produdl  fubtradl  the  greateft  or  bung  diameter, 
and  multiply  the  remainder  by  8  times  the  central 
^ftance ;  then  take  the  produd  from  the  fiim  of  the 
fquare  of  the  head  diameter  and  2  times  the  fquare 
of  the  bung  diameter,  multiply  the  difference  by 
the  length,  and  the  produd  drawn  into  '261 799  &c. 
■(=  ^  of  785398  &C-)  will  be  the  content  of  the  ca(k. 

Thatis^  iDD  +  dd^Scx^D+d+^-f  xinl  ^ 

the  content  of  the  caflc,  where  IX^BE  the  bung 

diameter 


;joa  Elltttic  Spikdle.  .PartJII. 

diameter,  d  =  AF  the  head  diameter,  c  =  HO  the 
central  diftance,  /  =  G/the  length,  s^  the  fegment 
ABC^  and  n  ^  •78^^398  &c.— This  is  proved  at  co- 
rollary 3  to  the  laft  problem. 

•         r 

ft 

Example. 

The  bung  arid  head  diameters,  of  a  calk  which  15 
the  middle  zone  of  an  elliptic  ^indle,  being  32  and 
24,  and  its  length  40  inches  j  required  the  content 
m  ale  and  wine  gallons,  fuppofing  the  diftance  of 
the  centers  of  the  ellipfc  and  fpindle  to  be  4  inches. 

Here  D  =  32,  ^=  24,  /=  40,  r  =  4,  and  the  feg- 
ment-4i5C=  j  =  109. 

- —    - — ^- -^ — 

Then.  2DD+dd  ^  8c  x  -^D  +  d+^jx  \nl  a 

262^-3^6  X40  x'26i799&c.  «2  74i9-8ii9  cubic 
inches. 

Which  being  divided  by  282,  and  23  r,  wc  have 
97*2334  ale  gallons^  and  118*7005  wine  gallons, 
for  the  content  required. 

Rule   III.    - 

From  the  fum  of  the  fquare  of  the  leafl:  or  head 
diameter  and  3  times  the  fquare  of  the  greateft  or 
bung  diameter  take  4  times  the.  fquare  of  the  dia- 
meter equidiftant  from  the  two-  former,  and  from  4 
times  the  faid  middle  diameter  take  the  fum  of  the 
faidleaft  and  3  times  the  greateft  diameter;  then  di- 
vide the  former  difference  by  the  latter,  and  ~  of  the 
quotient  will  be  the  central  diftance,  with  which 
proceed  as  in  tlie  2d  rule« 

That 


Seft.  in.  ElIUPTIC  StINDLl/  jot 

Tbat  IS,  -  X  '^■i;^^:^^^     =  the  central  dif- 

tance,  i»  bemg  tjie  middle  diameter,  and  Z).and  ^ 
die  other  diameters  as  before.— By  corollary  4^  to 
the  laft  problem* 

Ex  A  M  P  L  fi* 

tf  the  bung  and  head  diameters  be  32  and  24^ 
and  the  length  40  inches,  as  in  the  laft  example ; 
required  the  content,  llippofing  the  middle  diwneter 
to  be  4^/91  —  &      . 

—  3D  — ^+4W         4"*— ^xs2  — 24  + 16x^^91 -3 

^i^^lfrl^i  =  4  =  ^  "^^  cea^al  diftance,  the 
lame  ^s  in  the  laft  example ;  and  fince  the  other, 
parts  are  all  the  fame,  the  content  muft  likewise 
be  the  fame. 

1»  R  OjB  L  E  M    XIX. 

To^nd  the  cmtetU  of  the  fegnunt  of  an  elKptic  fprndlc' 

R  U  L  £^ 

I.  Multiply  the  fquare  of  tlie  altitude  of  the  feg- 
ment  by  the  fquare  of  the  lefs  axe  of  the  elllpie 
and  divide  the  prodilA  by  the  fquare  of  the  greater 
axe,  multiply  the  quotient  by  the  difi^rence  between 
T  the  length  of  the  whole  fpindle,  and  y  ctf  the  al- 
titude of  the  fe&inent*  and  call  the  produA  P* 


*  *  * 

gate  and  t  die  tranTvene  &s;e  of  the  ellipfe,  a  is  the 
altitude  of  die  fegment,  and  /  the  length  of  die  whole 
4)indlc. 

4  G  2.  Mul- 


39*  ]^fctJrPT?IC  &BI;N.I?tE;r  But  ^I« 

a..  Multiply  the  double  of  the  ^eneradng  .area  by 
the  (iitlance  o^  tlie  centers  of  the  dlipfe  and  ipindle, 
incf  call  the  ptodttia  !^  ■  "   :         >  >       "    ' 

'-•Thatisi  :^*:  ^Cif,-  where- €*^\ff,  and  ^s*'t*e; 
area  LAG.  .  r      _^     1  ' 

3.  Then  the  difFefence  between  P  and  ^  drawn 
into  3*  141 59  &c.  will  be  tfie  content  of  the  legmcnt 

'.  That  isy-  P-^xp  =  aaccx~^-2jJCy,p  = 

the  content  of  the  fegment.— By  the  demonfeatiptt; 
of  problem  17^  • 

Ex  A  MP  L  e:  •  .  , 

•         .  '  ^  •        J  i  •  - 

The  axes  of.  an  elliple  being  50  ana  30, .  required, 
tie  content  of  the  fegnient  df  a  fpiiidle  wHofeneight^ 
is  io;  the  centrar  diftance  bring  o.         '      .  '     '    ' 

Here  f  =  50,  c^  30,  a  =  10,  and^  C=  9. 

Then,  by  the  nature  of  the  eftijtfe,  as  30 :  j[o  :: 

\v  J^5  +  9  >^  15-9  s=  1/24 >r6=;  12:^  =  20  =  i/ 
^LHxht  half  of  the  length  of  the  fpindle. 
"And,'  by  the  faftlfe,  as  ^0  :  30  ::  (v^l\rF>rFlf  = 

s/zTVio  X  25-  IP  =  1/35  X  1-5  =)  jTv^at «  ^.  7 

3  3v/2i  =  13714^5534  =  ^-^*    Heacc  ^0-PJs. 

die  tabiifar  numbers  aniWering  to  which-  two  quoti- 
e»t$,4n;thi  table  of  circular  feggxents,  are  '0 11 66678- 
and*i.ri82^B}  hencej'ox.jax'iiLSigS— •01166678 
=:  i50ox'iooi57o2  as  150-23553  =  the  areaX5J|> 

from 


fc'* 


•^^:: 


S^.  m.'        Universal  jSpHERoiD.  jpj. 

from  the  half^  whixjh  taking  tjie  re^adglc  ^if  =?  > 
JGxGir=47i4955'x  iQa47-x49>  l€«iYds  27*968765 ; 
=7  w^.  for  the  generating; axea  X^(?% 

*  Then  dace  x  -* - 7;  ^"^-^  iJC^p- 


20  -  3f 


'^^9°°^1TSr'~^^^^7'9^7<^5xS*i4'5^&c.  = 


5-364568x3*  1415.9.  8^.  =  303*3i;jii7  =  the  content 
of  the  fegment  LAF  jreauif  ed.     .  . 

■  •  r 

/  ^  P  ](  OB  L.  S  M    XX^ 

7<?  fnd  the  conttnt  ef  an  unin^rfal  fpheroidy  or  a  fili^  - 
conceived  to  be  generated  by  the  revolution  a^^^^^ 
Jifmi'ellijfffe  about  itsz^ametery  whether  that  dias^^ 
meter  be.  one ^of  the  axes  of  the^  eli^eor  not*  -• 


R  UL  E    !•  - 


*.  ■) 


Divide  the  fijua^e  of  di<i  prodntar  of  the  axes:  of 
the  ellipfe  by  the  axe  of  the  foliior  the  diameter 
about  which  die  femi-ellijjfe  is^oneeived  to^ievoR^e^^ 
xkultiplf  ^e  qtioricnt  by  "5236,  and  the  p;-odu(af 
will  be  the  content  required.   ^  J 

That  is,  -y-  X  "j;;2^c:  the  conieot,  Tand  Cbe^ 

ing  the  tranfVerfe  and  conju^te  axes^  of  the  cUiple,. 
and  d  the  axe  of  the  fblid> 

Rule  IL 

»  ■       • 

The  conrinual  prodiuft  of  '5236,  the  diameter 
about  mhach  the  revoktiofl  is  nSade,  the  fquare  of 
its  co^ugate  diameter,  and  die  iquaFS  of  the  fine 

of 


3^4  Universal  Spheroid.        PaitUt* 

of  the  angle  made  by  thofe  diameters  (the  radius 
bfeing  i)  will  be  the  content* 

That  is,  dccss  x  '5236  =  the  content,  c  bdng  the 
conjugate  diameter  to  </,  and  ^  the  fine  of  the  angle 
made  by  the  diametets.* 

Ex- 


•%■*!      i» 


M*a^BV«a^ 


t^  >  ■  ifc 


«-^ 


jl:- 


•    ■    - 


^Nn 


*   DSMONSTRATIOK. 


H- D 


'  Let  yiD  BIA  h^^  fedion  of  the  folid 
through  its  ViXt-AB ;  draw  D^  the  femi- 
conjugate  diameter  to  J  By  as  atifo'the 
ordinate  FE  parallel  thereto,  and  let  fall 
the  p<iq>endiculUr  FGl 

Put  T  and  C  for  the  tranfvorfe  and 
conjugate  axes  of  the  elKpfe,  d  ±s  the 
dkaneter ■  y/it,  or  aye  bf  the  foUd,  res 
2CD  ss  ^T^  +6'»  — i/»  ks  (conjugate 

diameter,  ij  ss  -3-  s=  fmc  of  the  lDCB 

dc  ,.      * 

or  lFEGj  and  ^  s  its  cofine,  x  ss  y/^,  and^  ss  3*14159  &Ck 
Then  ^  :  1?  r^  v'^x-xx  :  f^'^*^^^^  gj.  jf  |r,  a^d 

,FG 


EFXasz 


III        I 
aci/dyi  —  XX 


,  aad  hence  AG  ss  GE  +  EA 


'EF%h^^''^'^l'''^^GE 

d- 
i/r  — XX  +  — T —  X  hcj/dx^xx 


dd 


Huent  of  which  \&  pa^cc  X 


the  flution  o^  the  folid,  the 


^^x»-l4.xJ  +  ^  X  ^x  —  xxl* 

■  i^i— ^»  ■  1 1         II   — — — rM^»^M» 


rUc 


meafure  of  the  part  generated  by  AFG  '^  and  when  xas^,  it  be- 
comes  \pda^G^  ss    ■  ■■  .  ■■  for  the  Taluc  of  the  whole  folid* 


.> 


Co 
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;    E  X  A  M  p  L  ?  L 

If  the  axes  of  an  ellipfe  be  50  and  30,  and  it  be 
cnt  in  two  by  a  diameter  whofe  length  is  40;  re- 
quired  the  content  of  the  fblid  generated  by  one  of 
the  halves  about  that  diameter. 
/  Byrulei,  50x50x^30x30  ^  *j>23  6  =  225000  x  '130^ 
5s  29452"5'  =  the  content  required. 

Example  IL 

The  diameter  of  an  ellipfe  about  which  it  revolves 
being  40,  its  conjugate  diameter  30\/2,  and  the  fine 
of  the  angle  made  by  thofe  diameters  |  v/2 ;  required 
the  content  of  the  fblid  formed  by  the  revolution  of 
the  ellipfe. 

By  rule  2,  we  have  40  x  30  x  30  x  2  x  |  x  |-  x  2  x 
•5236=  225000  X  •1309.=;  29452*5  =  die  content  the 
fame  as  before.    • 

4  H  SEC^ 


CoftOLLARY    h 

If  </=:  7*,  tUc  rule  becomes  \pTC*  for  the  oblong  fpheroid.  An* 
\id:siCr  it  will  be  \pCT^  for  the  oblate  fpheroid.  Alfo  if  r,  C, 
and  d^  be  all  equal,  the  rule  will  ht^pd^  for  the  f]^ere.  Which  aro 
the  fame  with  the  rules  before  found  for  the  fame  bodies. 

.    CoaoLftAR  V  IL 

Draw  CH  perpendicular,  and  DH  parallel  to  AB^  and  about  tha 
axes  AB  and  2CH  dcfcribe  the  fcmi-cllipfe  JHB ;  then  the  fphe- 
roid generated  by  the  revolution  of  the  femi-ellipfe^/TZf  about  AB 
^11  be  equal  to  the  folid  generated  by  the  femi-ellipfe  AFDB  about 
the  fame  axe  AB. 

For  aCHsz  ac^  and  therefore  the  folid  AFBI  or  ^pda^c*  ss. 

ipdx  aCy/j*  =s  the  f^iheroid  whofe  axes  are  d-iand  aCff. 

Afid  £6  the  folids  generated  by  ail  femi-ellipfes  upon  the  fame  bafe.^ 
imd  between  the  fame  parallels^,  are  all  equal  to  each  other. 


$o6 


Parabol;^ 
SECTION    IV. 


PartllL 


OfparaboUc  Lanesy  Jreas^  Smfaces^  and  Solidities, 

Problem  It 

To  cmftnul  a  parabola  ;  having  given  any  ordinate  PQ^ 

to  the  axey  and  its  abfcijfa  VP. 


TT'IND  the  focus  2^  thus: 


_  Bifea  jP^in  A-y  draw 
AVj  and  AB  perpendicular  to  it  \ 
take  VF^  PBy  and  F  will  be  the 
focus. 

Arithmetically. 

Divide  the.fquare  of  the  ordi- 
nate by  4  times  the  abfciffa,  and 
the  quotient  will  be  the  focal  dif- 
tance  VF. 

2.  In  the  axe,  produced  without  the  vertex  T,  take 
rC=  VF'y  draw  feveral  double  prdinates  SRS\  with 
the  radiufes  CR  and  center  F  defcribe  arcs  cutting 
the  correfpondixjg  ordinates  in  the  points  5. 

Draw  a  curv«  through  all  the  points  of  iuter&c^ 
tion,  and  it  will  be  the  parabola  required. 

Problem  IL 

Of  any  ahfcijfd  x,    its  ordinate  y,   and,  parameter  p  ^ 
having  t^wo  given^  to,  find  the  third.  - 


C  A  s  E   L 

7i  find  the  parameter^ 


Rule* 
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Rule. 

Divide  the  fquare  of  the  ordinate  by  its  ablcifla, 
and  the  quotient  will*  be  the  parameter.  Or,  take  a 
third  proportional  to  the  abfciiTa  and  ordinate,  for' 
the  parameter. 

That  is,  yy-^x-p. 

£  X  A  M  P  L  £« 

* 

If  the  abfcifla  be  9,  and  its  ordinate  ($j  required 

the  parameter. 

* 

H^e  6x6-^9  =  36 -5-9  =  4  =  ^^  parameter. 

■ 

C  A  S  £    II. 

.  To  Jmd  the  abfciffa^ 

Rule. 


Divide  the  fquare  of  the  ordinate  by  the  para^-. 
ineter,  and  the  quotient  will  be  the  abjfcifla^ 
That  is,  7>  -5-/>  =  AT,  < 

Example. 

If  the  ordinate  be  6,  and  the  parameter  4  j  required 
the  abfciiTa. 

Here  6  X  6 -T- 4  =  36 -^  4  =  9  =  the  abfcifla. 

Case  III. 
To  find  the  ordhtatc^ 

R  u  L  E. 

r  , 

Multiply  the  parameter  by  the  abfcifla,  and  the 
i(quatre  rcjot  of  the  prod'uA  will  be  the  ordiiKite. 
That  is,  \/px  ±^. 


1 


3.0ft  P  A II A  B  b  L  A.'  fart  IIlC 

Example. 

The  abfcifia  being  9,^  and  die  parameter  4;  re- 
quired the  ordinate.  ' 

Here  v/jTx^T  ==  s/^^  =  6  =  the  ordiaate-. 

Problem   IIL 

Of  any  two  abfciffas  A,  B,  taken  upon,  the  fame  dia^ 
meter  J  and  their  fwo  ordinAtes  a,  b ;  having  any 
three  given  to  find  the  fourth. 

Rule. 

The  abfciflas  are  to  one  another  as  the  Iquares  of 
their  ordinates.  That  is,  -As  any  abfciiTa  is  to  the 
iquare  of  its  ordinate,  fo  is  any  other  abfciiTa  to  the 
fquare  of  its ,  ordinate ;  and  the  contrary,  Or^.as 
the  root  of  an  abfcifla  is  to  its  ordinate,  fo  is  the^ 
root  of  another  abfciflk,  to  its  ordinate. 

%/A\\/B\\a\as/'2'=' ''  j    ^b. 


Hence 


And 


aa  :  bb.iAi  —  =  5. 

on 

bb  :  aa ::  B :  -y^  ^A. 
E  X  A  1^  ^  L'E   L 


If  an  abfcifla  of  9  correfpond  to  an  ordinate  of  6, 
required  the  ordinate  whofe  abfcifla  is  1 6. 

Here  v/^ :  \/i6 ::  6 ;  6\/^  =  -j^  =  8  s  the  ordi- 

nate. 

Ex- 


SeA.  IV,  Parabola. 


30^ 


£  X  A  M  P  L  £•     IL 

Eeqaired  tkp  ab^i^Ia  4;orBerpo9diiig  ite  the  ordi-- 
aate  6,  tJ)e  ondinate  beipnging  to  the  abrcifla  of  i^ 
l>eing8. 

Here  8x8:5x6  ::i6:^|^  =  9  =  theabfcifra. 

Scholium. 

Thp  dj5inonftr»tioa  f^  the  three  {^reeding  pro- 
blems are  omitted  here,  as  they  properly  belong  to^ 
aod  are  to  be  found  in,  all  treatifes  of  conies. 

Problem   IV* 

To  find  thp  length  of  the  curve  or  arc  of  a  parabola 
cut  off  hy  a  double  ordinate  to  the  axe. 

*  R  U  L  E     I. 

Divide  the  ordipate  by  i  ^  parameter,  and  call 
the  quotient  q. 

4 1  Add 

T»WWW^^^^»**Ti ■!  1^  ■■-   ,1      iiiPi    n    II    -■   II         II        ■■■!  iw^i     I  ■ II    III     I.     ■    — — n^ 

Putting  z  ss  any  curve  beginning  at  the  vertex,  y  s=.  the  ordinate 
to  the  axe  at  the  extremity  of  the  curve,  x  =  it$  ^bfciffa,.  and  a  ss  j^ 
die  parameter  of  the  axe,  the  ecj)iatioA  to  t^e  curve  \s  2ax  ^=zyy*^ 


hence  2ax  =s  2yyy  and  y*  ae '  *  ^    ;  coitfcquentjy  z  ss.  \/ yy  +  «  x  ats. 

an 

y%  j^  £J1  3«.?!V5!lJb2.  and  Ite  coir^acd  flaeali  give  %  » 


■I  I  ■    wi  11^^— ^jLA  A 

■J  tf  X  hyp.  log.  of  f  +  v^i  +  7  y,  writing  7  for  - .  And  the  double  of 
this  quantity  will  give  the  value  of  die  double  curve  as  in  the  rule. 

Co- 
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Parabola. 


Part  HI; 


Add  I  to  the  fquare  of  q^  and  call  the  root  of 
the  fum  s. 

To  the  produ(5l  of  q  and  s  add  the  hyperbolic 
logarithm  of  their  fum,  and  the  laft  fum  multiplied' 
by  half  the  parameter  will  be  the  length  of  the  whole 
curve  on  both  fides  of  the  axe  required,         ^ 

That  is,  the  curve  c-axqs  +  hyp.  log.  of  9  +  /, 
where  q  =  the  quotient  of  the  ordinate  divided  by  i 
the  parameter,  x  =:\/i  +yy,  and  ^  =  y  the paraftieter. 

Note 


irikWi 


Corollary  I. 

If  for  a  be  fubftitnted  its  value 
« *     .  • 

"^i    there  voU    be    obtained   z  =s 

2x 

V^^-ht^y  4»  \a  X  hyp.   log.   of 

the   truth    of  the    conftrudlion   in 

CoTEs's     Harmonla    Menfurarum        i  „  ■ 

page  22,  viz.   that  if  F  be  the  fo-      1  H         KAFM.      B 
cus,  and  if  AD^  drawn  to  bife<5l  BC  in  D,  be  produced  tiJI  DE  be 

X  j4F  X  hyp.  log.  of  — ^^ ;  then  AE  will  be  equal  the  ojitrt 

AC. For \a  =  AF^  and  V^T^tXyy  =  -^^» 

Corollary   II. 

From  feS.  5  it  will  appear  that  the  area  of  an  hyperbola  whole 
femi-tranfVerfc  axe  is  d^  femi-conjugate  a^  and  ordinate  y^  is  ^  as 
rfjv:^^_^^^^j^^^^^^^^^^j^^^^7^_  but  the  parabolic 


2tf 

curve 


is  t?  «  yj^f^y+u  X  hyp.Iog.  of^+V^-'-'+^>  ;   hence 

//^  the  tangent  in  the  point  C  meeting  the  axe  BAj  produced,  in 
H\   Confequcntly  C  =  HC-^-y.     Where   the  fcmi-tranfvcrre  d 

a 

vecii.^  be  taken  at  pleafure.  If 
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Note  I .  If  the  common  logarithm  of  any  number 
be  multiplied  by  2-302585093,  the  produft  will  be 
the  hyperbolic  logarithm  of  the  fame  number. 

2.  If  the  value  of  s  run  into  decimals,  it  will  be 
much  eaiieft  found  by  a  trigonometrical  canon  ;  for 
/  is  the  fecant  of  the  arc  whofe  tangent  is  y,  the  ra- 
dius being  i* 

Ex- 

If  there  be  Uken  d^siy,  we  ihall  obtain  C  ss  HC —  ^ ;    and  to 

y 

find  the  diftaace  of  the  ordinate  jr  from  the  center  of  the  hyperbola^ 
we  fhall  have  aiy  (d)  v.  a/ a  a  ^yy  isz  ^ Xi7  —-  the  faid  dif- 

tance,  and  which,  therefore,  is  =s  HC,  Whence  this  conftrii^ion. 
■^— In  the  axe  produced  take  B I  :=.  HC\  ynxh  the  center  /,  femi- 
tranfyerfe  JK  ±s  the  ordinate  J7(7,  and  femi -conjugate  KL  ss  the 
femi -parameter  FG  of  the  parabola,  let  be  defcribed  the  hyperbola 
KCj  which  will  pafs  through  C\  and  let  the  re<5langle  CB  MN  be 
eqtial  the  hyperbolic  area  'KC^  :  Then  will  IM  be  equal  the  para- 
bolic curve  AC, 

When  the  abfci/Ta  and  tranfverfe  axe  of  an  hyperbola  are  given  or 
conilant,  not  only  the  ordinate  but  the  area  alfo  is  as  the  conjugate 
axe,  and  therefore  the  quotient  arifing  from  the  divifion  of  .the  area 
by  the  ordinstte,  is  a  conAant  quantity  ;  and  confequently  the  para- 

boUc  curve  AC  is,  C  rs  HC ,  where  B  is  the  area  and  z  the 

z 

ordinate  of  any  hyperbola  whofe  center  is  /,  vertex  AT,  and  abfcifla 
KB,  From  hence  arifes  the  following  general  conftru^on,  given 
by  Mr  Huygens  in  his  Horolog,  Ofcillat,  but  without  demonllration. 
— With  the  center  /  and  vertex  A',  as  before,  and  any  conjugate 
taken  at  pleafure»  defcribe  the  hyperbola  KO  meeting  BC^  produced 
if  neccifary,  in  0 ;  and,  making  the  rectangle  0  Mz:z  the  hyperbolic 
su-ca  KOB^  y^/ will  be  equal  to  the  parabolic  curve  AC  9is  l^fore. 

Corollary  III. 


When  ^  =  tf  =s  FG,  then  z  sziaX  \/2  +  hyp.  log.  of  i-^a/i  ss 

t^X2'295587i  =3  2*a95587^X-^^=  i'M77935  XFG  :=  the  curve 
AG  ;  F  being  the  focus. 

Corollary   IV. 

The  lengths  of  fimilar  parts  of  parabolic  curves  will  be  as  their 
parameters,  or  ordlnatcs,  or  abfciflas.  For  q  will  be  the  fame  in  each. 


2|^  Parabola.  PartlH, 

Example. 

Required  th«  length  of  the  curve  of  a  paraboU 
cut  off  by  a  double  OFdkiate,  to  the  axe,  whofe  length 
is  12,  the  abfcifla  being  2. 

Here  x  = :%,  and  j'  =  <J.  

Hence  a^f^  ^^^^9*q=i=  ^^l^^V^tW^ff 

=  v/r+?=\/V  =Tv/i3  =  1 -20 1 8504.— Or,  by  the 
table  of  tangents  and  fecants,  die  fecant  correfpond- 
ingto  the  tangent  |  or  '666  &c. »  r2oi8504  =  /. 

Then,  I  +  i'20lBso^m  1*8^8517,  whofe  comnuui 
logarithm  is  '27 1497»  vrhieh  bejpg  multiplied  by 
2-302585093  produces  •^2514495  for  its  hyperbolic 
logarithm  j  alfo  i  x  1-2018504  =  •8ox233<5 ;  *nd 
the  fum  of  th«fe  two  is  •^25*449  +  '80113^6  » 
1*4263785. 

Wherefore  9  x  r4»^3795  -  n'9$7^S  «»  the 
length  of  the  curve  required. 

*Ru  L  E  II. 

Putting  y  to  denote  the  ordinate^  and  q  the  quo- 
•  tient  arifiog  fi?om  the  di^ifion  of  ^e  ordii^tap  by 

half 


II  III  III        I        I    

*  Demonstratioh. 


By  the  laft,  the  fluxion  of  tlifi  cijrvc  was  «  a:^  V  i  +^  «=  (^f 
cxtraamg  tht  root)  i  X  :  i +  ^  -  ^,  +  ^;^6^'  ^^^^T 
t^kiag  the  fluents  and  w^it}^J;  q  for  ^,  w^  obtain  z^j^X'i  +^ 

2.4.5^2.4.6.7  -^  2.3^  4.5  6.7 

&c.  =  the  length  of  the  curve  from  the  rcrtex  to  the  ordinate,  tlie 

double  ef  whid  wijl  b^  ibs^t  of  tfce  <JouW«  ci*rv^.     4^^.  Z>- 

Co* 
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iialf  the  parameter,  ;or  from  thcdivifion  o£  twice 
the  abfcilTa  by  the  ordmate ;  the  length  of  the  dou- 
ble curve  will  be  denoted  by  the  infinite  feries  2j^.x : 

-4, 5y  C,  &c.  denote  the  ift,  2dy  jdt  &<^-  terms. 

NotCy  This  feries  will  converge  no  longer*  than- 
tin  y  =  I,  that  is,  when  the  ordinate  to  the  curve, . 
whofe  length  is  required,  meets  the  axe  in  the  focus  y 
for  if  the  ordinate  y  be  beyond  the  foeus,-  it  will  ber- 
greater  than  the  iemirparameter,.  and^coniequently 
2  greater  than  !• 

E  X  A  M  p  L  £• 

Let  there  be  taken  the  fame  example  as  before/^ 
in  which  the  abfcifla-  is  2  and  ordinate  6. 

4K  Then 


^ta 


-ta-4| 


CoHOXrLAILY. 


a* 

TlCt  hyperbolic  lOgarcdim -of  ^+v^i  +y^  w  se^  >C  :  i  —  — * 

2.3 

+  -^ ^~—  to;    For,  by  the  laft  rule,  —  —  hyp.  log.  of 

2.4,5        2.4.6.7  '  a  ""       ^ 

f  +  ^I+7?  «  =s  q^l^qq  =  ?  X  •  ^  +  ^  -  j:;  +  ^^*^* 

and,  by  this  rule,    —  is  s=  ^X  :  i  +  ^ +  -21^&c.but 

'  a  \  ^  3  .      4.5        4.6.7 

by  taking  the  former  of  thefc  from  the  letter,  we  have  jf  x  :  i  —  -^ 


2.:> 
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2x2 


Then  -^a^as^,  -^hich  being  nfed  for  it  in 

the  .general  feries,  and  the  affirmative  and  negative 

terms  C6lleded,  will  sfppear  as  below : 

A  rib^' I  •00060000  C  rr  0*00495827    • 

JS  =o' a;  407407  E  =         16935' 

Z)=  78385  G  =         -  1215 

F  :ii  43  IB  I  ^  117 

if  =       -  ^68  '   Zi  =  IS 

/T  = :   ,$p  .     -^0-0051211 

+  1*074^051  iiim  of  the  affirmative  terms 
—  o*oo5'i2ii        negative     — 

.  Di£    I  -069784  fut»  of  the  fefies 
ri  =  2y 

i2*«374o8  =  length  of  the  curve  nearly  the 
ifame  as  before. 

Rule  ilL 

To  the  iqwire  of  the  ^ardinate  add  |  of  the  fquare 
of  the  abfciffa,  and  thie  root  of  the  fum  will  be 
the  length  of  the  fingle  curve  nearly,  the  double  of 
which  wiU^  that  of  the  curve  on  both  fides  of 
the  abfcifla  nearly. 

That  is,  \/yy  +  ^x^  =  ^  the  length  of  the  fingle 
curve  nearly,  y  being,  the  ordinate  and  x  the  ab- 
iciffa.* 

Ex- 


■f*-^ 


*  D^E  M  o  M  8  T  R  A  Tl  o  H  of  thh  and  RuU  IV. 

Br  the  laft  rttlc,    the  curve  is  r  s  y  X  :  i  +  *— 7* y* 

•^  -  -^  2.y         2.4.5' 

.2.4-6.7  ^T»i         ^2,3*       2.4^9*        2.4.6.27 

&c. 


Scft.  IV.  Parabola* 


51/ 


Example. 

Taking  again  the  fame  example,  in  whichjc=_2, 
arid y  =  6,  we Ihall  have  c  =  ^/yy  +  |:)^x  =  s/i^-^-  '^ 
=  (5-4291  =  the  fingle  curve,  the  double  of  vrhiclx  is 
1 2*8582  s  the  length  of  the  curve  nearly. 

Rule   IV* 

To  the  fquare  of  the  ordinate  add  -f  of  the  fquarc 
of  the  abfcifla,  and  divide  the  fum  by  the  ordinate; 
:then  fubo-adl  4  times  this  quotient  from  9  times  die 
length  ot  the  iingle  curve  as  found  from  the  laft 
rule,  and  ^^r  of  the  remainder  will  be  the  length  of 
the  fingle  curve  extremely  near. 


— *-   -  *    -■  •  I  I 


That  is,  c  =  ^x/yjf  +  ^xx  -  4  x'^'^'^^'^'h  -  very 
nearly. 

Ex- 


■  ■■*  '-^*'      ■'  '      ■■  '     liiiOii  i    J      .  hk 1.  no— taJfcM— »wUA*Mi.— tii;i»^^»ki4fc 


mmmimtm 


&c,  hence  J  —  \/i  +  j-y j-  =  —  JZ-Q^"^  +  "■  2  ^"^  ^^'  ^^^*  f"P- 
pofing  q  not  greater  than  i  and  rcjeAing  the  feries,  c  will  be  -- 
y  Vi  +t99  =  V^/^  +  T**  acarly.    Which  is  rule  3. 

Again,  ftiem  the  ift  feries,-  —  t  — fj^y  st —q^  ^ 1 y*&c« 

y  5-4«5  4r4-7 

^|^J-^-i""=*-"  ~^9*  +  —^  ?'  &c-  and,  fromaboYc, 
^  j-VT+T^  =  -  jJ.^4  +_^_^r  5cc.  Hence,  by  rKbtra(5lmg, 


•M^MklMki 


-•-•t+fi?y-^ix-;-i  —Hq  83  -~-— y*  &c.  and,  confe^ 

y  9j      y  2.7.27 

quently,  thie  rcmaining'ieries  being  very  fmall,  we  fhall  obtain  c  =s 

very  nearly.     Which  is  rttlc  4,*  ^ 

And  in  this  manner  we  may  proceed  to  any  degree  of  accuracy 


31^  Parabola.  Part  HI. 

Example. 

Taking,  ftill,  the  fame  example;. we  fhall  have 
4  x^i^'  =  4X  ^-t±i=  25f;  but  by  thejaft  rale 

c  =  6*4291,    hence  9  x  6*4291   =  57*8619;    and 
f7'86ip25f  ^  ^.^j^g.^  ^^^j^g  d^^ble  of  which  ifi 

1 2*833  6. 

Not  e.. 

It  muft  be  obferved,  that,  as  tKefe  two  approxi- 
mations are  derived  from  the  2d  rule,  they  muft  be 
ufed  only  in  fuch  cafes  in  which  that  might  be  ap- 
plied, viz.  thofe  in  which  the  abfcifla  doth  not  ex^ 
ceed  half  the  ordinate^ 

Problem   V. 

To  find  the  area  included  by  the  curve  of  a  parabola 
and  any  right  line^  called  the  hafe  of  the  fi:gment 
or  area. 

R  u  L  E.*^ 

Take  f  of  its  circumfcribed  parallelogram  for  the 
area  required. 

Note* 


*DSMOH8TILATION. 

ft 

Put  y  sz^  an  ordinate  to  any  diameter,  x  a:  its  abfcifla,  and  p  =s 
the  parameter  of  that  diameter ;  then  the  equation  to  the  cunre  'mi\ 
h^  fxzsyy,  and,  putting  /  sb  the  fine  of  the  angle  made  by  the 

abfcifTa  and  ordinate,  tke  fluxion  of  :the  area  a  will  be  ss  /^x  ss 

-^  ;  hence  the  area  a  is  s=  — ^  sr  f /*^ ;  that  is,  f  of  the  pa- 

raJelogram  having  the.fame  baie  and  altitude^ 

Co- 


sta.  rv. 


Parabola. 


Zi7 


N  O  T  E. 

The  ba(fe  of  the  circumfcribed  parallerogram  is 
the  £ame  with  the  bafe  of  the  legment,  their  alti- 
tudes are,  likewife^.  the  fame ;.  and,  therefore,  the 
parabolic  area  will  be  equal  to  |  of  its  altitude  mul- 
tiplied by  its  baie;  that  is  =  f  ^i^;  putting  a  to  de- 
note its  altitude,  and  b  its  bafe. It  may,  farther; 

be  obferved,  that  if  the  bafe  be  perpendicular  to  the 
diameter  of  the  figure,  then  the  altitude  a  will  be 
the  fame  with  the  abfeifla  of  the  figure;  otherwife, 
the  altitude  is.  equal  to  the  abfeiila  drawn  into  the 
natural  fine  of  die  angle  made  by  the  abfcilla  and 
ordinate  or  bafe,  the  radius  being  i.  And  this  is 
to  be  obferved  in  every  other  figure-. 

4  L  E  X- 


C  O  K  O  L  L  A  Jl  r   I. 

Hence  it  is  evident  tfiat  all  pa- 
rabolas j4DBy  JCB,  of  equal 
bafes  ^By  and  of  equal  altitudes 
or  between  the  fame  parallels  JB,. 
DCf  9re  equal  to  one  another., 

CoROLbAR  Y   II. 

Any  common  felons  F(7,  /g,,    A. 
of  the  parabolas  AD  By  JCB,  are  equal  to  each  other. 
.    For  {EC :  Ch  ::  ED  iDH  ::)  AB"^  :/j»  :;  AB^*  :  F(7*  ;  but  AjBi 
ss  AB,  therefore  /g  ss  FG. 

CORO-I^L  AHV   HI. 

And  hence»  alfo/  the  fegments  FDC,  /Cg,  are  equal  to  each* 
other. ^For  they  are  of  equal  bafea  and  altitudes. 

Corollary  IV, 

Moreover  the  firuftums  AFGB,  A/gB,  of  equal  ends  and-  alu^ 
tttdes  are  equal  to  one  another, 

Co- 


3i8  JP  A  P.  A  BOX  4.  PartlQ. 

Example  I. 

Required  the  area  of  A  parabpU^tJic  abfcifla,  being 
3,  and  the  ordinate,  perpenidicujai:  to  the  abfcLffa,,  6» 

Here  the  altitude  i^  2,  and  the  bafe  or  double  ois 

<^uate  is  13;  therefore 

qaired.  £«- 


^i  ■  I       ,.        ■      I        ..  ■  .       ,,.  ,  i..  .1^1  I'll  '     I   »1'V 


.    Let.  JfiC.  be  a  triangle  iavijag 

^he  fame  bafe  and  altitude  with  the 

paraboHc  fegment  AE 9 DC ;  th«ii» 

bcc9,ufc  tl)e  triangle,  is  half  of  t^e 

circumfcribed  parallelogram,  it  will 

be  -J  of  the  parabolic*  fegnwnt,  and 

KMif«quently  the  fegments   JEB^  • 

UDGx.  together,  will  be  :J  of  the 

'^hole  portion  JEBDCy  or  j.  of  the  triangle  j4SC. 

Again,  it  will  appear  that,  if  in  did  two  fegments  AES^  BDC, 
be  infcribed  triangles  AEB,  BDCy  of  the  fame  bafes  and  altitudes 
with  them,  then  thef«  laft  triangles  will  be  -^  of  their  circumifcriUed 
fegments,  and,  confequently,  J  of  th^  triangle  ABC  \  if,  in  lik^ 
manner^  in  the  laft  made  fegments  be  inf<;rihg4  the  ^eatclt  triapgfes^ 

tbey  will  be  ^  of  the  triangles  immediately  pree^diag  them>  or  — 

4*4 
=-  ^  of  the  firft  triangle ;  and  fo  on  condnus^y :  And  cofifequentiy 

all  the  infcribed  triangles^  taken  together,  will  be  exprefled  by  the 

feries  ^  X  :  i  +  *-  H — i  H — :  4 — z  &c.  where  b  denotes  the  firft  tri- 

4      4*      4'      4* 
•angle ;  and  which,  when  Uie  feries  ia  infinitely  continued,  will  denote 

-the  area  of  the  parabolic  fegment. 

Co  A  O  I,  LA  It  T   VI. 

I  I  I     • 

Hence  the  infinite  feries  i-|»^4.^a.^  &c.  will  be  ss  i^  aji 

4       4        4* 
we  alfo  know  from  other  principles  j   and,  confequently,  the  fum 

-of  any  finite  number  of  iierms  of  the  feric*  -  4*  -^  +  t  &o*  u  1^^  thaa 

4       4       4* 
^  V  ^^^  the  fum  of  the  infinite  number  of  them  s  f . 


L. 


Sodl.  IV*  F  A  R  A  EC  L  A«  Ji  (^ 

Example  JL 

If  the'bafe  of  ^  p^r^bplic  fegmCBt  be  12^  aa4  its 
abfcifTa  2  make  aji  angle  of  30  degrees  with  it  j  \iltat 
wiU  be  the  area. 

The  fine  of  30^  l^eing  li*lf  of  radius,  the  altitiwie 
will  be  2  X  T  =  I J  and  hence  f  x  12  =  8  =  the  area. 

P  R  o  B  li  K  M    VI. 

To  find  the  area  of  aft^um  or  zone  of  a  ffarabolay 
included  by  two  parallel  right  lings  and  the  isfer^ 
'   upted  curves  of  the  parabola.  ' 

Rru  L  E. 

To  one  of  the  parallel  ends  add  the  quotient  arifing 
from  the  divifion  of  the  fquare  of  the  other  by  the 
fum  of  the  faid  ends,  multiply  the  funx  by  the  aiti 
tude  of  the  fruftum  or  diftance  of  the  ends,  and  f 
of  the  produdl  will  be  the  area.  Or  divide  the  dif- 
ference of  the  cubes  of  the  diameters  by  the  difference 
of  their  fquares,  and  multiply  the  quotient  by  j  of 
the  altitude. 

That  IS,  D  +  5:^5 X  1^1  or  d+'^j^^  x^a,  or^jrrjr 

X  ja  =  the  area,  i>|  d  being  the  two  ends,  a^d  a 
the  altitude.* 

Ex- 


■    '      '  '  '  '      '..'■■!.  '    '         '1     L..   »  t  -II    .  .    .iiiin    I    .11    ■ 

*    Dfi.MON8TEATIO|l. 

By  the  property  of  the  parabola,  D.D  -^ddiaix  ^  .  ^ 

the  altitudes  of  two  compleat  fcgmenu  whofe  bafes  are  the  en4^  D,  i 

•of 


jia 


Parabola. 


Pirt  in. 


Example  I. 

If  the  two  parallel  ends  of  the  fhiftiam  of  a  para- 
bola be  lo  and  6,  and  the^part  of  the  abfcifla^  per- 
pendicular to  and  connedling  the  middles  of  thofe 
ends,  be  4 ;  what  wDl  be  the^  area. 

Here  the  abfcifla,  being  perpendicular  to  the  ends, 
will  be  the  altitude  of  the  figure,  and  therefore 

■  V*32t,  or  c^+— ^x 


10  + 


6x6        4x2 
10+6        3 


2|-  s=  32j  =  the  area. 


3 


Ex- 


mm* 


of  the  fruftum ;   and,  confequently,  the  fhiftum  or  their  difference 
.    .     ^2)»wi/»       ^       '^DD  +  Dd+dd      ,         r         dT 

^T-x^.^  =  ^.x— ^^:^=|.xi)+5^^« 


I^+d 
Corollas  r. 


Hence   a   para^ 
bolic  {iruftum  is  e-^ 
qual  to  a  parabola, 
of  the  fame  alti- 
tude,   and  whofe 
bafe  is  equal  to  one 
end  of  the- fruftum 
encreafed  by  a  3d. 
proportional  to  the 
I'um  of  the   ends 
and     the     other. 
Wherefore,  in  the  one  end;  produced,  of  a  parabolic  fruftum  AQCD 
take  CE  =  the  other  end  AB ;  raife  EF  perpendicular  to  EC  and  » 
CD  ;  dAw  DF,  and  perpendicular  to  it  F6^  meeting  with  CEy  pro- 
duced, in.  G  :  Then  if  upon  the  bafe  CG  be  defcribed  a  parabola  CHG 
touching  the  line  ABHy  it  will  be  equal  to  the  fruftum  ABCD. 

For  CG  =r  CE,  +  EG  gz  JB  +  EG  ^  AB  +  ^^ABJ^ 
DC^ 

ac+AB" 
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£  X  A  M  P  L  £    IL 

If  the  part  of  the  abfcifla,  comicfting  the  middles 
of  the  two  ends,  make  with  them  an  angle  of  48* 
S^tt' >  required  the  area,  the  other  dimenfions  be- 
ing as  in  the  firft  example. 

The  fine  of  48^  35Ty'  being  75  or  }  very  nearly, 
hence  4  x  |  =  3  =  the  altitude  =  |  of  that  in  the  laft 
example,  and  therefore  the  area  here  muft  be  ^  of 
that  above;  that  is,  32}  x  |  =  V  =  24^  =  the  area 
required. 

Problem  VII. 

To  find  *tbe  area  included  by  the  foci^  difiance^  the 
line  drawn  fr^m  ihe  focus  to  the  curve ^  and  the  con- 
toined  arc  ^  the  parabola. 

Rule. 

Upon  the  axe,  or  focal  diftance  ABy 
produced  if  neceflary,  having  demit- 
ted  the  ordinate  or  perpendicular  CDy 
cutting  off  the  abfciffa  DA-j  then 

To  the  focal  diflance  BA  add  ^  of 
the  abfcifla  AD,  multiply  the  fum  by     -^^^ 
the  ordinate  DC,  and  ^  of  the  produA  will  be  the 
area  of  the  part  ACB. 

*  That  is,  BA+JAD  x  iDC=  the  area. 

Note,  The  focal  diftance  AB  is  4:  of  the  parameter. 

4M  Ex- 

,  •   Dem  OirS  TR  ATI  ON. 

Putting  >/D  s=  y,  Z^C'ss/,  and  BA^4i\  ACB^ACD^DCh 
will  be  =s  f  yj'  d:  ijf  X  :i:?f  di**  a  t^J'  — i*7  + t^'/ss^  X  ■fy-+--?r 


^2  ^ARAfip^A*'  flMt  ill. 

E  X  A  M  P  1/  £•     ' 

If  the  abfcifia  be  2,  and  the  ordinate  6^  re^uiitd 
the  area  of  JCB.  > 

By  cafe  i  prob.  2,  we  have  2  :  6  :^  6 :  18  =  the  pa- 
rameter, and  hence  '4?  =  4!^  =^5. 

Then  4t -r  f  x 3  =53- x  3  =151=  the  area  required.. 

R  u  L  E  n. 

fubtradl  the  focal  diftance,  or  diftance  between 
the  focus  and  the  beginning,  of  the  arc,  from  the 
diftance  between  the  focus  and  the  end  of  the  arc, 
and  mtfltiply  the  remainder  by  the  faid  focal  diA' 
tance  j  then  multiply  the  root  of  the  produdl  by 
the  fum  of  the  diftance  between  the  end  of  the  arc 
and  focus  and  double  the  focal  diftance,  and  y  of 
this  produdl  will  be  the  area. 

*  That  is,  iJ^JB  x  CB^BA  x  2JB  +  £C=:  the. 
^ea  ACB. 

Example. 

Taking  here  the  lame  example  as  before,  we  have 
AB  =  41,  ^ndBC=:DA  +  AB  =r  2  +  41.  =  6i;  ^nd 
hence  t v^43-  x  2  x  9  +  6^^  =  1 5  }^  =  the  area  as  before^ 

Pro- 


*Demonstration. 


By  the  nature  of  the  parabola,  z  =  CB  is  =  IJ^+  AD  =  «  +  sr, 
ind  3f  ==  z  —/I,  aClfo  \y  =  ^/ax  =s  y/a  x  z^a  ;  which   values    of 

»  and^,  written  for  them  in  the  laft  ivk,  giv«  y\/a  x  z^  x  2u  +  ^ 
satheaxea^^'i^.     ^E.D. 
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Problem   Vin^ 
To  find  the  curve  furface  of  a  paraboloid. 

R  U  L  E     L* 

'    To  the  iquare  of  the  ordinate,  or  femi-dlameter  of 
the  baie^  add  4  times  that  of  the  axe,  and  the  rc>ot 

of 


*  Demons  TRATi  ON. 

Calling  the  ordinate/,  the  abfcifla  x,  the  curve  z,  and  the  parameter 
p  ;  alfo  a  =:  3*14159  &c.  the  •equation  of  the  generating  parabola 

wU  be  f;c  sijy,;  hence  pxss  2jfy,  and  the  fluxipn  of  the  furface 

-    -  » 

s'sz  2a/z  =:.2^>Vi*.+  i*  =  aoy  V  >  +  4^  ss  ^  ^^iff+J/f 

PP  P 

and,  by  taking  the  correft  fluents,  the  furface  j  will  be  =  —  Xi/^+j'^r 

IP 


^^apps^yX 


;';'  +  4xx 


^>mmm^m 


lizz!  —  *^«K^^.^  +  4yyl^— ^^— , 


4XX 


—  -y^yx 


=  'i^J' 


tt^^ty+yy 


.r>  _ 


putting  /  ss  ^yy  -f-  4XX  ss  BE  the  tangent  to  the  curve  at  the  ex- 
tremity of  the  ordinate  and  intercepted  by  the  axe  produced.  ^.E,D* 

CorollartL 
In  CB,  produced, 
tmke  BC  3  the  tan- 
gent BE;  erca  GH 
perpendicular  to  GB 
and  equal  to  B  D  ; 
draw  DM,  and  per- 
pendicular thereto  HI  I  & 
meeting  BG,  produ- 
ced in /;  take  ^^=3: 
^  of  BI;  and  upon 
A'CT  defcribe  a  circle 
meeting  in  L  with  BL 
perpendicular  to  BC: 
And  the  circle  whofe  radius  h  BL  will  be  equal  to  the  curve iurfiicc 
of  the  paraboloij  BJC^  Por 
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of  the  fiim  will  be  the  tangent  of  the  curve  at  the 
bafe  and  intercepted  by  the  axe  produced  j  let  this 
tangent  be  called  /,  viz.  /  =  \/yy  +  ^xx^  x  being 
the  axe,  and  y  the  ordinate. 

Then,  by  probienx  6,  find  die  area  of  the  fruftuni 
of  a  parabola  whofe  parallel  ends  are  t  and  /,  and 
its  altitude  -y. 

And  this  area  mukiplied  by  3*14159  &€.  will  be 
the  curve  furface  of  the  paraboloid  ^-SC  required. 

Example. 

Required  the  curve  furface  of  a  paraboloid  whoic 
axe  is  20,  and  the  diameter  of  its  bale  60. 

Here 


For,  by  the  conftruaion,  BL^  »  KByiBC  ^  CBx^BJ 


^O*       .  ^_      ^^        BD^ 


\BDX  BG  +  GIsz\.BDxBE  +  -—^=i^BDxBE+ 


GD        ^       ^       ^EB+BD 


yy 


CoROLLARr    n. 


The  curve  furface  of  the  paraboloid  is  tx)  the  area  of  its  circular 
bafe,  as  IK  is  to  BD, 

For  the  bafe  is  =  ^ X  BD^ ,  and  the  curve  furface  s=  ^  75  X  BD  X  ^ 
s=  aXiKxBD. 

Corollary   III. 

If  M  be  the  focus  of  the  generating  parabola,  and  there  be  taken 
AN^  MC  zszD/^+AM,  and  the  double  ordinates  PNO,  ^MR 
be  drawn ;  the  furface  generated  by  BAC  will  be  to  the  area  OP^i, 
as  tf  =  3' 14159  &c.  to  I,  or  as  the  circumference  g(  a  circle  to  its 
diameter. 

For  the  furface  is  =  i?  x  ipF+JJl^'—iafif  =  ^  X  tTTTT^l* 

3/  3P  

^iapp  £=  1^  X  ANX  NO-^^axJMx  MR  sz  ax77'xO'^Oj[R 
zsiaxOP^R. 


•y-^ry 
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•  Here  v/3o='+4o^  =  5-0  is  the  tangent.  Then,  by 

prob.  i-,  50  +  52^^  x|x3ox3-i4,j:9  &c.=  'i|22x 

50  X  3-14159  &c.  =  1225  X  2'i^iS9  &c.  =;  3848-45X 
=  the  fuiface  required. 

*  R  u  L  E   n, 

« 

Divide  the  difference  between  the  cube  of  the  tan?- 
gcat  and  the  cube  of  the  ordinate  by  4  times  the 
fquare  of  the  axe,  multiply  the  quotient  by  |  of  the 
'Ordinate,  and  the  produd  mxiltiplied  by  3*  14 159  &c, 
mil  be  the  furface. 

That  is,  -—■  X  fey  =  the  furface;  where  t  =3 

y/yy  +  AfXx^  ^  the  tangent,  cc  =  the  abfcifia  or  axe,. 
y  =  the  ordinate  or  femi-diameter  of  the  bafe,  and 
^=  3*i4i59  &c. 

Example. 

Taking  tlie  fame  example  as  in  the  laft,  in  which 
»  =  20,  ^  =  30,  and  therefore  t  =  \/40^  +  So"*  =  50  j 

wefhallhave^^^^x3ox|^  =  ^^x20(:=i22j'x 
3-14159  &c.  =  3848-451  =  the  furface  as  before. 

Problem   IX. 

To  find  the  curve  furface  of  the  fru/ium  of  a  paraboloid^ 
having  given  it4  altitude  and  the  diameters  of  its  ends^ 

Rule. 

Divide  the  dificrence  of  the  fquares  of  the  femi* 
diameters  of  the  ends  by  their  diftance  or  by  the  al- 

4N  titude 


•  This  rule  appears  in  the  inveftigation  of  the  laft. 
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titudc  of  the  fruftum,  or  divide  the  difference  of  the 
fquares  of  the  whole  diameters  by  4  times  the  altitude, 
and  the  quotient  will  be  the  parameter  of  the  axe  of 
the  generating  parabola. 

Find  the  two  iiims  arifing  from  the  addition  of  the 
fquare  of  the  paramester  and  the  fquare  of  each  dia- 
meter ;  multiply  each  fum  into  its  root,  and  divide 
the  difference  of  the  products  by  theparameter ;  mtd- 
tiply  the  quotient  by  3*  14159  &c.  and  i-  of  the  pro^ 
du<^  wfll  be  the  furface  of  the  frlifhim. 

♦  That  is,  /I±^£!i=M±Z£!f  ^  .  .^the  furfece, 
D  and  d  being  the  diameters  of  the  ends,  p  =  the 
parameter  =  —  ~     ,   a  =  the  altitude,   and ,  c  = 

3' 141 59  &c. 

Ex- 


In  the  inveftigation  of  rule  1  of  the  laft  problem,  it  appears  that 
^  XtAM^I*— T^^/^  ^'  ^  ^  /TTS^^I   —  x<^PP  w  the  furface 

of  the  fegmcnt  whofe  ba&  diameter  i&  Z),  a^id  tt  X  // + dJ^  —  ^cpp 
as  that,  whofe  diameter  is  i\  and^  bj  taking  the  difference,  j-c 
^PP^-DDX"  -pp-^dd^  ^^  ^^^^^  ^  ^^^^^  ^^^  fruftum  the 
diameters  of  whofe  ends  are  Dy  d. 

And  that  the  parameter  is  =r ,  appears  thus  :  Smcc/JT 

4 

^  TY,  and/x  as;'/,  therefore/A"— /x  s  rr^^jy,  and /a   jfZx"^ 
4^ 
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Example. 

Required  the  curve  furface  of  the  fruftum  of  a 
paraboloid,  the  altitude  being  25jf  and  the  diame- 
ters of  its  ends  48  and  15, 

Here  Z>=48,  d^z  15:,  and  a=:2j;||. 


Therefore 


DDj^Jd 

4f 


'^  48*  —15*  ^   2079   ^ 


4X25i*         xo3fJ 


Then  s/pp-^^DD.iz  v/20*  +  48^  =  \/2704  =  52. 
AnAy/pp+dd  =  \/2o^  +  i5^  =  \/625  =  25*. 

■    Henc^-^^^^^;-,^'^'^'^  X  .  =  iig3  x 3-14159 &c.. 

=5  41 66* I  X  7S5398  &c.  =  3?72*o47288.5  =:  thedfur^- 
face  required* 

Pr  o  b  l  £  m  X.' 

Jf  a  pdrahdloid  be  cut  by  a  plane j  oblique  to  its  axe^  it  is\ 
required  tofnd  the  axes  of  the  elliptic  feiiion. 

Rule. 

It  is  evident  that  AB 
is  the  tranfyede  axe.  And.- 
if  jB*  be  a  double. ordi- 
nate to  the  axe  and  meet- 
ing the  dikmeter  j4C  in  C, 
then  JJC  will  be  the  other 
or  conjugate  axe  of  the 
fedion.  A&  is  proved  in 
corollary  7  touprop.  i  fed.  2. 

Example; 

If  a  paraboloid  whofe  axe  is  45^^  and  its  baft  or 
greateft  double  ordinate  32,  be  cut  by  a  plane  pafCng 
through  the  extremity  of  the^baie  and  the  oppofite 

fide 
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fide  of  the  figure  at  the  height  of  zo  above  the  bale ; 
-what  are  the  axes  of  the  feraon. 

Draw  AF  perpendicular  to  and  meeting  with  the 
axe  DE  in  K— Then  FE  =  ED-^DF^  45^  -  20 
=  25f ;  and,  by  •the  nature  of  the  parabola,  DEz 

£D  454  94. 

i^— =4x36  =  144;  and  hence  i^-4  =  Z>C=  1/1 44 
=  12  :  wherefore  CB  z^BD  +  DC=i  16+  12  =  28  = 
the  conjugate  axe.  And  AB  -  \/BC^  -y  CA^  :=• 
x/ 28^+20^  =41/7^  +  5^  =4v/74=:  34-40930x0682 
=  the-  tranfrerfc  axe  requiredi. 

E  x  A  M  p  L  E    n. 
Let  the  fame  paraboloid  be  c\it  through  the  extre- 
mity gf  the  bafe  by  a  plane  cutting  the  figure  again 
on  the  fame  fide  of  the  axe,  and  at  the  fame  diftance 
of  20  above  the  bafe ;  to  find  the  axes  of  the  fedion. 

Here  Cb^bD-DC-^  16-12  =  4  =  the  conjugate 
axe.  Andi.bA^s/AC'  +Cb^  »  %/2o'+4^  =4%/i''+i  ^' 
«  4V/26  as  20*39607804  ai  the  tranfverfe. 

Problem  XL 

To  find  lhefi)lidtty  of  any  Jhgrncnt  of  a  paraboloid,  lohq/c 
bafe  is  either  perpendicular  or  oblique  U  the  axe. 

*  R  u  L  E    L 
For  both  right  and  oblique  fegments. 
Multiply  the  bafe  by  half  the  altitude,  and  the 
produft  will  be  the  content.  Note, 


■^■^■ 


♦DbmonstrXtion. 
Let  h  denote  the  bafe,  a  the  altitude,  x  sr  any  variable  abfci/Ia, 
er  part  of  the  diapaictcu'  drawa  through  the  middle  of  the  bafe,  and 
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Note. 

When  the  bafe  is  perpendicular  to  the  axe,  it  is  a 
circle,  and  the  altitude  is  equal  to  the  whole  lengtli 
of  the  axe  contained  between  the  bafe  and:  the  ver- 
tex,— ^But  if  the  bafe  be  oblique  to  the  axe,  it  will- 
be  an  ellipfe,  and  the  altitude  will  be  the  perpendi- 

4  O  cular 


fzs  the  fine  of  the  angle  formed  by  this  diameter  and  its  ordinate, 

to  the.judius  i. 

Bsx 
Then  zs  a:sx  ::h  :  —  ts  the  fe^Kon  correiponding  to  the  aUcifla- 

Xi  by  prop,  i  fed.  2.     Wherefore  —  X  ^V  a:  =  the  fiuzton  of  the  fo- 

•  h  s  s  X  X 

lid  ;  and,  by  taking  the.fluent,  the  foliditfelf  will  be ;  which>. 

2a 

when  sx^a,  becomes  iai  for  the  whole  folid  whofe  bafe  is  b  and  « 

and  altitude /I. .   ^E.D. 

Corollary  I.'. 

A'paraboloid  is  equal  tohalfaprifmof  the famf  bafe  and  altitude;  or. 
a  prifm,  a  femi-fpheroid  or  femi-fphere,  a  paraboloid,  and  a  pyramid, 
all  of  equal  bafes  and  altitudes,  are*  to  one-aiiother  as  the  numbers  i,  y,  . 
it  and  ^,  or  as  6/  4,  g,  3 ;  and  are,. therefore,  in  a  difcontinued  geome*^ 
trie  proportion  whofe  ratio  is  that  of  3  to  2.  Which  will  appear  by 
comparing  the.aboye  value  .of  the  paraboloid  with  thofe  of  the  other 
folids. — '■ — When  the  bafe-  of*  the  paraboloid  is  perpendicular  to  the 
axe,  or  when  the  paraboloid  is  right,  theiemi-fpheroid  or  femi-fphere 
will,  alfb,  be  right,  and  the^prifm-and  pyramid- will  be  the  right. os 
common  cylinder  and  cone,  the  commoa  bafe  being  a  circle  ;  but  if 
the  paraboloid  be  oblique  by  having  its'  bafe  oblique  to  its' axe,  the 
common  bafe  of  all  the  folids  will  be  an  ellipfe,  the  femi-fpheroid 
will,  alfo,  be  oblique  by  having  its  bafe  oblique  to  its  axe,  and  the 
prifm  and  pyramid  may  be  either  right  or  oblique. 

Corollary  II. 

•  ■ 

If  upon  the  diameter  NP  ssBCss  the  conjugate  axe  of  the  ib<Ebion 
jiB  be  defcribed  a  circle,  the  oblique  paraboloid  or -fegment  /iB  B 

will- 
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cular  demitted  to  the  bafe  from  the  vertex  of  the 
diameter  drawn  through  the  middle  of  the  bafe,  or 
it  will  be  equal  to  the  produdl  arifing  from  the  mul- 
tiplication oi  the  part  of  die  laid  diameter,  inter- 
cepted by  the  vertex  and  the  bafe,  by  the  fine  of  the 
angle  of  inclination  to  die  bafe. 

Ex- 


mll  be  eqtnlto  tht  rig^  paraboloid  wiioft  bafe  is  that  circle^  and  its 
4iltitude  MH,  For,  the  diameter  of  the  circle  being  the  conjugate 
axe  of  the  bafe  of  the  oblique  paraboloid*  the  circle  will  be  to  that 
bafe  as  the  conjugate  is  to  the  tranfverfe  axe,  that  is,  as  C 2?  to  i?^; 
but  KH  k  tQHMin  the  fame  proportion  of  6*^  to  BA;  confequentlj 
KHX  elliptic  bafe  JB  vnUhe  sz  HMx  circular  bafe  NP  or  BC. 

It  is  alfo  evident^  that  all  fegments,  ri^ht  or  oblique,  having  the 
fame  vertex  H,  and  the  tranfverfe  axes  of  whofe  baies  pafs  through 
the  fame  point  M  and  terminate  in  j4Cy  OP,  parallel  to  andequi- 
-diftant  from  HM,  wilt  be  equal  to  one  another. 

Co&OLLAR.Y   III« 

If  j9,  b  denote  the  two  bafes  or  parallel  ends  of  the  fruflnm  of  a 
;paraboloid,  either  right  or  oblique,  and  d  the  diftance  of  the  .ends» 

(Vr  the  altitude  of  the  fruftum  ;  then  idjc  B+b  will  be  the  folidity  of 
the  fruftum. 

For,  by  this  problem,  i:^^^  is  the  fegment  whofe  bafe  is  B  and 
altitttde  yf,  and  t^ ^  is  that  whofe  bafe  is  b  and  altitude  a ;  wherefore 
the  fruftum,  or  the  difference  of  the  fegncnts,  is  ij^B  ^  \ab :  But| 

Bd 

by  the  nature  of  the  paraboloid,  B-^b  :  d  lA-^a)  :iB  iJss  -= — j , 

and  B  — b  i  d  iibiass  -^ — 7 ;  which  values  of  ji  afid  a  bemg  fub« 

dB*^  db*  *  — — — 

ftituted  for  them,  we  obtain  ^jiB-^iab  sc  ^ — 5— — r-  s  idxB+b. 

Corollary  IV. 

Let  JGBbhe  a  right  fruftum,  Hltht  diameter  to  the  double  or- 
dinate AB^  and  //^perpendicular  to  AB^  that  is,  HKihc  altitude 
of  the  oblique  fegment  AHB^  Then  the  value  of  the  oblique  feg- 
ment AHB  is  i If  X  ABxBCxHKy  putting  n  ss  785398  &c. 

But 
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E  X  A  M  P  L  E    L 

-Required  the  folidity  of  a  right  paraboloid  whofc 
axe  is  30  and  diameter  of  its  bafe  40. 

Bytherule,4o*xi5X785'398&c.=i8849*j:j'592ij^ 
=5  the  foUdity  required. 

Ex- 


Bfit,  by  the  pro|>crty  of  the  figure, ^ffZ)*—Z>C»  :  Cj4  iz'BD^-^DP  : 
BD^^^DC^^  X  C'^  =  IHt  hence  MH  s  HI^  IM  =:  HI^\CA 
»  ^j^  ^ ^'^  X  iCA SB  ^^y  J  and,  by  fimdar  tnanglcs,  AB  : 
BC?  ;:  MH  \HK^ ^-^ s  -^-s— s-rrr;    therefore  the  ob- 

lique  fegment  -^^2?,  or  \nx  ABy.BCy.HK^  wiU  be  w  o7r>>< 

BC^ 

Or,  by  fubftituting  the  value  of  CA^  viz.  «j^; X  DE 

s — 27iv: —  X  ^^>  inllead  of  it,  the  fame  fegment  AHB  will  be 
BC^  BC* 

Corollary  V. 

If  from  DExBh*x\n,  the  value  of  the  right  fegment  BEB,  be 
taken  the  above  value  of  the  oblique  fegment  AH  B^  there  will  remain 

l^l^±£lxDExin,  or ^^tZ^g^  Xff^Xi«  for  the  value 

of  the  greater  ungola  3i^^. 

Corollary  VL 
And  if  from  the  faid  value  of  the  obKque  fegment  AHB^  be  taken 

that  of  the  right  fegment  AEC^  viz.  -y— X  D^X  i«  ^dT%_jq% 

^.  .  .  .»  .  BC^-'AG^  ^^  \  BC^^AG^ 
XCAxi»y  there  Will  remam -gj; x2>£xi»or      ^^^^^ 

X  CA  X  i«  for  that  of  the  le6  ungula  AGB. 


r  A  R  ABO  L  OI  Da  Fart  Illi 

i 

Example  IL 

If  from  the  above  right  paraboloid  be  cut  a  part 
BAby  by  a  plane  paffing  through  the  extremity  of 
the  bafe,  and  the  oppoiite  fide  at  the  height  AC  of 
22-  above  the  bafe ;  it  is  required  to  find  the  contmtt 
of  the  oblique  iegment  AH£. 

Here  FE  =  ED -CA=  20^22^  =  t\ ;  then,  by 
the  property  of  the  parabola,  ^/-D-E :  \/EFii  BJDi 

^F==5Z)\/||  =  2o\/^  ==  20 \/^==2ox|  =  ioj  hence 

BD  +  DC-  BD+AF i=  20+ 10  =  30  =  CB  the  con- 
jugate diiimeter  of  the  bafe,  by  the  laft  problem; 

and  x/AC'  +  CB^  =  x/lrj^^  =  7*5\/3'  +  4'  = 
7 '5  X  5  =  37 '5  =  5-4  the  tranfverfe.  Now  H  being 
the  vertex  of  the  diameter  MMI  drawn  through  M 
the  middle  of  AB^  and  HK  perpendicular  to  AB^ 
the  triangles  HKMy  MIB^  BACy  will  be  fimilar ; 
but  MB  =  \BA,  and  therefore  -M/=r  iCA  -11^} 
but  HL  =  Z)/=  — -^ —  _^2o-K> _ ^  J  ^^^^  j^y  ^j^^ 

property  of  the  parabola,  BD^  iBD^^LH^  iiDEi 

jy/=         ^^>         Xi)E=r^^^~X3Q=^^^^X30  = 

if'«  ^=  28i;  hence  HI^IM^  28^-11^=  i6i 
zzMff^f  and,  by  fimUar  triangles,  AB:  BCi.MH: 
-fl7C=  — jj—  =    g^.^    =  1 3i-  =  the  altitude. 

Then  CB  xBA x i/TA'x  '785398  &c.  =  30  x  37-5 
X  6*75  X  78539^  &c.  =  759375  x  7^539'^  &c;  = 
59 64* 1 173033  =  the  fegment  AHB  required. 

Rule 
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Rule  II. 
For  the  oblique  fegment. 

Divide  the  fourth  power  of  5  C  by  the  fquare  of 
Bb^  multiply  the  quotient  by  iDEy  and  the  pro- 
duifl  multiplied  by  785398  &c.  will  be  the  content 
of  the  oblique  fegment  AHB. 

That  is,  -j^x^DExm-AHB.  By  corollary  4. 


Example. 

Bb 


Taking  here  the  laft  example,  we  have  yu^  x^DE 


X  n  =  ^x  is: X785'398&c.  =  ^.21^  x  785398  &c. 

=  759375x785398  &c.=:  5964-1173033  the  fame 
as  before. 

Problem   XII. 

To  find  the  content  of  the  fniftum  of  a  paraboloid^  hav- 
tng  its  ends  parallel  to  each  other^  and  either  right 
or  oblique  to  the  axe. 

Rule. 

Multiply  the  fum  of  the  two  ends  by  their  dif^ 
tance  or  altitude  of  the  fimftum,  and  half  the  pro- 
duct will  be  the  content. — ^As  is  proved  in  corollary  3 
to  the  lail  proWem. 

Note. 

The  fame  things  may  be  oblerved  here  as  in  the 
note  to  the  laft  problem. 

Example. 

The  length  of  a  calk,  compofed  of  two  equal  fru- 
ftums  of  a  paraboloid,  is  45  inches ;  required  the 

4P  content 
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content  in  ale  and  wine  gallons,  fuppofing  the  bung, 
diameter  to  be  40  and  the  head  diameter  20  inches. 

Here  .40^+20*  x  785398  &c.  x  224-  =  45'oop  x 
•785.398  &c.  =  35342*9 1 7  35-288 j^=  the  content  ixt. 
inches. 

Then  HiOIlii-  i25'329494  ale  gallons. 

And  3?34a'9i7?r  _.  i^'^j)j>54  ^jne  gaUons. 

Problem  XIII. 

To  find  the  fi)lidity  of  the  parabolic  utigula  bAB,  or 
BAG,  made  by  a  plane,  paffing  through  the  oppofite 
extremities  of  the  ends  (f  thefrufium  AGBb. 

Rule. 

Divide  the  difference  of  the  4th  powers  of  the  di- 
ameter of  the  bafe,  and  half  the  fum  of  the  diame- 
ters of  the  ends  of  the  fruftum,  by  the  difference  o£ 
the  fquares  of  the  faid  diameters ;  multiply  the  quo- 
tient by  785398  &c-  and  the  produdl  multiplied  by 
half  the  altitude  will  produce  the  content 

That  is,   ^^!l^j>  X  CJ  X  i«  =  the  ungula  bJBj 

And  j>Z;^gx  >^CJ  X  in  =  the  ungula  BAG.-- 
As  is  proved  in  corol.  4  and  5  of  prob.  i  o.. 

Example  r. 

If  a  veflel,  in  form  of  the  fruftum  of  a  parabo- 
loid, and  open  at  the  narrow  end,  be  fb  placed,  that 
the  liquor  in  it  may  juft  cover  die  bottom,  whofe 
diameter  is  40  inches,  and  riie  to  the  height  of  .22^- 

inches 
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inches  towards  die  top  of  it;  required  the  quantity 
of  liquor  contained  in  the  veflel,  fuppofing  the  dia- 
meter of  the  veflel  at  the  upper  edge  of  the  liquor 
to  be  20  inches. 

Here  J?&=40,  CA-zzi^  and  AG  :=  20;  confe- 
quently  BC  =  i2il^  =  30. 

Hence  ^=1^  X  «i  X  l^ijM*^:  ,  m»  x  90  x 

785398  &c.  =  ja885*4386i8  cubic  inches;  whicb^ 
being  divided  by  282  or  by  23 1,  will  give  45:693.044^ 
ale,  or  55:781 1 191  wine  galloos. 

Example  n*. 

If  the  veflel  have  its  dimenflons  inverted,  that  is,;* 
i£  AGB  be  the  part  filled,  AB  being  the  furface  of 
the  liquor,  the  bottom  diameter  AG  being  20,  the  • 
diameter  ^^  at  the  top  of  the  liquor  40,  and  the  air 
titude  AC  22i  inches ;  required  tjie  quantity  of  liquor. 

^^   BB-^AC^  X  ^C  X  i«  =  p-:^—:    X    22i    X 

'^^^^  =.^  X  9P  X  -785398  &c.  =  4786-020058;. 

cubic  inches  =  ij6-97I702  ale  gallons  c  20-718701 : 
wine  gallons.. 

P  R  OB  L  E  M    XIV.. 

To  find  thcfoltdity  oftheJliceA^C  cut  off  a  parabo— 
hid  ADE  by  a  plane  FCG  parallel  to  ibe  axe  DH. 

R  u  L  £; 

Multiply  the  bafe  of  the  flice  by  the  fquare  of  the 
^ameter  of  the  bafe  df  the  whok  paraboloid,  and 

divide 


Paraboloid, 


Part  IIL 


divide  Ae  produd  by 

thefquare  of  the  chord 

of  the  bafe  of  the  flice ; 

from  the  quotient  iiib- 

trad  -^  of  the  produdl 

of  the  faid  chord  and 

its  diftance  from  the 

center  of  the  bafe  of 

the  ^paraboloid ;  and 

the  difference  multiplied'by  half  the  altitude  of  the 

flice  will  Be  the  Iblidity  required. 


That  is, 
ABC. 


FG*  2 


xiJ5C=  the  flice 


*  Demonstration. 

By  corollary  4  prop,  i  fe6t.  2,  the  fedlion  FCG  is  a  parabola  hav- 
ing the  fame  parameter  with  the  generating  parabola  £2>^/,  and 

therefore  ^FGxCB  XB A  is  the  fluxion  of  the  iblid  :  but,  putting 
ass  DH*  rsz  HAy  x  =s  AB9  and  yz^BG,  by  the  property  of  the 

parabola,   it  wW  be  rr  laiiyy  i  -^  s=  CB\  and,  by  the  property 

• 

•  •  y  y 

of  the  jcirdc,  r  —  *  =  */rr^yy\  hence  BA  ss  x  s= ; 

then>  by  fubftituting  thefe  values,  the  fluxion  of  the  folid  will  become 

•  

y^y 


4^ 


r,  whofc  fluent  is  ^  x  area  BAG  — 


ay^  */ rr —  »/ 
3rr 


3rr       ^rr-^yy 
ss  .the  folid  required. 

But,  putting  A  for  the  altitude  BC^  it  will  be  j^jr  i  A  i\  rT  \ 

a  =  >  which  being  fubftitutcd  for  it  in  the  above  found  value 

yy 


rr 


of  the  folid,   gives  ^x  —  X  BAG  —  ^yn/rr-^yy  s  t^^X 


EA 


FG 


-  X  FAG  -  {FC  xBH  sstbt  flice  ACB^      :^.£. D, 


Co- 
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Ex  A  -MP.  L  E   L  •       •       r 

If  ^a  caflc,  compoied.of  two  equal  paraboloidal 
fruftums,  hating  its  length  =  40,  its  bung  diameter 
32,  and  its  head  diameter  24  inches,  wh/en  laid 
^ith  itis  %xe  paraUel^to  the  horizon^  want  £0  much 
of  bei»g:foll  that  there  arc  Sr  =  3*^  inches  of  the 
bung  diameter  left  dry ;  it  is  required,  to  find  how 
many  ale  gallons  will  beneceflary  to£n  the^a£kv 

Here  3*2  is  the  verfed  fine  of  the  bafe  of  .die  ffice, 

and  —  = '  I  =  the  tabular  yerfed  fine,  to  which,  in 

th$  table,  correfponds  the  area  ^0408 7528,  and  hence 
•04087528  X  32*  =4r85628i$72  =5  the  bafe  of  the 
flice. 

4-Q^  :  But 

Tile  flice  A3C  is  equal  to  a  paraboloid  of  the  fame  altitude,  and  ' 
whofe  bafe  is  equal  to  the*  difierence  between  f  of  the  rectangular 
atea  HBGltSkd  a  fourth  proportional  to  the  areas  BG*,  HA^t 
FAGF.  . 

CouaOLLARY   n. 

Ffom  the  demonftration  it  appears  that  thee  flice  is.alfo  equal  to  . 
a  xBAu  —   ■■ 

C'O-R  O  tX  A  R  Y   Iir..  .  • 

When  B  coincides  with  ff^  A  will  be  ss  a,  and  ^  st  jr;  and  there- 
fore the.  rule  becomes  a  x  HAK  s  half  the  paraboloid. 

Corollary  IV;  .  .  - 

From  ax  HAK  =s  half  the  paraboloid,  fubtraa  axB  AG 

Ay^'/rr^yy  ^  ^  ^.^^  ^^^^  ^^  ^^^  ^^^  remain  a  x  HBGK  ' 

I  / — • 

+  ^^  "^^r^^  =  -»  ^  HBGIC+  kjy'/WnrLH  for  the  value 

of  the  comp)«iiKntal  0iee  D  HBC ;  Ct  being  dlawn  paraM  to  HA.  . 

Co-t- 


n^ 


F.A^ABQL1^l.tb 


.?9rt:Il 


But,  by  tKe  property  ofithc  drde,  2^/32  —  3*2  x  3*2 

tz-  ^v^28-8  X  3*2  p  1 9*2  =  die  choid  t)f  die  btafe  of 
thcffice,  asd  1^^3-2  =  r2^'5fitEf  diftwfle^f^^ 
teiifter  ^  iiuddl^  bf  die  bmig  diameter.     Alf^,  hy 
the  nature  of  thfr  j^aratbok^  ct^6?.fij:iiaf  j  i^i:;;9*6,^'i 

2;^^  ^  ^  =  -  i^U  ^  djc  '^aMtude  of  die  flibc,  m 

half  die  leijigth  of  di^  empty  part. "     .     ,  -    ' 


V9 


9 


-  6'4x  i2'8^x  ^^^'  - 

8^; 


•  *" 


•4i'856a867a  x  |.-r  •4K  ?.9>'  x  —  ;.:?  \5<$^2l$i  1072 

cubic  inches  =  2*004472  ale  gallons  =  the  content 
of  die  ^mpty  part  reQjur^. 

Ex- 


«i  %    \ , 


«      J 


CoK.'OLIoA&Y    V« 


After  the  fame  manner 
may  be  found  the  ilice  par 
rallel  to  the  axe  of  an  .ob- 
lique-fegment  ADE. 

Thus,  £\nQt\FGycCB 

XBJxs.  L  ABC  IS  the 
fluxion  of  the  dice  ACB yhf 

•P?*tting  a  =  nj{  the  dia- 
meter of  t&e  double  ordi- 
«iatc  AE,  t  s  HA  the 
fcmi-tranfverfe  axe  of  the 

.£ce{im'AI^EGAi  ras  ^A' 
=  t£yl/  =  the  femi-con- 
jugate,  X  cr  y^if ,  aia  7  «s 
^C?;  we  fhall  have  cc  : 

4;:;r;^:^c=  J?6*;  but 
cc 


hence 
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'  jtf  tfep  <an>e  jcaflt;  be  pJl».Ce4  in  the  f»a»e  mamwr, 
and  6f  inches  of  the  b^ng  4i{U3[ieter  be  4i7 ;  re- 
«uir?d  how  j»apy  4?  gallpps  ;h?  c.alfe  'vants  of  be- 
mg  full. 

Here  the  dry  inches  l)eing  more  than  16—12  =  4 
the-  di6SbreD^e  of  tie  45ung'ahd  head  lemi-diametcrs, 
ihews  that  ^|.-^4  s  stf  inches  of  the  head  diameter 

•^  '  alio 


hence  /-r-ar  s  -^^^ :Jli,  and  »  zs  BA  b:  ' — ~=;   alfo  s* 

L  ^AG!v^  SP.(^ ;  icciift<|nently  the  ahovje  fltuian  will  becoiQe  as  ^y 

•  ■  • 

X  ^  X  -T^J-  X  ^  =     ^""f^^  ■  - ;  -theJucjit  of  wMch  viz.  ^ 

cc       ct^cc-^yy      t        '^ccA/cc—yy  f 

X  elliptic  area  BAG-^V  ^^\     ^^  >yiji  |,c  the  value  of  tht  flicc 

,MA. 

,0u  a  Di  -be  drjrwn  perpendicular  to  AEy  fince,  by  fimilar  trf- 

angles,  it  is  /  :  r  ::  <» :  -:^^  Db^  the  fame  fiice  5^^  will  .^e  e|> 

'DffxrG^\/£M^^FG^ 

Axhd  ifCBhfi  produced  to  meet  ^Ttf  b  ^,  atid  ^  A^  be  perpenJi-^ 
cular  to  MM  and  meet  the  circle  ENMm  N\  then  will  the  circle 
ENM  be  to  thccllipfe  ECA^  as  well  as  the  fcgment  NMO  to  tic 
fegment  GAB^  as  ME  to  EA^  as  c  to  /;  and  therefore  the  value 

of  the  flice  BCAv^i^  alfo  be  axMNO  -^''Jl^flZill  -.  Off^ 

MNO lakM'' '  "  circular  afea 

TVf  7\^d?  is  the  projeftion  of  the  elliptic  area  ABG,  by.  lines  parallel 
to  the  diameter  DH  upon  a  plane  perpendicular  to  the  fame. 

More 
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alfo  is  dry  j  and  therefore  the  empty  part  of  the 
cafk  will  be  double  the  difference  of  two  flices  the 
verfed  fin«  of  whofe  bafcs  are  <Jf  and  2f ,  the  whole 
diameters  being  32  and  24. 

Now  the  tabular  verfed  fines  will  be  r7=*2,  and 

^  =  *K  whofe  tabular  areas  are  'ii  182380  and 

•04087528 }  hence  32' x'l 1 18238  =  1 14-5075712  = 
the  bafe  of  the  greater  flice^  a»d  24'  x  •04p875;iS 
as  33*54416128  =  that  of  the  lefi. 

Again, 


j4c~c 
Moreover,  fince  jy  :  cc  ::  BC  ss  J  :  asz  HD  s=  ,   by  fub- 

yy 

ftituting^this  valve  of^^  inftead  of  it,  ths  folidity  of  tlie  iame  flke  witt 
become  ^y^AGB^^AyVcT^^RC^ 

*yy 

COKOLLA&r    VT.' 

Hence  the  dice  FG  AC  is  equal  to  a  paraboloid  wbofe  altitude  js 
RCy  and  its  bafe  equal  to  the  difference  between  f  of. the  redaogular 
area  P I  NO  and  the  fourth  proportional  to  the  area?  NO^^  MP^*^ 
3  MNO. 

C0RPL.L^RY    VII. 

When  A  coincides  with  H^  tfie  rule  becomes  barety  DN  x  M^P 

ss  Dif  X  HKA  for  the  value  of  DAH  ss  DEH  ss  half  the  ob-^ 

lique  fcgment. 

CoROLLAar   VIII. 

*  By  taldng  the  {Kcc-frwnjthe  femi-fegment»  we  obuin  DH  X 

PON^+DHx^'^'^l^^'^-^DHxPON^+DHx^^p^ 

fbr  the  value  of  the  complemental  ffice  DCB  H. 

Corollary  IX"*. 
And  by  adding  this  laft  to  the  femi  fcgment,  there  refults  DH  X 

XOP  f6rthc  value  of  the  Uic^  EDCBE  greatet  than  thcfemi- 
fcgqaent^  Co- 
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Again,  16  —  ($*4  -  9*6  =  the  diftance  of  the  chord' 
of  the  bafe  of  the  greater  flice  from  the  middle  of 
the  bung  diameter,  and  12—  2*4  =  9*6  =  the  diC- 
tiance  of  that  of  the  lefs  from  the  middle  of  the  head 
diameter;  and  hence  the  former  chord  will  be  = 

2\/i6^-9*6^  =  2^/25*6  X  6*4  =  25-^,  and  the  latter 
MoreovcTi   by  the  nature  of  the  parabola,    as 

C7-2  =-T-=lT  =  ^^^ 

=  the  altitudes  of  the  flices. 


114*^075712x32*         25'6x9*6     ^32* 


Confequendy,  ^j:^, —  x  — 


H4-S07J7I2KS*        «^.z^  «.«   „  3.2* 


■*'*''^" 


—  25^6  X  3'2  X 


4*  -^  *^  35 

8* 


1 14-50757  12  X5--4X  25-6^  Xy  =r  2837-88^683  c 

the  double  of  the  greater  Hice. 

4R  And 


Corollary    X. 

If  RCSFR  be:  a  cbcle  perpendicular  to  BC9   and  if  ffom  its 

center  T  be  dcmitted  tbe  perpendicular  Tf^  ;   then,  by  taking  the 

^liqut  fike  y^^^  from  the  right  flkft  ^i?6\  we  ftall  obtain  i?t7 

/?5»  xi^5C^  — £  W»X<:?/JfA^+/='6^X4^Pr  ^       ,  ,  . 

X : ■  1,     2 fcr  the-,  value    or 

the  ungula  or  cuneus  j^FGS  A  contained  between  the  two  fedions 
RFSGR,  EFJGE.  And  the  fame  will  hold  thaugti  both  the  fec- 
tions  be  oblique 

Corollary  XI. 

And,   in  the  fame  manner,    BC  X 

— — -^=^- ' 1 will  be  the  value  or 

rte  oppofite  ungula  or  cuneus  EG  PRE. 


34^  Parabolqid.  .I^rtiII« 

^^  144*  3         ^   if 

23'544i6i28x5*  ^  14-4x9*6  ^  18^  g. 

3*  '         3  35 

23*544i6i28x5- •4X  14-4^  ^  l  =  178-852147=; 

the  double  of  the  leis. 

Wherefore   2837-886683  -  178-852147  = 
2659-034536  inches  =  9-4292  ale  gallons  =  the 
quantity  required* 

Problem   XV. 
To  fnd  the  folidity  of  a  parabolic  fpindU. 

*  R  u  L  E. 

Multiply  the  area  of  the  greateft  circle,  or  mid- 
dle feAion,  by  the  length,  and  —  of  the  produdl 
will  be  the  content. 

That 


•  Demons  tr  aticn. 

Putting  a  s=  DC,  h  =:  Cj4,  c  =  g'Mi J9  &c.  x  sr  AG,  zndy  =s 
CH  \  Hft  fliall  have,  by  the  property  of  the  parabola,  as  AC^  : 

CD  ;:  AG  X  GB  :  GH  ss  a  X j^ = ss  y^  put- 
ting ]f  s=  —  =  the  parameter  of  DC;  and  hence  the  fluxion  of  the 

folid  cyyy:  will  be  —  X  2^x  — xxl    ;  the  fluent  of  which  c,x^  x 

I 2: —  will  be  a  general  exprefiion  for  the  fcgmcnt  AFH* 

tP  * 

which,  when  x  =  ^  gives  — j  =  ,V^^«^  ")r  the  value  of  the 

fcmi-rpindle  AD  E.      ^.  E.  D. 

Co- 


Sea.  IV. 

That  is,    -rf« 

the    whole    iblid . 

ADBEA-y    AB 

being  the  length 

or  axe,  DE  the  ^eateft  diameter  or  double  the 

abfciffa  of  the  generating  parabola  ADB,  and  « ^ 

•785398  &c. 

Example. 

Required  the  folidity  of  a  parabolic  fpindle  whoic 
length  is  80  and  greateft  diameter  32. 

By  die  rule,  'l^5Z9^  &«•  x  32*  x  80  x  rr  = 
•785398  &c.  X  43690I  =  34314* 569357<^  =  the  con- 

tdit  required. 

Pro- 


C0ROL1.ARY  It 

A  parabolic  femi-fpindle  is  to  a  cylinder  of  the  fame  bafe  and  alti- 
tude as  8  to  ij,  and  to  a  paraboloid  of  the  fame  bafe  and  altitude  as 

B  to  7ior  as  i6  to  ij. 

Corolla  RY  II. 

It  appears  from  the  demonftration  that  the  fcgment  JHF  is  ex- 
^relTed  by  rx'  X  Mil^zlllH^  ^  c  X  JG^  X  DC*   X 


^er 


JC* 


Corollary  III. 

If  from  the  vahie  rf  the  femi-fpindle  ADE  be  taken  that  of  the 

.    Scb'          .       ^ii-ix  +  lxx 
fegment  AFN,  there  vnll  rcmam  j^  -  c*'  X  ^ — 

k_  ff  ^or  fflf  \  X  i*  —  i*» «»  +  f  a*  for  the  value  of  the  fruftum 
BFHD,  putting  x  inftead  of  i  — x  sb  CC.——-AaA  if  ioftead  of  z. 


% 
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Problem  XVT. 

4 

To  fold  the  content  of  the  fegment  AFH  of  a  paror 

bolic  fpindle. 

* 

Rule. 

To  \  of  the  fquare  of  the  length  of  the.  feiiii- 
ipindle,  add  y  of  the  fquare  of  the  aititude  of  the 
fegment,  from  the  fum  take  the  produ(fl  of  the  faid 
length  and  altitude,,  and  c^U  the  difference  P. 

Mul- 


in  the  two  laft  terms  of  this   expreffion,   be  fubftituted  its  valu«. 
h  V  ^^^>  the  Iralue  of  th«  iaid  fruftmn  will  fee  denoted  by  c  2  X 

iS  60 

Corollary  IV. 

If  to,  or  from,  the  fnxRma.SEFH^  ^Ax  S^il±-i^£±i£\ 

60 

lie.?iddcd,or  fubtrafted,  tht  £ru(kamD IK Ez:zcax^^^^^^^^^^^, 

60. 

there  will  rcfult  c  X . — -. -^ 2«, 

for  the  value  of  the  fruftum  iif /^F,  nekher  of  whofe  ends  paf* 
through  the  center  ^f  the  fpihdle,.  the  upper  or  under  figns  being 
ufed  according  as  the  faid  center  is  within  or  without  the  fruftum, . 
and  wherein  D  reprefenta  the  diameter  through  the  center  of  th« 
fpindle,  d  the  diameter  of  the  lefs  end  of  the  fruftum,  and  /that  of 
the  greater  ;  alfo  J  the  diftance  of  d  from  the  center  of  the  fpindle,.. 
and  a  that  of/  from  the  fame*     Or  in  a  ca(k  of  this  form,  ftanding 
upon  one  end,  D  will  be  the  bu^g  diai»e1)er,  ^.the  head  diameter, 
7  J  the  length  of  th^  cafk,  A  ±:  a  =z  ij  ^1  the  wet  inches  of  2  y^, 
and  ff  the  diameter  at  the  furface  of  the  iiquoc,  the  value  of  which  . 
^liameter  Is  as  detecmincd  in  the  foU.owing  corollary. 

Corollary  V. 
Since,  by  the  property  of  the  parabola,  A*  r «»  ::  Z)— </ ;  D — A 

Ui-:  value  of  /  will  be -jj- . . 
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Multiply  tlie  cube  of  the  altitude  of  the  Tegment 
hj  the  fquare  of  the  greateft  diameter  of  the  fpin- 
tile,  divide  the  product  by  the  fourth  power  of  the 
length  of  the  femi-fpindle,  and  call  the  quotient  ^ 

Then  the  produA  of  P  and  ^  multiplied  by 
•^85398  &c.  will  give  the  content  of  the  fegment. 

That  IS,  ^ ^ — T'Jc^ —     xJG^  xDE^  x 

•785398  &c.  =  the  fegment -4FJ9)  by  corollary  2  of 
•the  laft  problem. 

Example. 

If  the  diameter  of  the  bafe  of  the  fegment  of  a 
parabolic  fpindle  be  24,  and  its  altitude  20  ;  what 
will  be  the  content,  fuppofing;  the  length  of  the 
wTiole  fpindle  to  be  80. 

Here  ^C=4o,  JG  =  20,  and  G^=i2;  .then 
GC=  40  —  20  =  20,  and,  by  the  parabola,  AC^  —  CG  : 

Cn    AC^  '  CD  -"^^^^^^  -  ^'""'^  ^^KA      T^. 
the  double  of  which  gives  /)jE=32, 
Then,>by  the  rule,  i^-40X2o  +  ?^x^^ 

X  785398  &c.  =|-i-  +  T'oX  5  X  32*  X  785398  &c. 
^  ?^iiii±i  X 16^  >^78J398  &c.  =  4522I X  785398 
&c.  =  3552'oip405>3659  =  the  content  required. 

Problem   XVIL 

To  find  the  content  ofthefruftum  of  a  par ahoTic  fpindle^ 
me  of  the  ends  of  the  frujium  pajjing  through  the 
center  of  the  fpindle. 

Rule. 
Add  into  one  fum  8  times  the  fquare  of  the  dia- 
\    meter  of  the  greater  end,  3  times  the  iquare  of  that 

4  S  of 


^6  .  P  ^  R  A  B  O  L  o  I  p..  Pirt  Ilf • 

of  the  lefsi  ^nd  4  times  thc"produ<9: -of  tKe  diame- 
ters J  multiply  the  fum  by  the  length,  and  the  pro 
dudl  multi^ied  by  —  ^f  7^5398  &c.  will  be  the 
content. 

d  That  IS,  ^ ■     ^^    — ^^-^— xC(5x7Bjr39S&c* 

=  the  fruftum  DEFHy  by  corollary  3  to  prob.  15/ 

Example.. 

Required  the  content  of  a  calk  in  fqrm  qf  the 
middle  zone  of  a  parabolic  ipi})dle,  the  bung  dia- 
meter being  32  inches^. the  head  diameter  24,  and 
length  40  inches* 

The  cafk  is  evidently  two  equal  fruftums,  whole 
greater  diameters  are  32  and  leaft  24,  aad  their 
lengths  each  20;  wherefore    ^^^  +A^^^>^^\'r^^^4 

X  40  x-785398  &c.  =  8^  ^  8^- +  3M-  +  3  x^- ^ 

785398  &c-  =  ^^^^i^x8^x7 
X785398&C.-272 10*381 1 703inches=96*4^o7 1337 
ale  gallons  =  the  content  required. 

Problem  XVIIL 

To  find  the  content:  ofthefrufium  of  a  parabolic  Jpindte^ 
neither  ofnvhofc  ends  pqfs  through  the  center  of  the 
fpmdk. 

Multiply  the  diameter  of  each  end  by  its  diftance 
from  the  diameter  in  the  middle  of  the  fpindle,  and 
multiply  each  produdl  by  ^  Itim  of  3  times  the 
laid  cUameter  of  the  $nd  and  4  times  the  faid  middle 

diameter  ; 
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diameter  ;to  or  from  the  produd  belonging  to  the  lefs 
diameter  add  or  fiibtrad  that  belonging  to  the  grea- 
ter, according  as  the  center  of  thp  fp^dle  is  within 
CM*  without  the  fruftum ;    to  the  fum  or  diflference . 
add  8  times  the  produdl  arifing  from  the  multiplj- 
cation  of  the  length  of  the  fruftum  by  the  fquare  • 
pf  the  diameter  in  the  middle  of  the  fpindle  ;  and  . 
this  fum  multiplied  by  jV^^  7^5398  &c.  will  pro- 
duce the  content  of  the  fruftum* 
♦ 

That  is,  

x-ySj'spS  &c.  =  the  fruftum  jF^/ZT,    ufing  the  • 
upper  or  under  fign  according  as  GL  is  greater  or  • 
ifafe  thjfcn  GCi  as  is  prpved  in  corollary  4  to  prob.  15. 
Note^  The  value  of  the  greater  diameter  IK  is  > 

g-^x .1  j:  ,  .a5  m  corollary  5  to  the  : 

fame  problem. 

Exam  p  l.r  L, 

If  the  liquor  in  the  cafk,  in  the  example  to  thie  laft 
problem,  when  ftanding  upon  its  end  with  its  axe 
perpendicular  to  the  horizon,  rife  to  the  height  of  ' 
3P  injches }  what  quantity  of  Uquor  w^l  there  be. 


20x20  ~ 


Here,  by  the  note,  //r=  33X2o'^^ic^>^x32    24^  ^^^ 
Then,  by  the  rule, 

8x32^x304*24x20x4x32  +  3  X  24  +  ^oxiox4X32-f-3  X36 
~~  If  .  .  X 

785398  &c.  =  8x  i6'  +  4x  128  +  72+5x64+45  ; 
X  8  X  78539S  &c.  i=  27144  X  785398  &:c.  = 
2i'3r8-8477473  cubic  inches  =  75:59875088  ale 
gallons  =  the  quantity  required*  . 


U.NIVERSAL 


Part  Iff. 


Ex  A  M  PL  E   H* 

If  in  the  fame  cafk,  placed  as  before,  the  liquor 
rile  but  to  the  height  of  lo  inches;  howonuch  will 
be  in  it. 

Here  all  the  dimeniions  are  the  fame  quantities  as 
in  the  laft  example,  excepting  GL  which  here  is  only 
ID  inftead  of  30,  and  the  calk  is  lefs  than  half  fall. 

Wherefore,  by  the  rule, ^ 

8X32*  X  io4-24X20X4X"32  +  3  X  24  —  30X10X^X32  +  3X30 

15 


.    o       -^  o          8Xi6*  +  i2Xi28+72— 1^X64+45      o    . 
X •785398  &C.= Y^ ' ±JL^  X-8  X 

-785398  &c.  =  75011 X  785398  &c.  =  589^533423 
cubic  inches  =  20*89 196249  ale  gallons  =  the  quan^ 
•tity  required, 

P  R  t>  B  L  E  M  XIX. 

To  find  the  content  of  the  univerfal  parabolic  fpindk^ 
or  folid  generated .  hy  the  revolution  of  a  parabolic 
fegnunt  rjound  its  hafe^  being  an  ordinate  toxmy  di^ 
.  ameter. 

R  u  L  T. 

'Multiply  the  area  of  the  greateft  fedlion  by  the 
length,  and  —  of  the  produ^  will  be  the  content^ 
as  in  the  common  fpindle. 

That  is,  Z)£*  x 
.45  Xt7»  =  the  fo- 
lid ABBE  A,  ge- 
nerated from  the  a. 
revolution  of  the 
parabolic  fegment 
ADB  about  its 
baite  AB  which  is 

a  double 


a^t^iidite  oixlki^e  to  tHe  diatfieoer  GP^  'and  ■i>C'JE 
being  perpendicular  to  AB.* 

Et  A  m  p  L  E. 

"H^  c^SSt^  pbti^Sdh,  WlLdifelnUb is  kiclined  to 
)ts  diameter  in  iui  angle  of  30  degrees,  he  tiirtied 
"Alloutlblsiafe ;  TexfaxtdA  thfe  v^\ie  Of 'the  folid  ge- 
-nefiited  by  i^  rt^ofltitidu-,  :Ae  tiafe  of  the  |*u»bola, 

4  T  .  <or 

-    •■''■'■'■   ''-  '■-  ■•■  •'  '■•  '■  'J 

■ 

iCet  (J'^  ^'c  parailel  ko  CD,  and  ^F  pataUtl  to  JDP;  and.ptft 
«  «s  DP,  4^  zasPJsi  iJB,  \ezKCDaz  \IXlS,  x.  ss  AF^  and 
^  =s  4»  =s  3*14159  &c.  Then,  by  the  property  of  the  parabola> 
JP*  :  JF  X  FB  .i  P'D' i  F^  t:  {hf  fifa.  Z^s.)  CDiGHzx. 

CDy.BFy.FA  hz-^zz     ^-      .  jij^rnz ttti        j 

yfP* =B  «  X  —j^ —  ::  CP  tsz  ^D*  — />6»  «s  </: 

'  — >•/)  «=  4i'X  — TT— ^  :  hence  AG  =s  CF-^^FA  *= 
J,  X  -*±-l*^JlV?,  and  the  flnxioa  /  x':kC*.'xCW  of  the  foUd 

-of  "wlfiichv^.>j»  «»*'>:  '  .  .  ■     •- 

a  gcnefal  ekpf  eflSon'fbf  thfc  ^^iffe  of  the  Rgnjent ;  which,  whenz  bc^ 

.  comes  SB  5»  win  be  ^  ^cc^  ats  Vt  ^^^  ^^'i'  ^^  content  of  the  -^hole 
toMADBEA.      ^E.D. 

If  itoy  pio-abcjlas  ADB,  ACB,  [fig.  at  cdrbl.  i  to'jjrbb.  si  liavmg 
the  fame  bafe  AB  and  between  the  fame  parallels  AB,CD,  be  ttinied 
round  their  common  bafe ;  thty  will  generate  ^qual  fpindles. 

For  the  lengths  and  greateft  diameters  wiU  W  the  fame  in  all  of 
.  tbtm« 


^5^ 


UNI^BltS^AL 


purtm: 


.or  length  of  the  fpindle,  being  80^  and  the4iaQaeter 

from  the  vertex  to  the  bafe  32, 

« 

Here  AB-  80,  JPZ?  =  32,,  a^d  the  angle  DPC- 
30^  ;  then,  as  radius  =  i  :  y  =  fine  LF  ox  30°  :: PD 
:si  ^2: DC :=i  16^ the.radius ,of  the  greateft  circle  of 
the  fpindle. 

Wherefore  32/  x  ftoK  tV  x  7^5398  &c.  ==  785398 
&c.  x.4369Qj.=  343i4'5693S76  ?is  in  the  example 
to  prob.  15. 

Problem   XX* 

TjDfnd  the  value  of  an  uwuerjal  paraboloid^  or  body 
generated  by  the  revolution  of  a  parahla  round 
any  diameter. 

Investigation.. 

Suppofe  AB  to  be 
the  diameter  about 
which  the  parabola- 
CJcrevolves,  CAD 
a  vertical  fedlion  of 
the.  fblid .  generated    _ 
hyAC,2LnddgAGc  ^ 
diat  of  the  folid  generated  by  cGA  j  alfo  let  GIff 
be  perpendicular,  and  FEIF  parallel  to  Cc.    Then, 
by  the  propmty  of  the  parabola,  Cjg^  =  bb :  -ffG'= 
aiiCH'-^IF^  ^CH'  -  FE^EI\ '  =:bb^y^d\^ 
:  BE-  x^::  —  2^  x  ^=+=^  :  x  =  -.2<i^X'^~~  ;-  hence 

the    fluxion    of  the   foUd.  icyyx   will    become 
-2arj^^^  x-^ ;  and. the  corred  fluent  give?  ac  x 

|57P  X  if^—y^  X  ly  ^  Ad' 
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OCX ^f- for  the 

value  of  the  folid  required,  in  which  the  upper  figns 
refpe<a  the  folid  dl/c  generated  hj  cf,  and  the 
undec  the,  fblid  DiCFC  geaerated  by;  CK 

COROLL  A>&  Y  I. . 

When  Zarrives  «^,  then y^ o,  and  the exprcf- 
fion  becomes  ac  x  b^<A^  x  ^^J^    =  rx  HG  x  CB? 

x"  ^CH     ~  {^y  fubftituting   for   HG  its-  value 

CUxBc)  cxCB'x  Bji..x  -y^—  for  the  folid 
CAD. 
And  if.  CM  be  an  ordinate  to  the  diameter  AB 

we  fliaU  have  as  r^  :  5C  ::  jBJ  i  ^jlf  = 


hence  BA^—^jj—  wiH  be  = ^^^ — ,  and  con- 

fequently  the  above  value  of.the  folidlCJfii  be- 
comes.  CcX  CjB?  x ~r= — 

Co-R  CL  L  A  R  X     II. 

.    When  -8  coincides  with  Hy  d  will'  be=  o;  and  I 

then  the  rule  becomes  ac  ^—fp  =cx  iffix  bf+yy 

for  the  fruftum  CF/c  generated  about  HI,  as  in 
problem  12.  Or  cxCff^  x  ^HG  for  the  whole 
paraboIoid,^  as  in  prob.  i  !• 

The  Investigation  otherwi/e. 

Suppofing  FL  to  be  an  ordinate  to  the  diameter  • 
AB  whofe  parameter  is  />,  and  putting  m  and  n  for 

the 


^^2  H^  p  t  R  B OX  a;  Tart  IH. 

the  fine  and  cofine  of  the  a^^le  L  to  the  radkis  i  ? 

Wfe  -Ihall  have  FL  -\/f  xLA^  s/p^^  where  x  b 
^now  z^.LAi  then  JP£  =s  ;»\/j!)x,  and  JEL  =  «\/j^a:j; 
-hfence J5^  =  ^L  +LE  =  ^ + nv4);c,  T^heii  ihe  i&uxidia 

.of  the  folid  ckTt'  x  'EA  «*  c»*^W  ^x-^-^nics/A, 

whole  fluent  giVcs  £m^px  xi^  +  jn\/px  as  cy^  x 
.'n±p^*-»  ^  xf£«  xi^^^  for  the  value  of 
^e  folid '-4^^  geher^tcd  by  the  revolution  of  AF. 
JVnd  c  xCB*  X  ^^^ t  ^^  for  the  foUd  C^i)  as 

:abpve, 

^  t  H  X)  I-  I  U  M. 

<  It.is  qvident  that  the  fiirface  of  this  fplid  mig^ 
:J?e  foiiiid  by  ;^e  mediod  tiy  ^hieh  \vc  determined 
diat  of  an  elliptic  Ipindle;  And  the  fiuface  of  the 
parabolic  fpindle  alfo  might  eafily  be  determined  if 
^herc  appeai^ed  an  pctafion  for  it,  but  not  by  the 
\fa:me  method. 


*<■  ■»  '    '  J '  ■  ■j» 


:S  E  C  T  1  O  N    V. 

iOf  hxfeirbolicLiiw,  lAr'eUSf  Surfaces ^  aiid  SolitXties, 

D  E  FIN  1  T  10  N  S. 

«     * 

TO  what  hath  been  faid  of  the  hyperbola  amonj 
the  conic  fedions  in  general,  maybe  adde< 
the  following  obfervations. 

If  AVB  touch  the  hyperbola  in  the  vertex  T,  and 
he  equal  to  the  conjugate  axe,  viz.  ^r  and  FB  each 
^ual  to  the  half '6f  the  conjugate  axe,  and  if  frcnn 

the 
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the  center  C  through  the 
extremities  Jy  -B,  right 
lines  CAy  CB^  be  drawn, 
thofe  lines  will  be  what 
are  called  afymptotes  ta 
the  hyperbola  ;  that  is, 
they  are  lines  which  c  on- 
tinually  approach  to  the 
curve. 

And  like  as  the  con* 
jugate  ^e  is  a  tangent  to  the  curve  at  the  vertex 
of  the  tranfverfe  and  bounded  by  the  afymptotes, 
ib  if  to  the  extremity  D  of  any  diameter  Dd  he 
drawn  a  tangent  aDb  and  terminated  by  the  afymp- 
totes, then  ab  will  be  the  conjugate  to  Dd. 

When  the  fymptotes  form  a  right  angle  at  the 
center,  the  hyperbola  is  faid  to  be  right-angled ;  or^ 
alfo  equilateral,  because  that  then  its  axes  are  equal 
to  each  other. 

* 

Problem  L 

To  ccm/lruSi  an  hyperbola^  having  given  the  tranfverfc 
and  cmjugate  axes  AB  and  2BC. 

The  femi-conjugate  BC 
being  eredled  perpendicu- 
lar to  AB\  and  D  being 
the  middle  of  AB  or  the 
center  of  the  hyperbola ; 
with  the  center  D  and  ra- 
dius DCy  defcribe  an  arc 
meeting  with  ABy  both 
ways  produced,  in  F  and/the  two  focufes. 

4U  Then, 
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Then,  affuming  feveral  points  E  in  the  tranf- 
verfe,  produced,  with  the  radiuftf s  AE,  BEy  aiuj  e^n- 
ters  yi  jF,  defcrib/?  arcs  intcrfcifliing  ia  the  ^veifa^ 
points  G  J  tiirough  all  which  draw  dste  cwve.  ^ 

P  R  o  B  L  B  M    IL 

In  an  hyperhohy  to  fipd  any  two  corrugate  diapietirs^ 
an  ordinate  to  one  ofthem^  and  its  abftiffk^  one  f torn 
Mnother;  wz.  having  any  three  qf  themx^ven^  t6 
Jmd  the  fourth. 

C  A  8;  E-     I. 

To  Jhd  the  ordinate^ 

*  ft  l>  i  E* 

JV$  any  diameter : 

Is  to  its  conjugate:: 

So  is  the  mean  proportional  between  t^ie  two 

abfciilas : 
To  the  ordinate. 

That  is,  as  ^ :  r  ::  s/d  +  a:  x,:v :  5\/^+  ^  x  ;c  =  j^; 

where  d  denotes  the  dianoyeter,  c  its  conji^ate,  y  an 
^dinate  to  the  diameter,  and  x  its  abfcifla,  or  its 
diitance  from  the  vertex  of  the  diaaiet^,  meafared 
upon  it. 

Note.  In  the  hyperbola,  the  lefs  ab(ciila  added  ta 
the  diameter,  ^vcs  the  greater  abfcifla* 

Ex- 


*  Tlic  values  of  the  feveral,  quantities  in  the  ibnr  cafes  of  thispro- 
Wem  are  eafily  found  from  the  general  property  of  the  curve,  viz. 

dd  \  rr  ::  x  X  d-^-x  \yy.     The  demonftration  of  wUch  together  WiA 
•that  of  the  preceding  problem  belongs  to  conies. 


Ex  A,  M  P  L  £. 

« 

If  the  diameter  be  24,  its  conjugate  21,  an^  the 
^  lefs  abfcifla  8  j  what  is  the  ordinate. 


By  tbg  rule,  i^:^  ^  ...V.^-8 .8  ^  7^6  ^  ^^ 

=  the  ordinate  required. 

C  A  s  E    II. 
To  fnd  the  abfciffa^^ 

R  u  I.  £. 

As  the  conjugate : 

Is  to  the  diameter : : 

So  is  the  rtiot  of  the  ikvEL  e£  the  fijuores  of  the 
ordinate  and  lemi-conjugate : 

Xo  the  diftance  between  the  bottom  of  the  ordi- 
nate and  the  center. 

Then,  to  and  from  this  diftance  add  and  fubtr^A 
ihe  femi-diameter,  and  the  fiun  and  difference  will 
give  the  two  abfciffas. 

That  is,  ^^^y  ^^'^'  =±:  i^  =  ^  the  greater  or  lefs 
abfcifla  according  as  the  upper  or  under  fign  is  ufed* 

J.  X  AM  P^  h  E. 

The  diarfteter  and  its  conjuga^te  being  24  and  21, 
required  the  two  abfciiias  to  dhe  ordinate  14* 


«4yvf+H' 


Here  '-^^^^^  =»=  ^i=  -^-^, =*=  n 

2Z.  suid  8  the  two  abfciflas  required. 

Case 


2^^  Hyperbola.  PartllL 

c  A  s  £  m. 

To  find  the  conjugate. 
Rule. 

As  the  mean  proportional  between  the  abfciflas : 
Is  to  the  ordinate : : 
So  is  the  diameter  r 
To  its  conjugate. 


That  is,   v^^+xxx  :j^::rf: -^ 


.X  XX 

Example. 

What  is  the  conjugate  to  the  diameter  24,  the 
lefs  abfcifla  being  8,  and  its  ordinate  14. 

jugate  required* 

Case   IV. 
To  find  the  diameter^ 

Rule. 

To  or  from  the  root  of  the  fum  of  the  iquares 
of  the  ordinate  and  femi-conjugate,  add  or  fubtradt 
the  femi-conjugate,  according  as  die  lefs  or  greater 
abfcifla  is  ufed :  Then,  as  the  fquare  of  the  ordinate 
is  to  the  produ<5t:  of  the  abfcifl^a  and  conjugate,  fb 
will  the  fum  or  difference,  above  found,  be  to  the 
diameter.  

That  is,  ex  X   '  ^    7;^^ =  d^ 

Ex* 
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Example. 

•The  lefs  abfcifla  being  8,  and  its  ordinate*  14, 
required  the  diameter,  fuppofing  the  conjugate  to 
be  21.  •    

-H    -t-  14     +  — 
AJlCiCXA^A  —■ „, =;^i  AOA  ^ i 

•  yy- 14x14 

V21*  4-28*  4-21  y    2  .      -  .  

=  3X -y — =^  =  3xV3'+4^  +  3  =  3x5-1-3  = 

^4  =  the  diameter  required. 

Problem    III.     • 

Having  given  any  two  ahfcijfas  X,  x,  and  their  or- 
Jinata  Y,  y,  to  find  the  diameter  d  to  which  they 
belong. 

*  R  u  L  E, 

Multiply  each  abfcifla  by  the  fquare  of  the  or- 
dinate belonging  to  the*  otter ;  multiply,  alfo,  the 
fquare  of  each  abfcifla  by  the  fquare  of  the  otiier's 
ordinate;  then  divide  the  difference  of  the  latter 
produ£ls  by  die  difference  of  the  former,  and  die 
quotient  will  be  the  diameter  to  which  the  ordx- 
nates  belong. 

That  IS,     ^tr^xy,    =^- 

4X  £x- 


*  Demons  TKATioH. 


By  the  natore  of  the  hyperbola,  dX  ^XX :  d  x  •{■  x  x  : :  TYxjy, 

—         .^^    ■,  ,       XXyy  —  xxTY 

mdXyy  +  XXjysdxrr+xxrr-,  hence  rf  a    x¥Y~-Xyy  ' 
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£  X  A  M  P  L  £« 

If  two  abfciflas  be  i  and  8,  and  their  two  ordi- 
nates  4I  and  14;  what  is  the  diameter  to  which 
they  belong. 

^^^      xrr--Xyy     ■"  1X14X14-8X44X4*  ** 

3?X35-I4X14  ^  5X^-2X2  _  21X8  _  ^.  _  .!_. 
14X14-35X4*"  2x2  — 5Xi  7       -  -*^  -  '^c 

ameter  required* 

Problem  IV. 

Given  any  three  eqnidtjlant  ordtnates  a,  b,  c,  nvitb 
their  common  difiance  or  common  difference  d  ^  their 
abfciffasj  to  faid  the  diameter  D  to  which  they  be-^ 
longj  together  with  its  conjugate  C. 

*  R  u  L  E. 

From  the  flim  of  the  iquares  of  the  extreme  or- 
dinates  take  the  double  of  that  of  the  middle  onc^ 
and  call  the  difference  ui« 

From 

•  » 

*  Demon  s  TR'ATi  OM. 

If  X  be  the  abfcifla  to  the  lead  ordioate  a,  by  the  nature  of  the 
'  hyperbola  we  fhall  have  thefc  three  equations^ 

CC CC       5^^- 

r(] (^Q 

hir:si -^  X  D  +  x+d  X  «+^  ==  S5 ^ Dx+xx+2dx+Dd+dd^ 

XiC«  ■■  '.  '         ■■'.  Cu  "  ■      II    11      11      11  I    III     III     ■■wji,      m   ■■■ 

rr  =  ^  XD+X'h2dXx+2dsz^XDx+xx+4dx+2Dd+4dd. 
And  by  taking  the  double  of  the  fecdnd  from  the  fum  of  the  firft  and 
third,  ire  obtain  tWs  equiitibn,  '<ri  — 2T5i'+frisi  ^^  )K  2dd;  ^smd 
CC     .  >yg  — 2^^-f  cf 
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t 

From  the  iquare  of  the  difference  between  A  and 
the  double  of  the  faid  fquare  of  the  middle  ordi- 
nate take  4  times  the  iquare  of  the  product  of  the 
extreme  ordinates,  and  call  the  fquare  root  of  the 
remainder  B. 

Then,  as  ^  is  to  ^,  fo  will  the  given  common 
diftance  be  to  the  diameter  to  which  the  ordinates 
belong. 

Thatis,  £v^^^^^Slf£^ ^ 2). 

And  as  the  common  diilance  of  the  ordinates 
is  to  the  root  of  ^  J,  fo  will  the  diameter  Z)  be  to 
its  conjugate  C. 


That  is,  C=^^. 


Ex^ 


i*M 


Agam»  taking  the  firft  equaticm  from  the  fecondy  leaves  hh^aa 
(^C       -7 — ■    ,v  .     '  ,  .     •  DD     bb^aa      DA-d 

J  y       Ib  —  aa        __  /?•+</        .  ^  2hh—iaa  —  ^ec      ^  _ 
ConfeqnentlT  -«  «  ^  X  5T;  X  *  *  ^  ~/jj  "^  "^  X 


tftf — 2bb'^cc  *  tf<«  — a^^  +  fc 


s:  — r-  s  the  diameter  j^. 
A 


Alfo  from  the  equation  Trrr  =s  ^— ~  .  "^  ^^,  is  dednced 


Z>D  ""  2</^ 


7  V  ^  =x     ^j       =  the  conjugate  C     ^.E.D. 


♦        • 


CbkOtLART. 


Hence  the  fum  of  the  fquares  of  the  extreme  ordinates  tii  greater 
Mta  double  the  fquare  of  the  ouddle  one. 


3^0  HyperbolAw  PaitHL 

Example* 

Required  the  diameter  and  its  conjugate  to  wHicli 
belong  the  three  ordinates  4I,  14^  and  \'\/(>S$ 
their  common  diftance  being  7, 

-^          d\/ /^bb  —  aa  —  cc\^ — /^aacc   ^ 
^^^^  aa-'7bb'irc.c  - 


„    Aq2        35*        65X2i*p        4X65X351x212 


35*  .2    .   ^5X21* 


7.v/32*-5*-65X3M*  -  65  X  lo*  X  3*  ^  TJLSil  _  , 
F^rTxl6*+65X3*                 ""      98      -24-tne 


5 

idiameter  D* 


=  1^/50-32^  +9xi3o  =  |v^i96  =  1x14  =  21  = 
the  conjugate  C 

^P  R  O  B  L  E  M    y. 

To  find  the  length  of  any  arc  of  an  hyperbola^  the  arc 

begtrinwg  at  the  vertex^ 

^  R  U  L  E    L 

Put  a  =  the  femi-tranfverfe  axe,  r  =  the  femi- 
conjugate,  q  =  ^~r^^  j^  =  an  ordinate  to  the  axe 

ilrawn 


j>i    1 1 


*  Demo  NIT  RATION. 
Putting  X  s  the  abfciiTa  of  the  ordinate  jf 9  we  fliaU  obtain,  &(»n 

-  .                       aiJc€  +  f>  ,    .      ^ 

the  nature  of  the  curve,  x  ss —  <?,  and  therefore  x  s 

€ 

t 


Seft. y^  HYPERBaLic  Arc*  jfir 

drawn  from  the  end  of  the  arc  required,  A  =  the 
hyperbolic  logarithm  of*^    ^^    ^^  =s  2*302585093. 

xcommon  logarithm  of  ^-±4^,  B^^^^^'^ . 

Then  will  the  length  of  the  arc  be  expreflcd  by 
€  drawn  into  the  feries  -4+4 -S-  rr^  +  r^  -D' 

E  X  A  Mr  P  L  E. 

Reqiured  the  length  of  the  curve  correfponding  to* 
die  ordinate  i  o,  the  tranfverfe  and  conjugate  axes 
being  8o  and  6o. 

Here  a  =  40,  ^^  30,  and\y  s:  ro  j  hence  q  =  ^^-^^ 

4  Y  =  2500- 


,  ;  lience  z  s  V^  xxi-i^'yyiss.y  ^ 


re  +  — rr— ^-^ 
re 


^y  /    \  cc  +  aa  cy  /'xj '  O' 

X.:.x  +i^.  -il^4  +  Jf!_^.  ^  ili|ly  5CC. 
2  2.4  3.4.6  2.4.6.0  . 

But  the  fluent  of     .  ^        isthe  hjp.  log..of -^"^^^^  '^'^ssJ^ 

\/cc  +  yy  c 

AiidthercforeziiB^x:vf+-?*--/^C  +  :^2>-7^ 

'  2-        2.4.         2.4.a         2»4.0tO^ 
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^^^^-^£221  ss-L,  ^cc  Jryy  -  lo^iO's  3i-622;7766a, 

810000     324       ■'•'•'  W  f   /  » 

^^J^+^^£i±^  _  1-387425887,  whofe  hyp.  log.  is 
't^^A^^A^  alfo  yj^=ll^-^  107^33=  5. 

45698-977  =  A  and^-l^^^iSziff^i:  3540529-3125 

'rhen+  -4  =  -327450  ~  1^^  =-000764 
+  -5  =  •046607  - -^■^5o.E  =  •000012 
+iil^i)  =.-0000^  ^  -000776 

>-  "000776 

*S433 ^^  =  ^e  f^M^  ^  the  ftries, 
which  multip^ by  r=       30    . 

produces  Jto'joojij;-  =  the  length  -of  the  arc 
Tequircd. 

Ufing  the  fame  fymbols  as  in  the  laft  rule,  the  arc 
will  be  exprefled  by  the  feries>  x :  i + ^y  *  — —^r'-y^ 

or 


■<l***<M*Mi*lAi 


*  Demonstration. 


,  aa  '^  cc 


s  (l»7  «ztrading  the  .foot  of  the  Vkvusixitxik  :^md  denominator,  and 
then  dividrng  the  one  by  the  other)  jp  X  :  1  +-^J'*  — — 7"^  ^  -J'* 

"♦■"         '^::^  '     .  '    ■     4.4.8<:'«  ^ 

And,  by  taking  the  fluents,  we  obtain  the  feries  ai  in  the  nde. 


♦•^     "     ^  6c*  -.4 ;       3.0""^        «*+4<»        14^*5:' 

5«*  +  a4«*4r*  +  48a».c*  +  <4C*   7ji*    «  o  .  -    - 

"    ;.     a^  +  ^^c^  +  sc*' ^*P^c.  putting  4  5, 

<\  &c.  for  tifie  firft,  fecond,  third,  &c.  term. 

£  X  A  M  P  1.  £• 

Taking  die  fame  example  as  to  the  laf^  rule,  in 
"wluch  a  =s  40,'  c  =  30,  and  _j'  =  i  o ;  we  fliall  obtain 
J^%  0=5*003170 

J9,=:  0-03 29,22.     .        £=  59 

^=       1  ifi^   .  --•003229 

+  I '03 3320- 

■     --'  •003:12,9, 

.the  fum  =  I •03009 1  whicn  multiplied 
by     ^  =  10 

produces  lo'soopi  =  the  arc,  nearly  the  fame  as 
before. 

R  If^li  E    III.*  ... 

As  the  fum  of  15  times  the  parameter  of  tlie  axe 
and  a  fourth  proportional  to  the  axe,  the  abfciija, 

•  •  .  and 


*  De  mo  n«  t  ra  ti  on. 

»         ■    » 


Firft  X  ss  ^^— ^ Z.  ^  II  (ufing  tke  fame  fytaabdLs  as  in  the  laC 

rules)  =  -=^ ^  +         .T ^2^  ^^ 

'       2^*        2.4^*       2.4.6^*        2.4.6.8tf' 

Then  proceed  as  in  rule  5  for  the  elliptic  arc/ 

Thus  y'X .       ^ as  /  X .    t r" .  a 

^  ^  '  *'^tJ^ 8>^4     >    *«•  "''«'»  pot  as  jrx :  I +  1Z^ 

•  •  •  •  w» 

_  f^+il^  ,4  &e.  the  value  of  the  are  in  the  laft  rule.    Then,  by 

equating 
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aad  the  fiim  of  9*  times  the  axe  and  2 1  times  the 
parameter ;  is  to  the  fum  of  i  s  times  the  parameter 
aud  a  fovirth  proportional  to  the  axe,  the  abfcifla^ 
and  the  fum  of  19  times  the  axe  and  21  times  the 
parameter;  fo  is  the  ordinate,  to  the  length  of  the 
curve,  very  nearly; 

1SP+      ^      X 

curve  nearly  ^  where  f  is  =  thje  tranfVerfe  axe,  p  = 
its  parameter  or  a  third  proportional  to  the  tranJP^ 
vcrfe  and  conjugate,  x  =  the  abfcifia,  and  y  =  the 
ordinate  correlponding  to  the  arc 

Ex- 


tf» 


equating  the  correfponding  tenns,  we  have      .  ^  ss  j^f  or  A^. 

9*-+  — —  j^ 

=—751^  =  9-t^,  patting  A  for  die  parameter  and  /  fi« 

the  whole  tranfverfe  aze. 

.    15/  +  '     ^     •  * 

A  right  line  toacj  Be  found  nearly  equal  to  an  bjpeisbolic  arcbf  pi«^ 
eeeding  in  the  fame  manner  as  in  the  corollary  to  rule  5  for  the  arc 

«f  tile  eUipff,.  taking  Ittt  PC  a  t^-P+  '^^^^'^^  X  ADi 


Se6t.  y.        H7PBRBOX.IC  Artka*- 


$^S 


E  X  AMP  L  K, 


•  p 


Taking,  again,,  die.  fame  example,,  we  have  f  = 


stfx ^ =  4Px       o»     -=4X 


2:163702161 


30 


3 


15^  + 


i^t  +  2tp 


X 


0/  +  21^ 


?5X4i  + 


10  X 


19X80+21X4J      .  •  , 

-^^ g ^  X  2-16370216 


=  10  X 


I5X9x8o  +  i9ai6  +  2ix9X2-i63702i6  i  1866-705 16488  «.. 

i:5X9x8o+9xi6  +  2ix9X2'i63702i6 ""    .       11520*51281928 

10*3005  =  the  length  of  the  arc  required,,  very  neaiv,. 

P  R  OB  L  E  M     VI* 

iofnd  the  area  ofafegment  cut  off  ml  bypp^bd^  hy  a  > 

dmd:>k  ordinate. 

R  U  L  JE    L* 

fecsxfc  the  produ(5l  of  the  ; 
ordinate  and  its  diftance  from  ^ 
the  center,  fubtrad  the  pro- 
dudl  arifing  from  the  multi- 
plio^tion  of  the  produdt  of 
the  femi-axes,  by  tlie  hyper- 
bolic logarithm  of  the  quo*- 
ttent  refidtiag  from  the  divi- 
fion  of  the  fum  of  the  pro^ 

4  Z 
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-dudls  of  the  femi-traiifverfe  multiplied  by  the  or- 
dinate and  the.  femi-conjxigate  mtdtiplied  by  the 
faid  diftance  of  the  ordinate  from  the  center,  4>y 
the  product  of  the  fcmi-axes ;  and  the  remainder 
wijl  be  the  area  cut  off  by  the  double  ordinate.* 

That: 

The  ilttxion  cf  tin  area  AB  D  is  s  ^  vss  (by  the  nature  cffthe 
ctinre)  --^ ,  the  fluent  of  whum  ts  s= ^  —  X 

i,  1.  -of  ^  +  \^^^-^^  _  the  area  JB D,  the  double  of  which  wiH 


be  —-21 —  <jtf  X  h,  1.  of  -—^--21 s  t7  —  tf  ^  X  h.  1. 


a  a 


of  ~  +  -  =:  vf  —  tf  <:  X  h,  1.  of  V-^      a  the  whole  fcgment 
a.     c  ''  ax  ® 

DJF.      ^E.D. 

'COHOI.LARY  L 


TMbmttc^.  D  AF, or — T  ^g^  xhj.-of-—^^ 

^  a  a 

is.  alfo.  ^'J^Em^^c  X  h.  1.  of  >+^^^±S  B  «f  X 
'f\/j+  99  —  Ji-  ^.  of  9  +  ^Ci  +  qq  = 


r .-  •  r ;; 


ac  X  :?.V^J?.J?,—  I  —  h.  !•  of  ^+v^J^^— «,  puttmg  ^  S5  :?!, 

.and  J?,  =  - . 

Corollary  IL 

If  from  the  triangle  CBD  zs  ftyr,  be  taken  the  femi-fcgment 

.ABDszivjf^ia^Xh.l.of^^^-^^,  there  will  remain  iac  X 

ac 

i.  I.  of  ^/JTiy  for  the  value  of  the  hyperbolic  fcftor  CAD.  When 

7  x^  p  are  fuppofed  infinite ;  then  the  feAor  becomes  the  fpace  CAG 

between 


Seft^V.  HTPXRBrOLrC  AR3EA,  §67 

That  is,  CB  x  BD  -  CA  x  AE  x  hyp.  l^og.  of 

''"'TAT'"  =  "^ - «  X  •'TP-  log- of  '-^  = 
the  area  ADFy  putting  a  =  the  femi-tranfverfe  axe 
CAf  c  =  AE  the  femi-conjugate,  jy  =  jBD  the  ordi- 
nate, and  V  =  jBCits  diftance-from  the  center. 


dtoi 


between  die  afymptote  and  the  curve  infinitely  produced,  and  the 
CTprefliQfi  for  it  becomes  infinite, 

CoiLOLLARY   III. 

When  the  hyperbola  is  equilatersd,  then  a  is  s:  c^  and  the  area 

"^  .a 

'Corollary  IV. 
When  A  and  C  coincide,  the  hyperbola  becomes  a  triai^gle,  anil 
becaufe  CA  and  AE  are  then  each  ss  O9  the  rule  will  become  barely 
tB  X  BD  or  AB  X  BD  for  the  area. 

CoROLLA'R*T    V. 

Similar  fegments  of  any  hjperfooias  are  -to  each  other  as  the  redS 
angles,  of  their  axes.  (Where  by  fimilar  fegments  are  meant  thofe 
"whofeordinates  or  abfciflas  areas  their  like  axes  or  diameters . )  For,  by 

cor.  1,  the  feg.  being  expreffed  by  ^cxyv^i +yy—  h.l.  ofy+v'i+yj^ 
or  ac  X^V^^-t  -  h.4.  ^  ^+^^^-  1.  and  j^  sb  :?^,  or 


^s  - ,  'being  the  fame  in  all'.£milar  fegments,  thofe  fegments  will 

be  as  tfr.-^— And  hence,  fimilar  feements  of  equilateral  hyperbolas 
are  as  the  fguares  of  their  axe$,  or  of  their  like  diameters. 

Hence,  alfo,  liyperbolas  of  the  fame  tranfverfe  axe  and  abfciffi^ 
are  to  one  another  as  theii*  conjugate  axes  ;  but  if  their  bafes  or  or- 
dtnates  and  conjugate  axes  be  the  fame,  they  will  be  as  their  tranA 

vcrfeaxcs.  For  when  ^  a.»d  ,  are  Ac  fame,  Ac  quantity  £^—^5 
^  tf<:  X  h.  1.  of  will  be  as  c;  and  if  c  and  ^  be  th^ 

ian«.th«quaatit72^:i^i^-«Xli.l.of2±±^^£SwiUbc  «  *. 

An4 


y 
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Notq  I.  The  laine  rules  will  ferve  for  any  other 
two  conjugate  diameters  and  their  abicifla  and  or- 
dinate ;  multiplying  the  refiiit  by  the  fine  of  the 
angle  formed  by  the  abfclffa  and  ordinate,  to  the 
radius  i. 

Note  2.  The  hyperbolic  logarithm  is  equal  to  the 
common  logarithm  multiplied  by  2*302585093. 

Ex- 

II  ■        •        — "  -  — >-~^-^ . — j^ 

And,  confequently,  having  the  quadrature  .o£an7  one  JbLyperbola^ 
^rom  it  we  may  find  that  of  any  other  hyperbola  ;  tiz.  knowing  the 
tlie  area  anfwering  to  every  abfcif^a  in  any  oxie  hyperbola,  we  can  find 
the  area  anfwering.  to  any  abfcifla  in  any  other  hyperbola.  For  vre 
can  find  a  fimilar  abfcilTa.  in  the  fquared  hyperbola,  with  the  cor- 
refponding  area.  Then;  as  the  reSangle  of  the  9^es  of  thie  fquared 
hyperbola  is  to  the  redangk  of  thofe  of  the  hyperbola  propofed,  fb 

is  the  area  of  the  former  to  that  of  the  latter,^ ^T^hus,  let  f,  c  be 

the  tranfverfe  and  conjugate  axes  of  any  propofed  hyperbola,  and  x 
its  abfciiTa ;  alfo  T',  C  the -axes  of  the  fquared  hyperbola  :  Then,  / .: 

y : :  *  :  — ^  =s  the  fontlar  abfcif&  m  the  fquared  hyperbola,  whofe . 

correfponding  area.call  A :  Then,  as  TC  \  Awtc  \  -^  s=  the  area.. 

of  the  hyperbola  propofed. ^Now,  it  will  be  moft  convenient  tOi 

liive  the  fquared  hyperbola  an  equtlateral  one  whofe.  ajces  are  ^ch 
an  unit.  For  then  we.need  only  divide  the  abfcifla  of  the  hyperbola.^ 
fTopofed  by  its  tranfverfe  axe,..and'midtip1y  the  pfodu^  of  its  axes 
by  the  area  anfwering  to  this  quotient  in  the.  fquared  or  equilateral 
hyperbola.  And  this  is  fimilar  to  the  finding  of  the  fegments  of  cir- 
cles and  ellipfcs  from  thofe  of  a  citcle  whofe  fegments  are  already . 
calculated  and  i*ang;cd  in  tables. 

Corollary  VL* 

If  ^  and  c  bfe  anyothei^  two  conjugate  diameters,  and  V  the  fine>of 
the  angle  formed  by  a  and  its  ordinates^  to  the  radius  i ;  it  is  ex- 


* 


tremely  evident  that ~ fac  X  h.  1.  of  — --^ 

a  a 

will  denote  the  oblique  fegnieht  cut  off  by  a  double  ordinate  to  the 
diameter  a^    And  if,  iaAbis  exprcifion,  for.j«  and  jv  be  fubftituted 

reipecr  - 


Se^l'W 


Ht  p*  R.B  0  l  I  e  A9J!t4,» 


zh 


£  X  A  M  p;  L  E. 

Required  the  area  of  an  hyperbola  whofe  bafe  is 
24  and  altitude  i  o,  the  ttanfverfe  axe  being  30. 


Here  a 


=  ijr,  y 

15x12 


12,    and  ^r=25;  hence  ^= 
180 


5  A 


Then 


refpe^Tely  A  and  i^  .the  faid  oblique  hyperbola  will  be  exprefled 

cVVW^ZI  _  ^,  X  h.  1.  of  ^yV^EZZ^luchalfo  ex.  ^ 

preiTes  a  right  hyperbola  whofe  tranfverfe  and  conjugate  axes  are  A^  • 
C9  and  the  diftance  of  its  bafe  from  the  center  V. 

And  hence  is  evident  the  foUowmg  conftrudion  which  ScHooTBii 
iirft  demonftrated>  in  a  very  operofe  manner,  in  his  Excrcitathnes  « 
Mathematics  Lib.  4. 

Viz,  Let  AD  be  a  double  or-  -q 

dinate  to  the  femi-diameter  Cl^ 
of  the  oblique  hyperbola  AVDi 
Dxaw  Vv  parallel  and  Cvh  per-  V. 

pendicular  to  AD ;  and  with  the  . 
ifemi-tranfVerfe  Cv  and  femi-con- 
jugate  ss  the  femi -conjugate  of' 
CV  defcribe  the  right  hyperbola 

0vd.     And  the  right  hyperbola  ,^      

iLvd  wiU  be  s=  AVD  the  oblique     A         a  B  D  D  •        d* 

one  propofed  >  alfo  AD  ^s,  ad-^  and  every  other  correfjppnding  ordi-  • 
nates  EF^  ef^  equal  to  each  other. 

Corollary  VH. 

Hence  it  appears  that  all  hyperbolas  having  the  fame  center  and  ^ 
equal  bafes,  and  between  the  fame  parallels  Ad^  Vv^  infinitely  pro- 
duced, are  equal  to  each  other ;   as  are,  alfd,  their  correfponding 
fedtions  £F,  ef^  parallel  to  the  bafes;  and  likewife  the  intercepted 
fiaiftums  AEtD^  aafd^.    .     •  . 
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Hy  ipis  R  B  o  L  ic  A^RE^i.        Ftrt  mi 


Then '■^±^  ^'"";*r'  =  ^=3, whofehy- 

perbolic  logarithm  is  L*0986i2288y,  which  being 
multiplied  by  ac^  ^5^%  produces  148*31265897; 
and  this  being  taken  from  v^= 25  x  12  =  300,  leaves 
J5i*6873ii.i.o3  =  the  area  required, 

RUL£ 


COROLLAHY    VIII. 


Let  AB  be  the  femi-traaf- 
▼crfc  axe  of  the  liypcrbola  CBD ; 
ilraw  CF  parallel  and  FB  per- 
pendicular to  BA.  and  draw 
AFG  meeting  DC,  produced,  in 
G\  then  upon  the  ba£s  CD  of 
the  hyperbola  defcribc  a  para- 
bola CHD  having  its  parame- 
ter equal  to  the  coajngate  axe 
of  the  hyperbola.  AndEG-^CH    n 


a 


y       c 

X  AB  \nll  be  equal  to  the  hyperbolic  area  BCE. 

HV  *T*  CO 

For  the  area  BCE  ss  A  ss  ivy  —  iac  X  K  1.  of  -^-^ — ^ 


ac 


and  IT  X  the  curve  CH  ss  tf C  s  tty  +  ^ac  X  h.  1.  of  ^^IL — , 

ac 


by  additioUt   A  +  aC 
AExEC 


vy,  and  therefore  ^^  17  —  ^  C  s  «  X 


^^ 


^CffxABss  EG^CH X  ^5. 


So  that  the  qnadratore  of  the  hyperbola  depends  upon  the  rc^fi- 
cation  oi  tJie  parabola. 

CoaOLLART    IX. 

■ 

By  fubtraaing  Ac  fegmeat  vy^acX  h.  1.  of  --^"^  ^^from  the 

ac 

fegmcat  yr^acX  h.  I.  of  fHiifT,  there  will  refalt  ^r-  v^- 


tff 


irr 


X  h.  1.  of  — — —  for  the  fruftum  includtd  by  two  parallel  double 
ay  ^  cv  *  * 

crdiaaties  a^,  a/,  their  difbaces  from  the  center  bcmg  Fp  v. 
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•Rule   II. 
Putting  X.  =  the  abfciila  AB^  and  the  reft  of  the 
letters  as  in  the  liiil  irule,  alfo  z  =  — -j—  •     TTien 

2xyx:^'--^Az-^Bz-^Cz  -  f^Dz &c;  will  be 

the  area  of  the  femi-fegment  ABD,  (Fig,  to.rule  i) 
putting  J,  B,  C,  &c.  for  the  firA,  fecond,  third,  &c. 
term. 

Ex- 


*  Demons  t ration. 


The  fluxion  of  the  area  is  siyx  ss  fi3£2:^l±^.  Th^inikeadL 

a 

t)f  write  is,  in  order  that  the  Baent  qaanfity  r  may  be  Icfi 

than  1 9  and  by  that  means  the  ieries  be  made  to  converge  by  its 

powers,  and  the  faid  fluxion  f  *  as  ■    ^  ■' ^ wifl  be  as  a-s-i-i-.v 

«B  2irrz^2  X  :  1.2  +  2.32  +  3*42*  +  4*5^'  &c.  "md  the  fluent  is 

4tff2*'x  :  —  +  ^z  +  ^z*  +4^z»  ate.  SB  the  femi-fegment 
^»,>  ^  ^  '  5>  ^ 

Now  although  this  fcrics  converge  by  the  powers  of  r,  yet  the  co- 
^cicnts  a^uafiy  diverge;  in  order,  then,  to  make  the  coefficients  to 
converge,  let  the  feries  be  multiplied  by  fome  convenient  quantity  left 

than  I,  as  I  —2,  and  the  quantity  ^acz^  divided  by  the  fame,  and  the 

refult  win  be  ?^£f.  X  :  —  +  — «  +  ?^z»  +  ti^s  &c.  for  the 

1—2  1.3   ^  3.5;  5^7  7*9 

faid  area  JBD.     And,  to  make  the  feries  converge  ftill  quicker,  let 
the  fame  operation  be  performed  upon  this  feries,  and  there  will  re* 

fult.a-«^   X:i —Z —Z* —Z^ i_2*5cG. 

I— 2I  3        1.3.5  3.5.7  5-7-9  7-9*" 

for  the  value  of  the  faid  area* 
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Example. 
Taking  here  the  laft  example,  in  which  ^  =  lo^ 
J  =  12,  and  ^a  =  39 ;  ^  ^iU  be  =  ^^^  =  ^^  +  lo 


10  _  I 

49  ""4 


Then 


But ..  =5  ■  s   2  X  y  ;   wherefore  2  »jr  X  ^ 

i i-z i-z» ^«'  &c.  s  the  dxtaiJBD.    ^EM. 

3       1.3-5  3-5.7  5.7.9 

CaR  O  L  L  A  R  T   !• 

An  hyperbola  is  always  lefs  dian  a  parabola  of  the  fame  bafe  and 

altitude;  £or.2xy  X  i 2  —  —2:*  &c.   is  always  lefs 

^         3'       I-3-5  3-5.7  ^ 

than  2xjr  X  -f  =  tXJ(  =  the  parabola;  but  as  the  altitude  iis  dunir- 
ni(hed,  the  hyperbola  approaches  nearer  and  nearer  to  the  meafure 
of  the  pacabola,  tilli  at  laft,  they  vanifh  in  a  ratio  of  equality. 

CORO^LA^R  Y   II. 

An  hyperbola,  h,  evidently,,  for  any  finite  altitude,  always  greater 
than  a  triangle  of  the  fame  bafe  and  altitude  ;  but  as  the  altitude  is 
increafed,  the  triangle  approaches  nearer  and  nearer  to  the  value  of  the 
hyperbola,  till,  at  length,  when  the  altitude  is  infinite,  they  become 
accurately  equal  to  each  other.  Which  I  demonftrate,  by  the  me« 
thod  of  increments,  after  the  notation  of  the  mgeniousilfr  Emer/ofi, 
thus : 

When  thealtitudex  is  infinite,  then 2= ——-—'  s  -  ss  i,  and  the 

2'/i  -4-  X  X 

general  feries  exprefCng^  the  vaTue.  of  the  area  will  become  2x/  x  : 

II  I  I 

■* &c. Now  to  find  the  fum  /  of  any 

3       I-3-5        3.5.7        5.7.^  ^ 

number  »  of  the  negative  terms ;  fince  it  is  evident  that  the  »  term 

»  —  .  .     >  or,  putting  y  as  aw^i,  thenv5B2»r=2, 

a«— i.2/»+i.2«  +  3 

and* 
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Then -4  =  i  = '33  &c.     J?  =  .|^z  =  •01666667 


C'=     ^jtfzrr 

51524 

Z)=    ACz  = 

4960 

JE  =  -^rBz  - 

5639 

F  =  -:jEz  = 

7<5 

C^^%Fz^ 

II 

jy=lf(Sz=: 

2 

Ac  film  of  thcfe  n^adve  terms  is  •017318039 
which  being  taken  fi'om  the  firfl:  term  y,  leaves 
"316015294;  and  this  mtdtiplied  by  ^xy  ^  240^ 
produces  75'84367056 = the  femi-fegment^  the  dou- 
ble of  which  is  i j:i'68734ii2  =  the  area  required, 

S  B  Rule 


the  n  term  ss  —     ■  a= ;  tbe  »  +  i  term  or  /  'wlD  tc 

I  z 

;  and  the  integral  /  s  ^ x  ^— -1- ;  But  when  n  is 

vvv  2VVV  '     ^vv 

t  %%  1»  *  I » 

a  I,  then/  ottridt  tcS be  -^  s  (in  this  die)  A ^  •  hence  ^ a: 

-!-  +  -I-  =  ^+i  a<  -L±A  «  i.  «  -L  ;    and   confeqaendr 

AW        VVV        ^vvv        4«i*3«5         OO         12  -I  / 

the  corred  mtegral  is  /  ac  —  — ae  —  — — f  i  ,   , 

It       4VV        12       4.2>i  +  i.2»  +  3 

which  when  n  is  infinite  becomes  accurately  ss  ^p  that  is,  the  fuan 

of  the  infinite  feiies — to.  is  ss  — ;  which  beme  taken 

I-3-5       35-7  12  ^ 

fromf  leaves  f  —  ^ as  ^,  and  henfce  2xy  X  t  =  •  */  « the  area  of 
the  hyperbola  when  x  is  infinite,  and  b  dierrfore  equal  to  a  triangle 
of  the  fame  bafe  and  altitude. 

CoRotLAar  in. 

Hence  the  (pace  included  between  the  arc  of  an  hyperbola,  infi*- 
ni^ly  produced,  and  its  chord,  is'of  a  finite  magnitude,  although  it 

be 


'/ 


374. .  Hy  p  E  R  B  a  L I G  A.R  E  A*        Part  HI.. .. 

Rut  E    IIL 

Take  BH-  \jj^  =  to  three-fourths  of  a  third 

proportional  to  the  traxifverfe  axe  2u4C,   and  the 
abicifTa  AB\  upon  the  diameter -4/=  the  parameter- 
of  the  axe,  defciibe  a  circle  meeting  with -62)  in  /T, 
and  with  HL^  parallel  to  jBZ),  in  L\  and  draw 
AKy  AL.     [See  fig.  to  rule  i.] 

Then  will  the  &gment  EAD-ht  nearly  equal  to* 

T^        X  ^^^>  or  = j^ X  ~,  put- 
ting 


be  of  an  infinite  length.    For  this  fpace  is  the  di£Eerence  between  the: 
hyperbola  and  triangle,  which>  as  above»,  is  .nothing*  that  is»  no- 
thmg  in  comparifon  with  an  infinite  fpace. 

Co&OfLA-lLY    IV; 

By  con  3  role  2  forthe  fegment  of  a  circle^  the  aiiea  of  a  circle '«. 

whofe  diameter  isi9isffs2^:-+ —  -5-- — h  &c.  and, 

3       I-3-5       3  ^7 

by  cor.  2  to  this  problem*   -  sb  2  X  :  -  —  -» -^-^  &C5 

*^       -        a  .  .3       1.3.5       3.5.7    , 

ibom  hence  are  deduced  the  following  equations  : 


I:  »a=i-.4X:-^+  — ^  +  ^ 


^-  3'5.«7   •    7-9*"        II. 13. 15,       if.17.19 


&c. 


II:  «  =s  i  +  4  X  : — ^  +  — i-  + ^ —  + ^ &c. 

m.  «  s=  -  +  12  X  ;  — ^—  +  — ^ —  + ^ &c. 

3  i'3-5'7       i-?-^*!!        9.11.13.15 

IV.  l:s_i_  + ?—  +  —J &c. 

96     .  1.^.5-7     .5-7;9-ii       9-"-i3«i5 


S461.  V: .       Hy * E R B o L i-c  Area.  3:75: 

ting  /  =  the  traufyerfe  zAC^  c  =  the  conjugate,  and 
X  =  AB  the  abfcifla.i'^ 

Example. 

Taking  the  fame  example,  in  which  /  =  30,  c  = 
18,  and  x=  10;  we  fliallhave  ^'^-^^^^^^if  y:, 

4CX  _  V300+4V375    ^   ^^rt  _   K>v^  +  aov^i5  ^   g   _ 
T"""  450  ^  7^^ "  5  ^  o  - 

\/3l-h2\/ii.x  l6  =:  i5i'64828  =r  the  area  nearly. 

Rule 

*  Demonstration. 

By  proceediag  as  in  rule  3  for  the  circular  fegment,  we  obtain' 

-^ — '  X  :  ^  -+ -TT-r  f<>^  ^^  t*^«  value  of  the  femi-fefiinent 

/  35/        28/*  ®  ' 

ADB.    Then»  after  the  method  ufed  in  demonfh^ting  rule  6  foe 
the  cir.  fcgment,  fuppofe  ^Z)  i?  to  be  =  ""W^c+^.x     cnx^tn 

=s  — J —  X  :  w  +  »  +    fiiT^  *^'  l^^ce,  comparing  the  like  terms, 

«  +»  B  -  »  and  ^  =:  - ;  and  therefore  «r  sb  — >  and  irss 

3  85  IS  3  .    15 

s  —  •    Which  values  being  &bftituted  for  them,  we  have  AD  B  s  ' 


>: 


^lABY.— J^^l^ a:  2^^  x 

4^y:yx:77+^?:yxg7^'^^^^  ^^^ 

15  *5  • 

,|(bnl  this  rule  was  firft  given  hj'Sir  J.  'Newton,  but  without  de* 
iBfCMiftcation.-.  *  . 


R  u  L  £  IV. 

If  Bffhe  taken  a  ^  a^  T'lT!  ^  ^^  five-ievcnths 

of  the  faid  third  proportional  to  the  axe  2  AC,  and 
the,  abiciila  AB}  and  the  lines  drawn  as  in  the  laft 
rule. 


Then  wiB  SiLti^x  4^5,  or  !'*^"+V-t-4^" 

Ex- 


*  Djbmon<tratioii. 
T^uQg  BH  SR  — — »  lftt»  as  before,  the  area  be  ezprefled  hj 


AB%  myiAL-^-nxAK^AExm^HAxAI  +  m/BAxAI 

Axx        CC  /  €C  III— —■■—»-■'■ 

x  +  — -M  y  +  ^xV  xX-j-ss  Jwy^/x  +  ^^xx+ff^/x 
X  —  s  — f—  X  :  .w+«  +  —7-  -^  STT  ^'  '^liich being  com- 

^  CX^/iX  2  X  3C* 

©ared  with  the  true  ferie$  — - —  X  :  -  +  ri—  tern ^•<^*'«^c obtain 

,   ^    .  .  3     «-^        '         J  mA*  I 

4ht£c  three  equauons^  «  +  »  «  t  »   —  *■  ""»  ^"^^  "-5^  aa  -r- ; 

whence  ifss^,Ji»BB^^  and»as--.  Confeqnendr  BHss  —L 

1  ^S  IS  f 

a  ii^.  and  the  femi-fegaent  9  2AB  x^'^^  +  ^^^g  il?  x 
aiv^/x  +  4.xx  +  4\//x     OKD 

IS  '    <^   •    • 

Which  likewife  is  another  role  givest  hj  Sit  L  Nemw^  without 
demonftratioiu 


St&,  v.  . H'Y  P "E  R  8  O  L I  G  Ar-E  |U  >  J.77 

JE  X -A  M  p  x  j:. 
•    Ta^D^    XliJl,  ^e  iame  example,   we  ^ave 

s=  tte  area  nearly. 

;Pr  h  b  l  «:  M     Vn. 

T^findnht  offea  oftbejmftum  of  an  hyperbola^  includiS 
h£tivieen  tnvo  parallel  double  ordinates.    . 

R  tJ  L  E. 

Multiply  the  fcmi-tranfverfe  by  tbe  one  ordi- 
aate,  and  its  diftance  from  the  center  by  the  fenii- 
conjtiga^e,  and  take  the  fum  of  the  produifls  ;  do 
rfie  fi;rac  by  the  other  ordinate  and  its-  diftance  from 
the  center,  taking  'liie  fum  of  die  produAs  'ilfo ; 
divide  the  greater  lliiia  by  the  lefe,  and  onii'ltiply 
the  hyperbolic  logarithm  df  the  qtiotient  by  the 
produdt  of  the  femi-axes ;  then  fubtra6l  this  -laft 
produdl  from  the  diflPerence  pf  the  produdls  arifing 
from  the  multiplication  of  eath  ordSnkt6  by  its 
diftance  from  the  center,  and  the  «xoinaiilder  will 
be  the  area  required. 

That  is,  VY -  vy  -  at  x  hyp.  log.  of  y^^J^  = 

the  area  included  by  iX  and  2y^  V  and  n;  being 
their  refpe<ftive  diftances  from  the  center,  and  a 
and  c  the  femi-axes.  As  is  proved  in  cor.  8  to 
rule  I  to  the  laft  problem. 

Or,  if  there  be  calculated  dje  two  f^pients  whofe 
bafes  are  :lT  and  2yj  their  difference  will  be  the 
area  fought. 

SG  Ex- 


37a 


Hyperbolic  AREAt 

.  £  X  AMPLE* 


Part  in. 


To  find  t3ie  area  of  the  fniftum  whoie  altitude 
is  5  ;  it3  lefs  end  beingy  as  in  the  example. to  the 
laft  problem,  24^  its  diftance  from  the  center  of 
tie  hyperbok  25*,  the  tranfyeiie  axe  30,  and  the 
conjugate  i8« 

« 

Here  a  ss  i|^r=9/v  =s  ay,  y,sr  ra,  ancles  30  j. 
hence  r=:  '^lEEH^  9^^30^-15*  ^  oV^rTT*  = 
9v<3  =  15:58845727; 

Then  t^l+if^a  15x9^^34-9X30 ^^ 9-/S+3X6 _  V^j+aa 

^jr  +  ra  15X12  +  9X25  12  +  3X5   *"       3 

=  i'244oi6936,v  whofe  hyperbolic  logarithm  is. 

'2183456,  which  multiplied  by  acsz  i^xq  will 

produce  2g*j\.'jjb6s(k*  " 

Andrr-v>=3oX9v/3— 25xi2?:30X9>/3-i.a 

=  30  X  5'58845727  =  i6y*6s37iB. 

Wherefore  1 67 -6537^8 -'25>"47 6(^56=  i38*i77oi:J:>. 

3  the  area  required* 


pR  o  B  L  E  M  vni; 


To  find  tbi  area  included 
beMveen  tivo  ordinate!  B  Fj 
DG,  to  an  q^mptote  CD 
of  an  hyperbolay  drawn  pa" 
ralld  to  the  other  afymp^- 
tote. 

Rule. 

From  the  vertex  J?  of  the- 
curve  draw  EA  parallel  to 

Then 
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Then  the  fqnare  of  CA  or  of  AE  multiplied  by 
the  hyperbolic  logarithm  of  the  quotient  aiiiing 
from  the  divifion  of  CD  by  CB^  or  from  the  di- 
tiiion  of  RF  by  DG^  will  produce  the  area  of 

.    Ex- 


« 


*  D  B  M  O  N  t  T  IL  A  T  I  O  M. 

?titCj4  Si  a,  jfB  ss  x»  and  iBF  ssjr;  then,,  by  die  Rropcrty  o£ 
dKVCurre,  aassCBxBFsza  +  x  Xy,  and  Hence  j^  ss^;^,  and 

•  i  —  ma .  whole  fluent  is  aa%  h.  L  of  ^^  acC^^X  h.  U  of 
^  s  the  dtt^JBSE. 

lA.Kke  manner  jfDGE  is  s  C^»  X  h,  1.  of  ^. 

And,  taking  the  difference,  we  haw  BDGF  ss  CJ*  X 

*"~ T'^'S — "** — ' ZTB  CD 

h.  1.  of  ^  -  h,  K  of  ^  =  Cy/*  X  h- 1.  of  jj.;  or  bj  writing: 

^^*  for  CJ,  and  —^  for  (7Z>,  the  feme  area  will  be  sa  C^»  x 
3F  ^^ 


BF 
h.l.  of^.      ^E.D 


i 

C  O  R  O  LX  A  R  r  I.. 


Jf-CBt  CD,  Cly  to.  be  in  geometrical  progreffion ;  then  ^  will 

be  ss  £^  >  to.  and  confequently  the  fpaces  P,  ^  R,  to;  equal  to 

•ne  another  J  or  the  fpaces  ABFE^.ADGE,  A  IKE,  to.  a  feries 

C  ^ 
of  arithmcticals^  and  asc  the  logarithms  of  the  gcometricals  — , . 

^^    zJL,  &c.  to  the  modulus  CA\  or  the  faid  fpaces  will  form  k 

O*  CA*    ♦  ,     , 

fcale  of  hyperbolic  logarithms  whoic  abfolote  numbers  are  CB,  CD, 

tri    At    when  ^^  is  I« 


C/,  to*  wheaC-^i^i 


CV' 


•  ■ 


E  X  A  M  P  L  £• 

Required  the  area  BDGF  inxduded  hf  two  or- 
-dinates  jBjF,  DH^  whafe  Jciagtiw  are  8  and  6.j 
the  femi-tranfverfe  CE  being  15,  and  the  leiidl- 
xonjugate  EK  =  9. 

Draw  i^X  perpendicular  to  CE4  thenl)ecanie  J?/< 
is  =  ^C,  CL  will  be  =  Z£.;  and  in  the  fimilar  tri- 
angles ALC,  CEK,  becaufe  CL  is  =  \CE,  CA  will 

But 


"'     '      '  "  '  '  ■  I  II    ■      I      nun  I  f  I 


COROLJL  A  HY    11. 

The fpac« ^ J/^fi  is  alfe  equal  to-^i*  x  :*  — ~  +  — — —  &c 

4J         2<l*        3<y^       442* 

For  the  fluxion  of  the  area>x  =  ^^^is^aax  x :  -  —  —  4-  — 

a  +  x  a       a*        a^ 

^  ^  &c.  whofe  fluent  is  «»  x  :-  -  ^  +  ^  —  ^  &c.  s=  C^* 
*  tf      2*^       3<r*       4«* 

•^  '  CA       aCA*  ■*■  3(7^« 

After  the  £une  manner  ^DC£  is  as  CA*  x  s  d^  —  jf£l 

And,  confeqnentlj,  by  taking  the  difference,  we  obtsuli  BDGF 

rjx^     ^J>-^B      AD*  —  AB*   ,  AD*^A»*  . 
^CA*X:  —^ :^^j^  +       3C^,        &<=: 

Corollary  HI. 
Hence  the  hyperbolic  loffantha  of  t^^  is-^  i^.  iL  4.  —^ — 

**  if  It         2tf»^    3a'        412* 

ice. 
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But  the  hyperbolic  logarithm  of  ^  =  |  =  i  is. 
•287682.  V 

Wherefore  -287682  x  ^  =  22-007.6.73  =r  the 
area  required. 

P  R  o  B  L  E  M    E5. 
To  fold  the  curve  Jurface  of  an  hyperboloid. 

Rule. 

htt  a  and  c  be  the  femi-axes  of  the  geijerating: 
iyperbola,  and  v  the  diilance  of  its  bafe  from  the : 

center.    Alfo  let  A  =    >/'',      be  the  femi-tranf verfe 

of  another  hyperbola  whofe  femi-conjugate  is  c  the 
fame  with  that  of  the  former.  Then  find,,  by-pro- 
blem 7,  the  area  of  the  firu£him  of  this  latter  hy- 
perbola whofe  two  ends  are  diftant  from  the  center 
by  "z;  and  ^;  multiply  this  area,  by  3*  14 159  &c.  the 
circumference  of  a  circle  whofe  diameter  is  i ,  and 
the  produA.  will  be  the  furface  required. 

That  is,./.  X  vY^ay^Acy^  hyp.  log.  of  ^^  = 

the  furface  reqjiired;  p  being  =  3- 14159  &c.  and 
Yy  /,  the  ordinates,  of  the  latter  hyperbola,  whole 
diftances  from  the  center  are  a;,  a.* 

iD  Ex- 


*DSMONSTRATIOI7. 

Kat»  here,  lu  s  the  ordiiiate  to  the  abfctfTa  Vy  and  ;?  s  the  cture  • 
tften. a  \  e.w  yt^p  —  a,a  \  -^-^ s  w,  and  w  as 


hence 
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Example. 

RequiFcd  the  curve  furfacc  of  an  hyperboloid 
whofe  altitude  is  i  o,  the  tranfverfe  and  conjugate 
axes  of  the  generating  hyperbol?.  being  30  and  18. 


^  \/aa+cc     \/i5»4-o»       V^34 


y75» 


and/ 


-•34 


9     /lc*-lll 

■  *>'"''      ••S5    1»*— ^—       ■         I    ■         I        T\i\      .JJ3J       ^— 


75 

V34 


Hence 


hence  the  Huxion  of  the  furface  will  be  2/  ou  2  ss  2 /  a«  v  v  i  +  *iu  ou 


y. 


c       • 

cevvvv 


aa  xvv-^aa 


aa 


aaaa 


_^pcvi/.vv^AA  .  ^.  *  - 
aa  ^  aa  +  €C  A 

is,  evidently,  equal  to  /  drawn  into  the  fluxion  of  an  hyperbolic 
fegment,  the  femi-axes  being  A,  Cy  and  abfcida  v.  And  by  takisg 
the  correft  fluent  we  obtain  the  cxpreflion  in  the  rule  above  given, 
which  is  the  difference  of  two  fegments  whofe  bafes  are  diftant  from 
the  center  by  v  and  a\  or  the  miftum  whofe  two  ends  are  diflant 
from  the  center  by  the  fame  quantities  v  and  a.         <^,  E.  A 

Corollary   L 

Hence  if  ABM  ht  the  generating  hyper- 
bola, jff^*  its  femi-tranfverie,  BD  perpendi- 
cular to  i?^'  and  equal  to  the  femi-conjugate. 

Draw  CD ;  make  CE  =5  CBy  and  on  CB 

let  foil    the  perpendicular  EF  \    with  the 
femi  tranfverfe   CF   and   femi-conjugate   of  p  -^ 
AB  M  dcfcribe  the  hyperbola  C  FH.  ^  * 

Tbca 
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Hence  vT-  ay  ^  2$  x  is  -  15  x  sf  =  19!  x 

^^^  Jy  +  ca       75X27  3      3  +  ^^34"^         15 

=i:  2*0441269  ;  whofe  hyperbolic  logarithm  is 
•71497061  which  multiplied  by  Ac  =  i  I576i5'45i 
produceth  82766 1049,  which  being  taken  from 
vT'-ay  =  294  leaves  211*2338951,  which  multi- 
plied by  3*14159  &c.  produces  663*6io853  =z  the 
curve  furface  required. 

Pro^ 


Then,  as  the  diameter  of  a  circle  is  to  its  circuinference>  fo  is  the 
fruflum  GJKHi  included  by  th«  parallels  BI^  A  Mi  produced,  to 
the  furface  generated  by  AB. 

For>  by  funilar  triangles,  DC  i  CB  11  EC  i  CF  :a:  A  ^  -^  « 

^4  ;  and  all  the  reft  is'evident. 


x/CB*  +Bi>^       x/aa  +  cc 


Putt 


COROLLAHY    It. 

FL  ,  FB 


'^S  Z  =  ^clF  +  Fl'  *^^  "^  -  2CF  +  FB''  ^^^ proceeding 

as  in  rule  2  for  the  hyperbolic  fegmcnt,  we  fhall  obtain  the  furface 
generated  by  B  A  equal  to  3*14159  &c.  drawn  into  the  difference  of 

the  fcriefes  aflxC^X:^— -f-Z-  -^Z'  "  77^  ^'   »?«• 

3       i*3'S  3-5'7  i'7-9 

ana  2f  J  X  iA  X  .  ^      j.j.j        3--M       "  5■•^9 


3^4  Hyperbolic  Solidity,     PartlH. 

ProblemX. 
To  find  the  foUdity  of  an  hyperboloid., 

R  u  L  E    L*      ^ 

From  the  fum  of  the  height  of  the  folid  and  the 
tranfverfe  axe  of  the  generating  hyperbola  fubtraA 
Y  of  the  faid  height,  and  divide  the  remainder  by 
2  times  the  faid  fum ;  then  multiply  continually 

together 


*^   D  E  M  O.N  8  T  X.  A  T  I  O  N. 

Let  /  be  =  the  tranfverfe,  and  /:  ss.the  conjugate  axe  of  thei ge- 
nerating hyperbola,  X  =  its  abfciifa  or  the  altitude  of  the  folid,  /  = 
the  ordinate  or  radius  of  the  bafe,  and  p  =  3*14159  &c. 

Then/^  =s  re  X  — j- — >  and  the  fluxion  of  the  folid  or  pyyx. 
is  =s  pccxx  K  — 77-»  whofc  fluent  hpccxx  X  *  ^^  =5  pxyy  x 
i^TjL  ^pxyy  X  '-i~^.,=B  the  mcafurc  of  the  folid  as. 
i  bafe  X  altitude  X  ^'^'/r"^"' .      ^E.D., 

CaaoLLAEY.L 

An  hyperboloid  is  to  a  paraboloid  of  the  fame  bafe  and  altitude, 
as  /  +  ■}■*  is  to  /  +  x;  and  therefore  the  former  is  always  lefs  than 

the  latter  by  the  quantity  f /  xyy  X  -4—  :   which  difference,  whea 

X  is  infinitely  little  or  nothing,,  is  nothing ;  and  the  hyperboloid  ap- 
proaches nearer  and  nearer  to  the  paraboloid  as  the  common  altitude 
is  diminifhed,  till  at  laft  they  vanifS  m  a  ratio  of  equality ;  •  alfo  when 
the  altitude  is  very  little  the  hyperboloid  is  equal  to  the  paraboloid 
very  nearly  :  but  when  x  is  infinite,,  the  fame,  difference  ipxyy  x 

JL^  becomes  barely  ipxyy^  and  the- value  of  the  infinitely  long 

hyperboloid  is  \pxyyj--ipxyy  a  \pxyy  s:  a  cone  of  the  fame  bafe 
and  altitude,  to  which  meafure  the  hyperboloid  continually  ap- 
proaches, and.whiJA  the  altitude  is  very  great  it  is  equal  to  tht  cone 
verj  nc^Jy. 
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together,  the  quotient;^  the  altitude,  of  the  folid,  and 
the  area  c^  the  bafe,  and  the  produ(5l  will  be  the 
i^lidity  required. 

That  iis,  bafe  x  altitude  x  — /j^T^  ^  parr  x 

V+l^g"^  "  ^^  folidity,  putting  a  for  the  altitude, 

r  the  radius  of  the  bafe,  t  the  tranfVerfe  axe,  and 
^=3'i4i59&c. 

5  E  Ex- 


CorollA&t  II. 
When  X  is  a  «/,  the  general  ezpreffion  becomes  \  bafe  X  aldcude 
X     TT   ,  where  n  mayb&anynnniber  integral  or  fractional.  When 

n  is  infinitely  little,  this  expreflion  becomes^  bafe  X  altitude  or  s: 
lihe  psuraboioid  of  the  fame  bafe  and  altitude,  as  before;  if «  be  in- 
finitely  great,  it  will  become  i  bafe  X  altitude  X  \\  that  is,  ^  of  ^e 
paraboloid,  (»*  rs  the  cone  of  the  fame  bafe  and  altitude,  as  abore; 
wh^  iitss  I,  orfsx,  the  ezprefiion  becomes  i  bafe  x  altitude 


paraboloid  of  the  fame  bafe  and  altitude. 

CoaoLLAav  III. 
^   Jf  the  generating  hyperbola  be  equilateral,  fince  /  is  then  s  c. 
jr;r  will  be  =  /x  +  xjf,  and  hence  /  s  ^JLUlH  .  which  being  fubfti- 
tuted  inftead  oC  it,  the  general  ezpreflion  for  the  hyperboloid  will  be- 
come/x  X  '^ ^ — >  which  is  the  fame  ezpreffion  as  that  for  the 

fpheric  fegment,  differing  only  in  the  fign  of  the  latter  term,  it  being 
—  j-xx  here  and  +  ^xx  there. 

CoaoLLaar  IV. 

•        •  « 

When  /  is  ss.o»  the  rule  becomes  4-  ba&  X  altitude^  as  it  ou{(ht^ 

/ar  when  /  is  s  o»  the  hyperboloid  becomes  a  cone. 
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•  "  .  «  .  ,  „ 

Example. 

Required  the  content  of  an  hyperboloid  whod^ 
aldtude  is  lo,  the  radius  of  its  baie  i2j  and  tibie 
ordinate  to  the  middle  of  the  abfciila  or  height 

Hare,  by  prob.  3,  w^  fluU  have  «|Vy^^?^ 
^  70  —  40  ^  ^  _  2Q  _  jj^g  tranfvcrfe. 


a-7 


f  +  ^  — f*_  ^^w^^,^^  •.,40— !£ 


Thcnjp/irrx-5^]^=^xioxi44X-  g^ 

p  X  1440  X  §^  =  ^x  1440x^=1  3*141^9  &C.  X  660 
s5  2073*451  L5 1 3 69  =  the  content  reqvdred. 

Rule  n. 

Td  the  fquare  of  the  radius*  of  the  bafe  add  the 
iqnare  of  the  diameter  in  the  middle  between  the 
bafe  and  top,  multiply  the  ium  by  the  altitude,  the 
produ<5l  by  3*14159  &c.  and  ^  of  the  laft  produdt 
will  be  the  content  of  the  fegment. 

That  is,  ^^^ —  X  ^/>  =  the  content  of  the  fegJ' 

ment,  putting  r  and  d  for  the  radius  of  the  bafe 
and  disuneter  in  the  middle,  a  for  the  altitude,  and 
f  =  3*14150  &c. — ^This  is  proved  in  corollary  i  to 
rule  2  for  the  next  problem. 

Example. 

Taking  here  the  laft  example,  in  which  r  =  i2| 
d=6\/y^  and  as  10; 

We  fliall  have       ^  ^^  x  10/  =  1 1  x  6  X  lop  = 

660^  =:  the  content  the  fame  as  before. 

Pro- 
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P  SL  O  B  Ic  £.  H    XL 

7(9  j&ii  /A^  f  w^«J  ^  tbcfruflum  of  an  hy^erbohi4. 

*  R  u  fr  B  !• 

From  the  fum  of  the  fquares  of  die  feminMame-* 
ters  of  the  two  ends  fubtnt^  -^  of  a  fourth  propor^- 
tional  to  the  fqiiare  of  the  traniVerle,  the  fquape  of 
the  conjiigate,  and  the  fqiiare  of  the  altitude  of  the 
frufhim ;  multiply  the  remainder  by  the  faid  alti- 
tude, and  the  produdt  by  3*i4i5'9  &c.  and  die  half 
of  the  lafl  produ<5l  will  be  the  content  of  the  frufhim* 

That  is,  DD  +  dd  -  ^~  x  ipa  =  th^  content, 

putting  D  and  d  for  the  &mi-diameters  of  the  ends', 
a  =  the  aldtude,  /  =  the  tranfyerfei  c  ==  die  conju- 
gate, and  ^=  3*14159  &c. 

■  III!  ■  I     — ■— — ■— ^— »i>. 

*DBMONtT&ATION« 

Ufing  here  /,  T  for  the  ordinates  or  &mi-diameters  of  the  mds» 
X  for  the  altitade ;  sind  putting  A  for  the  diAance  of  the  lefs  ordinate 

f  from  the  vertex  of  the  whole  foUd ;  fince  IT  h  s  ^  +  ^+xXf/^y 

X  cCf  we  (hall  hare  the  fluxioa  of  the  folid  /  a  fTTx  ss  fccx  X 
■di±±*±*±L±l±±^ ,  and  the  fluent,  gire  /  s  ,cc»  x 

M  +  ^^  +  J,+itx  +  ^xx^  «»d  thU.  by  fubftituting i?  for 

Jt  ■\-AA    ^*Tr  ,  ,  At  +  AA  ^  jAx  +  /x  +  xx  . 

— .and  —  for  .- Wcomcs 

CoaoLLAar  I. 
When  the  generadng^ hyperbola  is- eqiiila(ertl»  t'i^sic,  and  the 

rnHthuoaktBTr-^^jj  —  ^xxx  i^y»  which  U  the  fiune  with  the 
tale  for  the  froftnm  of  the  fphere. 

Co- 


^iW  Hyperbolic  Frustum.    Part'III. 

'Example. 

*  If  a  cafk  in  the  form  of  two  frufhims  of  an  hy- 
perboloid  have  its  bnng  diameter  32  inches,  its  head 
diameter  24,  and  the  diameter  in  the  middle  be- 
.tween  the  bmig  and  head  j\/z  i  o  j  required  the  con* 
tent  in  ale  gallons,  the  length  being  40  inches. 

By  problem  4  we  fhall  have. 

i2»— ^X3io  +  x5» 


M ,  , I  ■      >  I     -   I,    I  I         I 

,oy  ^42LiI2^  ,0>f  ,,,>  X  12-X  »^>  ^  xov/,48^x25l---i20- 


^      32  x31a  125  —  124 

20   —  ■ 

25 


«  30 v/4 1  *  -> 40 ^  =  30^/8 1  =270 = the  tranfverfe  axe L 

=  >»8  yPf  =  'o  V-^Sr^-  =  losy  i  =  the 
conjugate  axe  tr. 

Then 


Corollary  II. 
When  the  axe  it  as  o>  or  the  hyperboloid  becomes  a  cone;  iince 

then  Tijf  ::  jt+x  :  A,  ot  T-^y  \y  \\x  \  Axs,  }r£-»  an<l  t  \e\\ 

.—.—.I  .  -^    ..  . . 

A  \yf  wo  fhall  ^a^c  —  as  ^^  as  — rr— f  and  therefore  r— rr 


ar*  3// 


T-">y**. .  which  bebg  fabftituted  for  it  m  the  role  2T  +yj  —  fiffi 

^  x^3f,  produces  TT+Ty+yj  X  f/x  for  the  fruftum  of  the  cone, 
as  it  ought. 
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_  fc    It  I. 


Then  2)I>+^^-777  xi^><^=  »6  *+ w^ --^^j^ 

X2o/^  =  ao*  -^  X  20/)=  5—^  X  4*  X  2/>  = 
t4ilHx^=795.7i  X  3'i4i.J9&c.  ;=  24998-65)994216' 
inches  =  88*  647  872 1 3  ale  gallons. 

Rule   II. 
Add  together  thefquares  of  tie  greateft  and  leaft 
j£im-diameters  and  the  fquareof  the  whole  diameter 

5  F  .         m 


idi<*i 


*  De  monst  ration. 

'  Put  X  S'the  abfciffa  whoft  ordinate  is  <A  the  ayes  being  /  and  c; 
aid,  from  the  nature  of  the  hyperbola,  we  fhall  have  thcfc  tlirec 
equations :         *  ,_ 


from  the  fum  of  the  twolattcr  of  which  fubtraa:  the  double  of  the 
former,  and  there  will  refult  //  X  DD-^a^f^  +  ddsziaacc;  and- 

•   3  r/  ■  5         • 

Which  being  fubftituted  inftcad  of  it  in  the  laft  rule  will  give 

DP  +  A^f-^  »^  w  ^ A  for  the  cOnt«it  of  the  fmftum  required. 
6  ^ 

Corollary!. 
If  d  the  leaft  diameter  bcfuplpofcd  to  become  infinitely  little  or 
nothing,  the  above. rule  will  become J^   *  X  af  for  the  c#n^ 

tent  of  a  fegmont. 

Corollary  II. 

An  hyperbolic  fruftum  is  equal  to  a  ^linder  of  the  fame  altitude  and' 
wbofe  diameter  is  s/ ^  ■ .    And  the  f<^ment  is  equal  * 

to  the  cylinder  whofc  diameter  is  s/. -jg;^ — ,  the  altitude  beinj^r 

the  fame. 
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in  the  middle,  unilriply  the  ilim  by  the  altitude, 
and  the  prodxidl  by  3*i4i5'9  &c.  and  one^fixth-of 
the  laft  produifl  will  be  the  content. 

That  is,  ^-^^^^l±^  X  tf/>  =  the  content,  put- 
ting 25,  j;  and  d  for  the  greateft,  middle^  and  lead 
iemi-diameters,  a  =  the  altitude,  and  ^  =  3'  141 5^9 

.&c,  .  . 


Example* 


Taking 


^.  ,  64x310  ,      _ 
fliall  have ^^ — — - 


20*  + 


64x63 


6 


X  4o/> 


^op  ^5x^^  +  ^4x62^ ^^  ^  7957T?  =  tl«5  content 


the  fame  as  before. 


Problem   XII. 

To  find  the  content  of  the  fegment  cut  off  an  hyperho- 
loid  by  a  plane  oblique  to  the  axe  ^  the  fidid. 

H  u  L  £« 

From  the  fum  of  aCZ) 
and  BE  fubtraft  ^  of  BE^ 
and  divide  the  remainder  by 
the  double  of  the  faid  fum ; 
multiply  the  quotient  by  the 
produdl  of  the  bale  and  per- 
pendicular altitude,  and  the 
laft  produd  will  be  the  con- 
tent 

That 
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That  IS,  — ACi£>  +  ab^ —  ^  jDjFx bale  =  the  con- 
tent, of  w4Z)5**— --^Where  2CZ)  is  the  diameter  to 
the  double  ordinate^Zf  or  tranfverle  diameter  of  the 
the  bafe,  DE  the  dontiriuation  of  the  diameter  to 
t!he  middle  of  ABj  and  DF  perpendicular  to  AB^ 

PRO- 


*  Demonstration. 

Put  2CD  8s  a,  DEa  hy  EB  =s  r,  DJszx,  dh  zsy,  S  s:  the 
'elliptic  bafe  whofe  tranfverfe  axe  is  A-R,  and  /«s  the  fine  of  the  angle 
E  to  the  radius  i . 
•  Bf  *the  property  of  the  hyperbola,  ai  +  bb  :  ate  +  xx  ::cc  :  yy  ts 

^^  ^  --T~rTl~>  ^^^  becaofe  parallel  fedtions  are  fimilar,  and  fimilar 

figures  as  the  fquares  of  their  like  diameters^  we  obtain  cc  ;  jj  ::  B  : 

g  X  "\'\V1  ^  the  fedlon  at  ir&. 

Hence  the  fluxion  rf  the  folid  is  J?/x  X^44^  ;  whofe  fluent 

Bsxx  X  *l"tlf  s=  ^^  X  ^ij^  wiU  be  the  content  of  ^ D^. 
ab  +  bb  2b  a  +  b 

And  when  x  or  Dd  becomes  ^b  or  DE,  the  rule  will  beiBbsX 
i±i^  s  4^  X  />F  X  ^^-  for  the  foiid  JDB.      ^E.T>. 

Co*aOLL  ART   !• 

When  £  is  a  right  angle,  DE^  DF  and  HG  coincide,  as  do  AB 

9C M »Xm  *  MG 
and  B'I\  and  the  rule  will  become  i  bafe  X  HG  x     cHA^ItG  ^^^ 

the  rigli^iegment,  the  fame  as  in  problem  lo. 

COROLIfART    II. 

If  from  4  bafe  5/X  HG  x  ^^t^^Z  the  right  fegtnent/^^. 

t>e  tadccn  iJ?  X  DF  X  ^  /?n 4-^i    ^*  oblique  fcgmcnt  ^DJ?, 
there  will  remain  the.part  BAL 

Scholium. 

I  might  here  proceed  to  find  the  flice  parallel  to  the  axe  and  the 
other  parts  dependent  on  it ;  but  as  there  appears  little  occafion  for 
it,  imd  it  would  fOn  into  a  complex  infinite  feries,  I  have  omitted  it. 
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Problem    XIIL 
*  To  find  the  content  of  an  byperboUc^ndk. 

Rule  I. 

Proceed  as  in  rule  i  for  the  elliptic  i^hmdlt^  and^ 
the  content  will  be  obtained. 

That 


*  General  Ik  VEST  iGAf  ION.    . 
Put  X  £3  DBy  andjr  as  £F;  then 

Bj  the  properly  o(t;he  cur?ei  c  :  t  ::  j/iC'^xx'x     '^  ■       ■■      as. 


f /;  hence ;f  s  DG-^IFzz  C--  ^V^^  "^  '"''^andthefloxicmof  the 


folid  will  be  pyyx  si  px  xCC ^ ^ —  +  ^/ H ==- 


px  yc   tt  ^  €C  +   — —   +  il^*  X  CT— -2: — -P^ ss  fx  X 

c  c  c 

ii^CC  +  *-^  +  2  O  =  2/C>x  — — i  X  iLL-xxy  whofe  fluent 
gives  2pC  X  area  EFSD  —  ^ — ^  x  iLL^-^xx  zs  2pC  -X  area. 
EFBD  -  ^^  X  ^^^T"^-^*  f6r  the  content  of  the  fruftum 
JFitfl.    Ot2pCx^^zEFBN0^t!jL^lhllIlJlts^xh^ 

CC  12 

content  of  the  middle  zone  FBNPLM^  putting  I  m,  ax  ^x:.  EO  m 
length*. 

CoRaLLAar  >I. 

When  /  becoioef  as  X>  the  laft  theory  becomes  zpCS  -f  ^-r- — 

for  the  whole  fpindle.y^-ff^L^.      . 

COROLLARTjr: 

If  from  the  femi-fpindle  be  fubtraded  the  fruftum,  there  will  re- 
main. 2^  C  X  area  ytFE  -  ^121/  x  2^^~?  for  the  fcgment  ;»f  ^f  , 

puttiog  a  for  J£  thcakicude«. 

€o»- 


^i 


s*<a.y. 
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II      T 
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Thatis,  2C5-'^ 

'  occ 

X  ^  =  the  content  of  the 
{!pmd\t  ABCLAi  where 
Cis  =  GD  the  central 
diflance  or  the  diftance 
of  the  centers  of  the 
ipindle  and  generating 
area  ABC^  S=i  the  ge- 
nerating area -4 -BC,  /  = 

BG  the  femi-tranfverfe,  c  =  GjfiTthe  femi-conjugate^ 
L  =r  AC  the  length  of  the  fpindle,  and  ^  =  3*  14 159 
&c.     As  in  corollary  i. 

5'G  Note 

Corollary  III. 
When  the  generadng  hyperbola  is  equilateralyWe  (hall  have  I.L  se 
4CC— 4//  s  4CC— 26— Z>|*  =s  j^CD-^DD,  and  hence  6^= 

^^ ,  vrhich  being  fubflitnted  in  the  foregoing  rules,  we  ob- 

tain  -^^ XfS-^^pL^  for  the  whole  fpmdle, ^^-^ X 


2D 


12 


2D 


f  X  area  EFBNO  -^/  X  :>^r      "^^  for  the  middle  zone  FBNPLM, 


and        "^Vr^  X/  X  *^^  '^^^  — /tf tf  X  ^ — g-^  for  the fegment 
MAF. 

CoaOLLARY     IV. 

Putting  d  for  T^F  the  leaft  diameter  of  the  fruftum  or  zone,  n  si 
ip  ss  •785398  &c.  and  the  reft  of  the  quantities  as  above;  fince  LL 
j,^  DC^jDD  it  _DC'-^dC^iDD+idd 

^^^^^  bd^dC^iDD  +  ^dd'Tc J//  * 

«nd  the  area  KFBNO  =?  i///  +  /,  putting  /  for, the  area  FEN',  if   . 
thefe  values  be  fubftituted  in  the  general  forms,  we  (hall  ohntain 

\nl%2DD+dd  +  ^C%^D+d+^j  for  the  value  of  the  middle 

tone  FBNPLM,  and  |/fL  X  2Z>/> +8^ X  — 2>  + 2f  for  diat 
<i£ ibjt  whole  fpiadle.  C  o« 
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Note. 
If  the  generating  hyperbola  be  equilateral,  the 

theorem  will  be  barely 25 x  5-  yZ.'  x  y/)  for 

the  content  of  the  fpindle,  putting  D  =  BL  the 
greateft  diameter.     As  in  corollary  3. 

RUL& 


Co&ollaryV. 

And  iriiefe»  again^  the  generating  hyperbola  be  fuppofed  to  be 
equilateral,  fince  in  that  cafe  //  is  s  2C — d^  —  4//  as-  aC  —  ^1* 
—  J&^TDI*  b  ''4Cd+  dd+  ^CD^DD^  and  hence  C  ss 
ll+DD-/d^LL  +  DD,^  we  (hall  then  have  i«I  X 

4^  —  4^  4^  . 


aLL-h  2DD         ^      ^S  ,         «     LL+DD     ,, 

2DD+^'       ^  X--Z)+^orJ^LX35X— ^— -li 

lor  the  whole  fpindle,  and 


«%rk  I  jj  t  ^U '\r  ^DD  -^  add    -       t%  .    .  .  3> 
f«/^X2Z>Z)  +  </i+ ^^jyz:d ^  -.D4si/  +  ^ 

€«r  J//  X  idd^ll+^  X  Q^j — ^  for  the  zone. 

Hence  it  may  be  obfenred  that  the  content  of  an  equilateral-hyper- 
bdic-fpindular  caik  may  be  found  from  having  only  its  length  v^itk 
the  bung  and  head  diameters. given. 

ComoLLAar  VI. 


The  fluent  o(  p^yi  or  fixCC+n+Il^  -  ^Ctycc+jcx  j^ 

cc  c 

alfo  =  /x  X  CC"  +  //  +  — ^ c ^'^  ^  ^^'  ^8- 

e(-  ^^9  which  is  another  exprei&on  of  the  content  ofthe 

c 

buRumFBLM. 

CoaOLLARY   VII. 

Putting  nt^  for  the  diameter  in   the  middle  of  the  fruftum  or 
lemi-fpiodle  *,    then>   by  the  nature  of  the  hyperbola,    we   ftall: 

have 
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w  R  u  L  E    IL 

Divide  3  times  the  generating  area  by  the  length 
of  the  fpindle,  from  the  quotient  fubtraiS:  the 
greateft  diameter  of  the  ipindle ;  multiply  the  i:e- 
mainder  by  four  times  the  central  diftance,  and  to 
the  produft  add  the  fquare  of  the  greateft  diameter ; 
then  the  fum  multiplied  by  the  length,  and  the 
jarodudl  by  3*  14 159.  &c^  y  of  the  laft  produ&  will 
be  the  content. 

That 


have  C^id\*  -.  C-iDI*  r  C-i«i|*  -  ^-  iD\*  1:4  :  i,  hence 

-  X : T~  «*  "*«  fruftum,  or  C  s=  -  X ^t^ 

4  4//«— 3i>— rf  4  -^    41a  — 3/} 

in.  the  whole  fpindle ;  and  hence  the  rules  in  corollary  4  will  become 

»  ■■■  ■     ■■  ■       ■       — *^— i.«i^— ^M»^  . 

DD  +  ^^*  ""  ^  n'  y^^—DxipL  for  the  whole  fpindle  ;  Mid 
4  '^  "~  3  ■" 

DD  +  i^^  +  %~J^oZr  X  y  +  rf-  P  X   f//  for  the 


"  zone.. 


CoROLLAKT   VIII.. 

And  if  the  generating  hyperbola  be  equilateral,    then  4//  s= 
C  —  ■»</!*  —  t  —  i/>|*  S3,  (by  \vriting  for  C  its  value  found  in  the 

bft  coroUkrj)  ;^=72)-i|» ^-  ? 


''°«^« ^m-sD-f *  ' 

the  length  of  the  zone ;  and,  when  d  vanifhes,  we  have 

2j;^^(D*\*  -  2>-- «r  -iD^7  ^  i  ^, ,    ji  „f  ^ ^j^^,^ 

4x9— 32> 
fpindle.     So  that  when  the  hyperbola'  is  equilateral,  the  length  oC 
the  {pindle  need  not  be  given  if  the  diameters  D  and  m  be  given« 
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That  IS,  DD  +  4C  x  2^-  -  D  x  ^pL  =  the  con- 
tent ;  the  letters  as  before. By  corollary  4, 

Note. 

If  the  generating  hyperbola  be  fuppofed  to  be 
equilateral,  4  times   the  central ,  diftance  will  be 

=  — ^ ,  and  then  30  x  — -j^ LLx  jfpL^ 

the  content.- By  corollary  5. 

Rule  Ill- 
Divide  the  difference  between  4  times  the  fquare 
of  the  middle  diameter  and  3  times  the  fquare  of 
the  greateft,  by  the  diflFerence  between  4  times  the 
faid  middle  diameter  and  5  times  the  greateft,  and 
if  of  the  quotient  will  be  the  central  diftance. 
Then  proceed  as  in  the  laft  rule. 

That  is,  DD  +  '^''^2ZId^  X  ^^^Dxi,pL  =  the 

content. ^By  corollary  7. 

"♦ 

Note. 

When  the  generating  hyperbola  is  equilateral, 
the  content  may  be  found  without  having  the 
length  L  given,  for  then  L  is  = 

-^ .     4^-3Z) ^  by  corollary  8, 

Another  rule  might  be  drawn  from  corollary  6. 

PRO 


6t£t  V.     Hyvkrbolic  Spindle^ 


P  R  O  B  I.  £  M    XIV. 


397 


To  find  the'  content  of  a  zone  or  double  frufium  of  an 

byperholxc  fpindle^ 

R  U  L  E    L  1  . 

Ufe  here  rule  i  for  the  zone  of  an  elliptic  fpm- 
41e»  and  tl^e  content  will  be  obtained. 

That  is,  2f>C X  area  EFBNO  -  ^^x  2^^'= 

the  content  of  the  zone  FBNPLM ;  where  p  = 
3*14159  &c.  C=  GD  the  central  diftanee,  /  =  BG 
the  femi-tranfverfe  axe,  c  =  G  If  the  femi-conjugate, 
/  =  EO  the  length  of  the  zone,   and  L  =  JC  the 

length  of  the  whole  ipindle. By  the  general 

iavefligation  of  the  lad  problem. 

Note. 

When  the  generating  hyperbola  i$  equilateral,  the 
wJe  will  be.  barely  p  x  — ^ —  x  area  EFBNO  - 

^/  >^  ^"--jf— ••'•— ~By  cordkjry  3.  te^  the  k&problemw 
Putting  Mf^  BJ^  the  greateft  diameter. 

Rule   II. 


Uie  the  iecoad  rule  for  the  zone  of  aa  elliptic 
fpindle,.  only  here  add  the  firft  general  produA 
ihftead  of  fubtra^^ting  it,  and  the  content  will  be 
got.  

That  is,  zJ>D  ■k'dd+SCx^+d-^Dx  -^spl  = 

FBNPLM.    Where  J  =  fill  the  leaft  diameter^, 

5H  xs 
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J  =  the  area  FJSN^  and  the  other  letters  as  be- 
fore^  By  corollary  4  to  the  laft  problem. 

Note. 

If  the  generating  hyperbpla  be  eqviilateral,  4 

•11   u  /l+DD+dd 

times  the  central  diftance  will  be  =  — ^^zrj — ' 
and  then  the  content  of  the  zone  will  be 

^.dd-lU^y^-^tj''  X  ^pl, By  corol- 

lary  5  to  the  lail  problem. 

Rule  III. 

From  4  times  the  fquare  of  the  diameter  equi- 
diftant  from  the  greateft  and  leaft  fubtrad  the 
fum  of  the  fquare  of  the  leaft  and  3  times  the 
fquare  of  the  greateft  diameter,  and  from  4  times 
the  faid  middle  diameter  take  the  fxmi  of  the  leaft 
and  3  times  the  greateft;  then  divide  the  former 
difference  by  the  latter,  and  ^  of  the  quotient  will 
be  the  central  diftance. 

That  is,  i  X  ^"l,lf;Zf  =  C;  «,  being  themid. 

die  diameter. — ^By  corollary  7  to  the  laft  problem. 

Then  proceed  as  in  the  laft  rule. 

Note* 

When  the  generating  hyperbola  is  equilateral,  / 

^S=   -      ■  '  j^m  —  '^D  —  d  ~    "y 

corollary  8  to  the  laft  problem  j  fo  that  the  content 
may  then  be  found  without  having  the  length  given. 

Another  rule  might  be  drawn  from  corollary  6 

to  the  laft  problem. 

Pro- 


•-4 
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Problem     XV. 

To  find  the  content  of  the  fegfnent  (^  an  hyperbolic 

Jpindle. 

Rule. 

r 

Ufe  here  the  rule  for  the  ifegment  of  an  elliptic 
fpindley  only  inflead  of  what  is  there  called  the 
lefs  axe  take  here  the  tranfverfe,  and  inftead  of  the 
greater  the  conjugate  axe ;  and  the  content  will  be 
obtained.— ^— By  corollary  2  to  the  i3th  problem^ 

That  is,  2pCxBTe^JFE^^^x^^^^^the 

fegment  MAF.  .Where  ^j  is  =  AE  its  a.ltitude,  and 
the  oflier  letters  as  in  the  laft  problems. 

Other  rules  might  be  found  by  fubtradling  the 
fruftum  from  the  femi-fpindle  according  to  the  cor- 
refponding  rules  of  the  laft  two  problems. 

Problem  XVI. 

To  find  the  content  vf  an  univerfal  hyperbolic  fpindle  i 
that  is  J  of  a  foltd  generated  from  the  revolution  of 
an  hyperbola  about  an  ordinate  to  any  diameter. 

Investigation. 

Put  fl=-BC  the  femi- 
diameter  to  which  be- 
longs the  double  ordi- 
nate A  A  about  which 
the  figure  ABA  re- 
volves, c = CD  its  femi- 
conjugate,  b -AE,  C= 
EC,  z^EF,  y-FG 
parallel  to  CE,  msGne 

of 


I 
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of  the  angle  JE  or  JF.  and  n.=sits  cofine  to  the  ra- 
dius I,  alfo  p.  =  3*14159  &c.  and  let  GZf  be  per- 
pendicular to  AE^ 

Then,  by  the  nature  of  the  hyperbola,  can 
^TTTTz '.  "-^i^^^^  CI V  hence  jr=C-C/  = 

C^tJiBUl.,  but  GHistzmy,  SindffP=nyi 
heiKC  EH  is  =  «=fc  a;^,  and  the  fluxioo;  of  the 
foHd  ifr  ^  X  GJy*  X  HK  =  ^  x  GH^  x  HE  = 
pmmyy  y.  z  ^  ny  =  ^»«  x  :  d=  ny^y  +  C^  ar 

:^ +  tf  *  z  +  —7— ;;  whole  corretl  flu-* 


ec 


faz^Y^  -  C^^ X  hyp.  log.  of  ""*"^7  +  ""  =  the 
folid  generated  by  KBGH. 

And  when,  z  beconites  ^  b^  the  aboTe  ffuent  be- 
comes  i>»«»»  x:  =pC^&  +  a  ^+-^^  . — \  ^ 

-  Cac  X  hyp.  log.  of  — -^ for  half  the  con- 
tent of  the  whole,  fblid  ABA^ 

The  folution  of  this  proUem  waft  never  bun 
once  before  attempted,  viz.  in  a  penodical  perlbnaBH 
ance,  but  the  folution  there  given  is  wrongs  fop 
the  fluxion  and  fluent  of  the  gcxaeial  fruibun  vras* 
there  feMcly  aifigncd. 


SEC-^ 
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SECTION  YX. 

9 
e 

Of  the  regular  bodies^ 

A  Regular  fo)id  or  body^  i^  a  fbli<i  contained 
under  fc^ne  nuakbw  ^  $ke,  equal,  end  re- 
gular plane  figures. 

The  plane  fig^r«j5^  under  iH^ixcfa  \thp  foUd  is  con- 
tiainedy  are  tike  laces  of  thfi  fi^id.  And  the  i&les 
of  the  plane  figures  are  t^e  edges  or  linear  i^es  of 
thefolid. 

There  are  onl;^  fiVe  forts  of  ;?egular  folids,,  viz^ 
the  tetraedron,  or  regular  triangular  pyramid,  hav- 
ing four  triangular  faces  ;  the  hexaedron,  or  cube^ 
having  fix.  iqaare  faces ;  the  adtaedrofi,.  having 
eight  triangular  faces ;  the  dodecaedron,  having 
twelve  pentagonal  faces ;  and  the  icpfaedron,  hav- 
ing twenty  triajigular  faces% 

P  J(  O  B  t.  £  M    I. 

To  defcrihe  ot^  form  the  fe^tdar  foMK 

R  U  L  %^ 

Having  defcribed  figut'es;  as  bdbwi  bn^  paffle-- 
boafd  or  feme  otha:  pliable  matttr,  ciit  theiri  out 
by  the  extreme  fidte^  and  cut  the  4orfier  )iiies  ;half 
through,  then  fold  them  at  thefc  lines  &  cut,  tilt 
die  fides  meet,  which  being  fkftcned  together  with 
glue,  &c.  you  tf^HH  hlVe  the  form  of  the  bodies* 
^xu  figure  1  will  jfiwm  the  jjctratiaroil  j  figure  ^y 

5I       .  ^e 


49^ 


Tetraedror. 
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the  hexaedronj  figures,  the  oaaedron;  figure 4, 
the  dodecaedron ;  and  figure  Jf  the  icofaedron. 


Problem   II. 
To  find  the  fwrfact  cf  a  tetraedron. 

Rule. 

Multiply  the  fquare  of  the  linear  edge  by  the 
root  of  3,  and  the  produdl  will  be  the  whole  lur- 
face,   or  the  fum  of  the  four  faces. 

That  is,  -4^i/3  =  the  whole  furface;  A  being 
the  linear  edge,  or  a  fide  of  one  of  the  faces.* 

Exam  PL  E. 

If  each  fide  of  a  face  of  a  tetraedron  be  i ,  re- 
xjuired  the  whole  fiirface. 

Here   -4=1;    and  therefore  A^\/z  =  v^3  = 
i'73205o8  =  the  furface  required. 

Pro- 


*Dbmonstration« 

For,  by  rule  a  prob.  4  feft.  i  part  5»  one  of  the  faces  Vill  be  = 
J-/3  X  -^* ;  which  being  multiplied  by  4,  gives  A^s/^  for  all  the 
foiir  faces.      ^E.D. 
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Problem    III. 
To  find  the  folidity  of  a  tetraedron. 

*ll'  u  L  E. 
Multiply  TT  <>f  the  cube  of  the  linear  fide  by  the 

root 

■    ■  '    '  •        ■.■-... 

*  Demon sY RATION, 

From  one  angle  C  of  the  tetraedron  let 
fall  a  perpendicular  CE  upon  the  oppofite 
fide  ADB9  and  draw  EJ. 

Then  AC^  =  CE^+EA*  ;  but,  from 
the  tables  in  pages  81  and  84*  it  appears 
that  {AC*  =s  {AE*  U  9z  AE*  ;  where- 
fore, fay  fubtrading  this  equation  from  the 
former,  {^iC*  will  be  =  CE*,  and  hence 
CEsiAC^^^;  hnt ABDis^iAB*j^^  J^ 
s  iAC^^S  •  Then  {CE  x  ABD  = 
j.^6V|  X  iAC*  ^3  =  ^AC^  ^2  ss  the  folidity.       ^.E.D. 

Corollary  I. 

A  cube  is  to  a  tetraedron  of  the  fame  linear  fide,  as  i  is  to  tt\/2, 
or  as  12  is  to  \/2. 

COROLLART   II. 

Put  r  for  the  radius  EF  of  theincribed  fphere,  A  for  the  linear 
Hde  ACy  B  for  the  whole  furfaee,  and  C  for  the  folidity  | .  aad  we 

have  r  =  ^  «  (t^^  =  t^V'f  =)  A^V'^. 

Corollary  Iir. 
Hence  alfo  r  or  FE  is  =s  J£C;  for,  by  the  demonftration,  CE 

isss^V^T- 

CokOLLARY    IV. 

And  hence  the  radius  of  the  circumfcribed  fphere  is  equal  to  1 
times  that  of  the  infcribcd  ;  that  is,  R  za  FC  sz  CE  -^  EF  ss 
^FE-^EF^s^FE^^rzsiiAi/S. 

Scholium. 

From  this  problem  and  its  corollaries,  together  with  tSie  fohncr 
problem,  are  deduced  thefe  equations. 

1.  A^VWTl^  ^6C^2t:z2r^6xs:\Ri/6. 

2.  B  =  AW^  =«  W^Wl  ==  24rV3  »  >;?v^, 

3.  C  =  ^AW2  =  ^Bs/TSVl  ='8rV3  =  tV/2V5- 

4.  r  s  ^A^6  »  A^2gi/3  -  i\^J^7s  s=  {Ji. 


fhall 
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root  of  2,  and  die  ^odud  will  be  the  folidity  of 
the  tetraedroa  m|iiired. 

That  is,  TT-^  V2  =  theiblidity. 

Example. 

If  the  linear  fide  of  a  tetraedron  be  I  ;  required 
the  folidity. 

Here  A-  i,  and  tV^^  V2.*st^\/2  s'xijBfiij 
=  the  folidity  required. 

Problem   IV. 
To  find  the  fi$rface  otfiMdity^  tf  €t  bexamiran  or  cube* 

Rule. 
It  is  evident  that  6  times  the  fquare  of  the  linear 
fide  will  be  equal  to  the  whole  furface,  and  the 
cube  of  the  lineair  fide  «qaal  to  the  iblidity  of  the 
hexaedron  or  cube** 

Pro- 


u  iiiiiii  > 


•4ki«< 


,>     »i>iiHi      *i.i 


wmm^ 


"^S  C  H  O  L  l*U  M, 


Since  it  is  evident  that  the  distmfcter  of  the 
infcribed  fphere  is  equal  to  the  liziear  fide  of  the 
kexaedrMi,  and  that  the  diameter  of  die  circum* 
icrlbed  fphere  Is  JD 


i/pC^  +  CJ*   as 


4f  4%  ^r  ^u)d  C  be  .put  to  denote  the  linear  fide, 
the  fur£ice9  and  the  iblidity  of  a  hcxaedron»  and 
r,  R  for  the  radius  of  die  infcribed  and  circum- 
scribed iphiere.;  theain  the  hexaedron.  or  cubft 
we  fhall  have  thefe  eq[aatfons. 

t.  A^  ^/^iS'^jyC  =1  ar  a  \R^3. 

3.  Q:xi.A^  :=:i^B^iBisi%r^  sr  J/J  V3- 

»  ••  . 


Sed,"VL  OCTA£DR«N«  4pj: 

*  •       «  • 

I 

JP  R  O  B  L  E  M      V. 

To  ^«i  thejurface  qf  an  o^aedrm. 

Rule* 

r 

Mtiltiply  2  times  tib.?  fqi^e  ojf!  the  linear  fide  by 
^e  root  of  3,  and  the  produ(^  wiU  be  the  furface 
xeqmred*  •    .,,,  '::''" 

That  is,  2A'\/s  sthe  iTuda^e;  :i  beu^theli 
siearfide. 


» •      »  • 


■}.'.•*.    .J-  T  '       t  »         "» 


The  ^uiear  fide  of-aii  odtaedroii  ^d^g  i,  it  is^ 
jFcquired  to  find  di^  fblidity. 


\  1  - 


Mete  \A  =  t;  and  a-4 Vj  =  2i/i  ^  3t464iot^  s 
the  fiirface  required. 

,  P  R  OB  L  E  M    VI. ..  . 

T0,^  //&r  /g&/^  ^  an  oSlaednn, 

•  •  • 

.  >R  U  L  E*      •     '^ 

Multiply  4  of  the  cnb^^of  the  linear  fide  by  the 
root  of  2,  and  die  jffodud.will  be  th6  content  of 
the  odtaedron. 

5K  That 


4 


♦  DtMONJ^T  RATIO II. 


Vcady  8  fiucs,  or  the  wliok  furfiwe,  i«n  W  »  2>^^^^ 


^0$  Oct  A  E  i>* ON,  -  Part  HlP;. 

That  is,  7-4  *  \/z  =  C  =  the  content ;  A  being  the 
linear  fide.         *'^  '      ' 


*  Demo  MSTR^Tiow. 

Let  £  be  the  middle  of  tilie  diatgonal 
JC  ofthe  folid^  or  tjie. center  of  t^ie  fo^ 
lid ;  isd  draw  2)£  whkA  wffl  bt  eqiial; 

Then*  fince  the  folid  is  evidently  com- 
pofed  of  two  ^nal  ftnare  pyramids,  c;^ch     ^^ 
badb  of'^/tftitE  ^>/7f  Unequal  to  die   :. 
fquare  of  the  linear  fide  of  the  folid,  an4 
the  altitude  of  each  equal  to  DS  ot 
E  A  half  the  diagonal  of  thatiquace ;  T^ 
fhaU  hare  ABCF  X  V^iTW^A*  y 

CoR<aj;'i'>A\tT^  V.    •  '•"•    ^*-  ^-^"  -r-' 
The  radios  >f  £  of  the  circumfcribc4  fphcFc  js  s?  \AC^sl  W^4B^ 
^kAB^im.ABV^.         '    ^>'^    -.  -Jrf      ^S^'l.    / 

Corollary  Jfc:  '♦     :    '   ■«'  •        '•  r 
The  radius  of  the  infcribed  fphere  is  equal  to  the -quotient  arifiHg 
from  the  divifion  of  3.  times  the  folidity  by  4;he  whole  fmrfaee  sa. 
(from  this  problem  aodvthe^iaA)  AB^^/h,  ^  zAB^i/i  s  iABj/i 

•''.   •S^CH-O^lVUi.^      ..',./•. 

^  From  the  two  la(fc.  jvoblems  ana  the  corollaries  are  deduced  the 

following  equations.;  in  which  A,  B,  Q^  r,  R,  denote  the  linear  fide 
of  an  odaedron,  B  the  whol^'  fv^ice,*  €  the  folidity,  r  the  radius, 
of  the  infcribed  fphere,  and  R  the  radius  of  the.cira^nfcribed  fphpv.. 

1  ► ;»^'' 

//'*   y  • '        »-#.'- 


Se6l;'^,       DODEGAEDROM.  4^' 

'Example. 

If  the  linew  fide  of  *an  o^iaedFon  be  i,  what  is 
ks  fblidity. 

Here  -4  =  i,   and  therefore  ^A^\/z  -^sJi  = 
-4714045207^  =  the  content  reqiurea. 

Problem  Vn.. 

I 

To  fold  thefurface  of  a  dodecaedrm. 

r 

R  U  L  E. 


..      1  ,  >.  I', 


To  j:  add  2  times  the  rppt  of  ^,  and  diiddfe 
the  iiim  by  5  ^  multiply  the  root  of  the  .quotLent 
by  15  times  die  fquare  of  die  linear  fide,  and 
die  product  will  be  the  fiirface  of  tl;ie  dodecaedi:oQ^ 

That  is,   vs^^  y  1±|^  =  die  fniface ;,  A  being 

die  linear  fide.* 


» J I   .'  • 


E  X  A  M-'fi-E  £:''■•■ 

•     • ."»       .     .  -         -  ,     . 
•  -'       •        »        . 

If  t^  linear  fide  be  I,  required  the  fixrfece: 

Here  A^  i,  and  therefore  \sA'\/i±^M.  - 

lirv^^"*"'       =  ?o*<^4^Z7?8o75  s  the  furfkc  re- 
quired. 

■  I   i^—^— —————— ■—ii—i——^1—iii^— .»m[———l—> 

*  Demonstration/ 

By  Tulc  t  jwrobi  4  ftft.  1  pdM  ^v   the  area  of  one  face  is- 
^A^  \/l7|75»  ^^  thcpefqrc  la.f^fifts  or  die  irMe  fiui&ce  wW 


4o8 


DODECAZDKOK 


EartHL 


Problem    VIII. 
T9  find  the  Jblidity  of  a  dodceaedron.  ':  • 

Rule, 

•         .         •  ... 

To  21  times  the  root  of  5  add' 47,  an4  divide 
the  fum  by  40 ;  multiply  the  root  of  the  quotient 

by 


Let  ^  be  a  folid  angle  of  t^e 
4lodecaedroii>  and  let  the  el^emi- 
ties  of  the  fides  AB^  AC^  >^Z>,  of 
jthe  faces  which  fofm  the  angle  be 
conAeCked  by  the  risht  ^iles\0C» 
CDt  D  B,  forming  thk  eav^^ti^ral 
triangle  BCD  within  -the  folia; 
upon  the  center*  J?  of  which  tri- 
angle |e|^  &11  ^the,  perpendicular 
AEf  and  to  the  center  f  of  one 
^f  the  faces  draw  the  Uses  AF, 
CF. 

The  angle  CAD  contains  ic8  de-  • 

grees»  whofe  fine  is  J  ^10+2^/5, 

to  the  radiwjjanfl  the  angle  ^2)g;contaffis:  36.  <tegreff>  wfcofc 

Jme  if  tV^io— 2V5  ;  wherefore  as  v^io  — 2^/;  :  y'lo+l^s  :: 
ACxCDx^AC^y^XB^^  ACj^±^  =  Acjj±^ 

c=  ^^J^'AC  ss  — Y^ACx  And  nmch  after  the  fame  maimer, 
we  find  iFC  B  f  Ci>^3  »  ^Dv^i  a=  l±p.AC.  Hence  ^>^  s 


w^*  -  g^»  a  y  ^g*  -  l±^ 


y*.gV2; 


3  — -/j 


^c 


Th«a  bec^nlA  i2ie  chor^  of  aa  arc  It  -a  mean 


proportioDal  between  its  verfed  &ie  and  tbe  diameter,  «nd  AE  ic  tfa* 
verftd  fine  of  Ac  arc  »hoie  cbord  vtAQwA  diameter  equal  ta  diat 

of 


by  s  times  the  cube  of  the  lineay^fide,  and  the  pro- 
dudl  will  be  the  folidity.      '    *' 

That  is,  j:^V^^  "^^^'^^=the&Udity;  ^being 
the  linear  iid^  "...   ^      /   /    '     .     • 


SL    .  Ex- 


C/4*              Cj4*    " 
<jf  ^fe-  circmnfcribed  fphere:  w«  ihall  have  — rs;  =  r- 

't»  :^(rxi-iJ^V*  as'l^ii^^Css:  A  die  radios  of  tLc  cir- 

4  4 

cumfcribed  fphere. 

Again,    the  angle   AFC  co^ta»^9    is,   degrees,    whofe  iine   is 
Jv^io-h2v^5  ;   and  the  angle    ACT  54  degrees,  whoie  fine  is 

'}  ■■  ^^  ;   wherefore  as  y^io  +  Si/j;   :  x  +  V'j    •  •  ^-^  •  -'^  * 

But,  fmce  the  radius  of  the  circonifcribed  fphere.  is  the  Jxypothe- 
nufe  of  a  right-angled  triangle  whofrtWiTltgS^are  AF  and  the  ra*- 

dius  of  tJie  mfcribed  fphere,  we  fliall  hstve  s/B^-^-AF^  =s 


V         4  .      »o      .    ,      -..  y        16  10 


s  ACJ^^'^^^'^^  a  r  the  radius  of  the  inferibed  fphere. 
^40 

Then,  becaufe  the  foKdity  of  any  regular  folid  h  equal  to  the 
iurface  drawn  into  4-  of  the  radius  of  the  infi:ribed  iphere,  and  the 

furface  B  equal  to  15  -^*  ^\S^2zS  by  the  laft  problem,  we  fliall 

Co- 


r 
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Example.. 

If  the  linear  fide  be  i ,  required  the  folidit}^  of 
the  dodecaedron. 

Here  J=i,   and  therefore  5^V^^^^"^^« 
^y47  +  ai^?  _  y.^6g 1, 81^605  =  the  content  re- 

4  — —  — — * 

quirecL 

Pro^ 


C  O  K.0  L  L  A-S  r. 

From  the  demonftration  it  appears  that  the  radius  of  the  circum* 
firibed  rphere  is  A  :t:  v  3  +  v  ^5 ^^  ^j  ^j^  ^  ^  infcribcd  i^mc 

Scholium. 

Putting,  as  before,  A,  B,  C  for  the  linear  fide,  furfice,  andfo^ 
Udity,  and  R^  r  for.  the  radius  of  the  circumfcribed -andioicribc^ 
fphere  refpe^vely;  W  (hall  have  in  the  dodecaedron 

s  '  •  ■■'• 

I.  ^  -  V  ,j  -  V  ^  .  ^ 

-    C^  r/«y47+3t4/^_  ^  y^V'<^iQ  +  390v^5^ 

'    , TTT         20/?'      /3+^? 

10H4/13Q- 5^4/5  =^""7^^   30 

— .  -^4/350+  ^loy^s  ^    i_    /2^ 4/650  Hy  290^  ^ 
"*'  ^  *"  20  "".  2a^  3  ~ 

Vg^/650  +  390V'5  ~  j?yi^  +  ^^y.    ' 
^  200  ^        15 


'  ^'    4_  40  "^  40  * 

£s  r4^i5  — 61/s. 


Sedt^VI.  IcosAEDRON.  4ir 


Problem   IX. 

To  Jind  the  furface  <f  an  kofaedron.  ^ 

Rule. 

*  Mulddply  5  times  the  Iquare  of  the  linear  fide 
by  the  root  of  3,  and  the  produ^J  will  bcthe  lurfacCr 

That  is,  5ii*  \/j  =  the  furfacej,  ^  being  the  linear 
fide. 

«  • 

Example. 

The  Hhcar  fide  of  an  icofaedron  being- 1 ;  required 
the  furface. 

Here  A  =  i,   and  therefore  sA^Vz  =  5</i  = 
8'66o25403. 

Problem    X. 

« 

To  find  the  folidity  of  an  icofaedron. 

Rule. 

To  7  add  3  times  the*  root  of  5*^  divide  the  fum 
by  2y  multiply  the  root  of  the  quotient  by  five*fixths 

of 


i^i 


«*  DbMOHS  TRATION4 

For  one  facets  s  ^A* t/^^  and  therefore  twenty- faces  or  the 
whdle  furface  will  be  ao  X  tyf  *  V'j.  =  J-rf*  v^j.    ^^E.D. 


4U  IqpiAED.nqiff  Pa^rtllL 

of  the  cube  of  the  linear  fide,  and  the  produft  will 
be  the  content  of  i;he  icofaedron.*  . 

That  is,  ^A^*/-'^l'^^  =the  content;  A  being 

the  linear  fide.    •  ... 

Ex- 


M*i 


♦  Demonstration. 


*  Let  ^  be  .5^  fp^  ^}e,  of  tbe 
icofaedron,  formed  by  fiv^  faces  or  trt- 
iu^leswkerir  bafpf  |oi^  the  jwiaggii 
B  CDEF,  upon  whofe  center  G  let  fall 
the  perpendicular  j4Cf  and  draw  GB, 
In  the  demonftration  of  problem  8  it 

was  found  that  GB  is  s  BA\ 


lO 


and  thajt  the  radiut  f  of  the  ^urcte 
circumfcribing  one  face  ABC  is  ss 
ABi/\.    But  the  radius  of  the  cir- 

cumfcrOyi  fphere  ^«  «  ^  ^^jrg  «  7^y^'^^i?g>  ° 


10 


lO 


lO 


ss  ABn/-^^  J  and  /J  is  the  hypothenufc  of  a  right-angled  tri- 
angle of  which  the  one  le^  is  the  radifis  f  of  the  circle  circumfcri- 
bing  the  face,  and  the  other  the  radius  r  of  the  infcribed  fphere ; 

wbiereforc  r  J8;W  i/A*  -  r  =  s/^^^^-^AB^  ^^AS^  s= 

AJiJ'^l^^  =  ABsjri±}^.  Confequently  the  foli- 
^ty  Cs  |r^  t^  beipjr  (he  whnli;  flirfarf )  wIUm  ^ASiJ^l^^^ 
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Example. 

The  linear  fide  of  an  icofaedron  being  i,  re- 
quired die  folidity. 

Here  ^  =  i,   and  therefore  mV^  V'^^  = 

|V^-     I       =  2*  18 1^949905  =  the  content  re- 
quired. 

5  M  SEC- 


Scholium. 

From  this  problem^  aiui  die  iaft  may  be  deduced  the  following 
equations  ia  the  icofaedron>  the  letters  being  as  before* 


..A^^l^^  ^f^y^-=^=r^:F^ZlF^ 


5 


SS.2A*  X  5V^3— V^X5. 

6  6^  10 

iV7^3  +  3^itg^j^    /5+a^£^ 
2^  30  ^        15  . 
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SECTION    VII. 

OffoHd  Rings. 
Definitions. 

BY  a  ring,  in  general,  is  meant  a  Iblid  returning 
into  itfelf,  of  which  every  fedlicn  perpendicular 
to  the  axe,  or  line  paffing  through  tie  middle  of 
the  folid,  is  every-where  the  fame  figure  and  of  the 
fam?  magnitude. 

P  R  O  B  L  E  xM    I. 

To  find  the  fur/ace  of  a  folid  ring. 

Rule. 

Multiply  the  axe  by  the  perimeter  of  a  feAion 
perpendicular  to  it,  and  the  produdl  will  be  the  fur- 
face. 

Example. 

A  workman  having  made  for  a  jeweller  a  circular 
ring,  or  a  ring  whofe  axe  forms  the  circumference 
of  a  circle ;  it  is  required  to  find  the  expence  of  the 
gilding  at  a  penny  the  fquare  inch,  the  thickneft  of 
the  ring,  or  the  diameter  of  a  feftion  of  it,  being 
4  inches,  and  the  inner  diameter,  a-crofs  from  fide 
to  fide  18  inches. 

Here  18  +  2  =  20  =  the  diameter  of  the  circle 
formed  by  the  axe;  confequently  20  x  3*i4ij9  &c. 
5:  the  length  of  the  axe.  But  4  x  3' 141 59  &c. 
=.  the  circumference  of  a  fe(5lion  of  it.  Therefore 
20X3-i4i59X4X3'Hi59  =  8ox  3-14159^  =789-57 
fquare  inches,  nearly,  =  789-57  pence  =  3  /•  5-f.  9  j^. 
nearly  =  the  expence  reqmred. 

Pro- 


\ 


.Se6l.  VIL  Solid  Ring 9>  -41^ 

Problem    IL 
^0  find  the  Jolldity  (^  a  ring. 

Rule, 

Multiply  the  axe  by  a  fedlion  perpcndiciilar  to 
it,  and  the  produdl  will  be  the  folidity, 

£  X  A  M  P  L  £• 

Required  the  price  of  a  ring  of  iron,  whofe  di- 
menfions  are  the  iame  with  that  in  the  example'  to 
the  lafl  problem,  at  4  pence  a  pound ;  a  cubic  inch 
of  iron  weighing  4*423  ounces  averdupois. 

Here  the  area  of  a  fedlion  being  4*  x  785398  &c. 
=  4  X  3*  141 59  &c.  which  is  the  fame  number  as  that 
exprefling  the  circumference,  and  the  axe  being  the 
fame  as  before,  it  is  evident  that  the  fblidity  will 
be  expreffed  by  the  fame  number  as  the  furface  in 
the  lafl  example,  viz,  the  folidity  =  789*57  cubic 
inches  ;  which  multiplied  by  4*423  give  3492'26o5 
ounces  =  2 1 8*26628  pounds }  which,  at  4  pence  each, 
come  to  3/.  12^.  9  J.  =  the  price  required. 

Scholium. 

I  omit  any  more  examples  as  the  manner  of  ope- 
ration is  the  fame  in  all  forms  with  thofe  for  prifms, 
both  with  regard  to  the  furfaces  and  iblidities ;  for, 
fince  it  is  evident  that  any  ring  is  equal  to  a  prifm 
whofe  altitude  and  end  are  refpedlively  equal  to  the 
axe  and  fedlion  of  the  ring,  both  in  iurface  and 
folidity,  the  rules  for  them  Doth  muft  be  the  fame ; 
and  for  this  reafon  alfo  any  demonftration  of  the 
rules  for  rings  was  quite  unneceflary  in  this  place. 

SEC- 
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PRoMiscuoua  Questions.      Part  IDT., 

SECTION  vm. 


Promifcuous  ^ufiians  ccmcemn^  fdids. 

QjJ  E  S  T  I  O  N    I. 

REquired  the  content  of  a  tub  whofe  greater 
diameter  is  60,  diagonal  66^  and  the  length 
of  the  ftave  30  inches. 

AB  -  60  :  BC  +  CA  =  96  :: 

BC--CA    =    36  :   ^-^  =  6.x  ' 

9-6  =  57*6  =  BE-'EA:^  DC. 


I"2. 


EC  =  y/C^^  -  AE^  =  v/30^-  r2^  =  6v/5^-'2" 

=  6v/25-  '04  =  6v/24*96, 

Then  ^^^+^^xZ)C+^C^  x  -^-CE  x  -78539? 

&c.  =  60^  +  60  x  57*6+  57*6^  x  2v/24'96x 785398 
&c.  =  I037376x4^"39  x  3-r4i59&c.  =  8i4io-n2 
cubic  inches  =  288*688  ale  gallons  =  the  content  re- 
quired. 

QjLJ  E  $  T  I  o  N    IL 

Three  perfons  having  bought  a  fugar  loaf,  would 
divide  it  equally  among  them  by  feftions  parallel 
to^  the  bafe ;  it  is  required  to  find  the  altitude  of 
each  perfon's  Ihare,  fuppofing  die  loaf  to  be  a  cone 
whofe  height  is  20  inches. 

Similar  cones  being  as  the  cubes  c^their  altitudes, 

we  Ihall  have  as  \/3  :  \/i  ::  20  :  20\/\  =  ^2±l£=: 

13*86^72247  =the  height  of  the  upper  part,   and 

as. 
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as  \/3:  v2  ::  20  :  20\/f,=2  — —  t=  I7*47i6i07  = 

that  of  the  upper  and  middle  part  together  ;  con- 
iequently  17*4716107  -  i3*8672247  ^  3*604386  = 
the  height  ofllie  middle  part,  and  20— 17*471 61-0.7 
s=  2;5283893  =  that  of  the  lower  part, 

;Qj[J  E'6  T  i>o  N    IIL 

A  filvcr  cup,  in  the  form  of  the  fruftum  of  a 
cone,  whofe  top  diameter  is  3  inches,  its  bottom 
diameter  4,  and  its  altitude  6  inches,  being  filled 
with  liquor,  a  perfon  drank  out  of  it  until  he  could 
fee  the  middle  of  the  bottom  ;  it  is  required  to  find 
how  much  he  drank. 

By  problem  i40(f  fedlion  i  we  have  J0=  4,  ^=3, 
jb  =  6,  and  BD  =  i^Z)  =  2  j  henoe  D ^  -^4^  =  64-  xj 
rs  37,  P  =  (the  tabular  area  whole  verled  iGne  is 

^ori=)i«  =  iof785398i6&c.  i^=  (the  ta- 
bular area  whofe  verfed  fine  is  — ^  or  y  =) 

quently  37«- 32^  + 54^^/2  x  2  =  •5«  +  54'^%/2 
X  2  =  7-8539&46  +35*0458624  =  42-899844  cubic 
•inches  «  "152 127   ale  gallons  =  tfec  quantity  re- 

quiredy  or  i  gill  and  7. nearly, 

•  •    •  .  * 

QjJ  E  S  T  I  O  N    IV. 

ft 

I  have  a  right  cone  which  cofl  me  5/.  13^.  7^. 
at  I  o/,  a  cubic  foot,  the  diameter  of  its  bafe  being 
xo  its  altitude  as  5  to  8  ;  and  would  have  its 

S  N  convex 
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convex  lurface  divided  in  the  fame  ratio  by  a  plane 
parallel  to  the  bafe,  the  upper  part  to  be  the  grea* 
ter :  Required  the  flant  height  of  each  part. 

Here  ^-^1^  =?  ^  =  thefoUdity  of  the  cone 
infect,  and -785398  &c.x5^x|  =  2oox'-^?i22i^ 

=  that  of  a  ^  cone  fimilar  to  it  whbfe  altitude 


200  » 
is  8« 


Now,  the  furfaccs  of  iimilar  fblids  being  as  the 
iquares  of  their  like  dimenfioAS,  we  have  \/ $  +  8  i 
\/8  : :  s/i'S^  +  8  *  =:  the  fide  of  the  iaid  finxilar  cone 
:  v  YT  =  the  flant  height  of  the  upper  part  of  this 
cone  when  its  furface  is  divided  in  the  propofed  ra- 
tio ;  and  confequently  ^/^<^^  -r  v;  ^  =  \/^  —  ^^7^ 
ts  that  of  the  under  part  of  it. . 

Then,  becaufe  fimilar  folids  arenas  the  cubes  of 
their  like  dimeniions,  we  fhall  have  v^^ :  ^/^r^  :: 
V'f  :  V^  J^i^  X  yf  =.  3-9506486  =   the  flant 

height  of  the  upper  part  required,  and  v 


'200  n 


^    I30   ••  ^    8         ^13    •■5'»^     n      ^-^8         ^  13   ~ 

_.^^i^  X  y^-l^  -  3-9506486    =    5-0361098  - 

3*9506486  =:  1*085461^  =r.  that   of  the  under 
part. 

Q^EST. 
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QjT  E.  s  T  I  o  N   y. 

There  is  a  mill-hopper  in  the  form  of  a  fquare 
pyramid,  whofe  folid  content  is  i$y  feet  j  but  one 
foot  is  cut  off  its  perpendicular  altitude,  to  make 
a  paflage  for  the  grain  from  the  fruftum  or  hopper 
to  the  mill-ftone :  The  fides  of  its  greater  and  lels 
end  are  in  proportion  as  4^  to  i.  Required  the 
content  of  the  fruftum^  in  com  mcafure,  in  whict 
268*8025  cubic  inehe§i^  make  a  gallon^  or  2150*42 
z:  the  bulhel. 

Since  fimilar  folids  are  as  the  cubes  of  their  like 
dimenfions,  we  fhall  have  4*5^  :  i^  ::  13^  :4^-  = 

-^  ~  81  **  ^  ™  ™^  content  of  the  pait  cut  oflF. 

Wherefore  i3i  -  ^,  *  ?  -  f,  =-^^^^  -  ^-^^^ 

^         27        a        27.  54  54 

=  ^—  cubic  feet  =  7-x  1728  =  =  721  x  32 

=»  23072  cubic  inches  =  the  content  of  the  hopper. 
Whifh  being  divided  by  2i.5o'42  giv^  10729067 
bi^fliels  fof  the  content  in  corn  meai^y e, 

Qjj  E  s  T  I  o  N    Vr. 

A  piece^of  round  tapenng  timb^y  whole  top  and 
bottom.  diaiaMters  are  40  and  50  itiches^  and  its 
height  6  fte^  i^  to  be-  cut'  through  the  extremity 
e£  d^e  lefs  diajneter  and  parallel  to  the  tapering  di«~ 
re(5lion;  required  the  ccmtenfi  of  the <tw^  paits  on 
hoofs,  into  .^ich  it  is  cut. 

By  prob.  14  f«£L  i,  Zf  3  50^  d  =  40,  h  :z  6  feeu 
zz  72  in(;]tLasv;  then  J.  z:  50^  x  tabular  iegment 

whofe 
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whofe  height  is  (^^^-  =s  g =)  -2  =50  *  x  •  1 1 1 82^8 

Hence  ^^  -  ^d^/^^  x  d  %  \h  ■=. 


a79-559<  X  50  _  Ilgy j^Tj^  X  40  X  24  = 

a79-i:59i>^5  -  '-^^  x>a4=:  2yg\sS9S  x  3  -  160x4 
X40  =  i98'6785X4o  =:  7947-14  —  the  content 
of  the  hoof  cut  off. 

But,  by  prob,  8  fea.i,  i^^  x^  x  78:^3,98 

&c.  =  i[^  -4^  X  100X24X  785398  &c.=  166400 
X  785398  &c.  =5  250690-2543893  s  the  content  of 
the  whole  piece. 

Confequently    130690-2543893  -  7947*  14  = 
I22743'i  143893  =  the  folidity  of  the  complemental 
hoof. 

QjJ  E  S  T  I  O  N     VH. 

**  Two  Oxonians,  meeting  at  an  inn,  encoun- 
tered with  a  tankard  of  negus ;  the  one,  being  pot- 
valiant,  gave  it  ja  black-eye,  as  it  is  called,  that 
is,  he  drank  till  he  coiild  fee  the  center  of  the  bot- 
torn  of  the  tacikaird ;  the  other  drank  the  xefl :  Now, 
if  the  liquor  coft  is.  6d.  and  the  tankard  meaiiire 
4  inches  diameter  at  the  top  and  bottom,  and  6 
inches  in  depth,  what  muft  each  perfon  pay  pro-» 
portionable  to  the  liquor  he  drank." 

By  prob.  4  fedl.  i,  we  have  ^ddb  for  the  quan- 
tity left  by  the  firft  perfon  ;  and,  by  prob.  2  fed.  i, 
»ddb  ss  the  coatent  of  the  whole  tankard,  d  being 

the 
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42  f 


the  diameter,  ^  die  height;,  and  n  =:  •785*398  &c^ 
that  is,  the  whole  is  to  the  leis  ihare  as  n  to  ^ ; 

coniequently  as  n  :.i-  ::  i8^. 


•  j^ 


3  ^ 
n 


J. 


•785398  &c. 

3*8197 1 85  pence  =  the  fum  the  latter  perfon  mnft 
pay;  and  hence  i8rf.  —  3*8i97i8j:^.  =  i4*i8o28i5 
pence  =  the  fum  the  firft  drinker  muft  pay* 

Qjj  E  s  T  I  o  N  Vni. 

How  many  acres  of  the  earth's  fiirfacc  may  be 
feen  from  the  top  of  a  fttepk  whofe  height  is  400 
feet ;  the  earth  being  fiippoied  a  perfib6t  fphere  whofe 
circumference  is  25000  miles* 

Having  drawn  from  -4,  the  top 
of  the  fteeple,  two  lines  AD,  AFy  to 
touch  the  earth  whofe  center  is  C, 
and  the  other  lines  as  in  the  figure  ( 
FBD  will  be  the  furface  required. 

By  fimilar  triangles,  AC :  CD  or 
CB  ::  CD  or  CB  :  CE,  hence  AC: 
AC-CB  =  BA  ::  CBiCB-^CE  ^ 

asooo  

V7>        C^'^^^         C'^X^^^   3-14159  &C.        5280  ^ 

^^  ^       lie      *  CB  +  BA  25000  800 

3' 14159  &€."*■  5280 

25000  X  4 -^ lOOOOO  ^ 

2500  X  528  +  3-14x59  «fc*  X  »  ""  1320025-1327412287 

•07575613336416945- 

Then,  by  problem  19  fedion  I,  we  have 
'07575613330416945  X  250000  X  640  (the  acres  in 
afquaremile)  =  12120981*338267112  =  the  num- 
ber of  acres  required, 

5  O  Qu E s- 


400 
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Qu  K  s  T  I  o  N    IX. 

How  high  above  the  furface  of  the  earth  mud  a 
perfon  be  raifed^^  that  he  may  fee  one^third  of  its 
furface. 

The  fiirfaces  of  fegments  being,  by  prob.  1 9  fcdh  i^ 
as  their  altitudes,  ^e  altitude  of  the  fegment  in  the 
queftion  muft  be  one-third  of  the  diameter  or  two- 
thirds  of  the  radius  of  the  fphere ;  that  is,  EB  =  f  J5Cj^ 
and  confequendy  EC=  -^CB.    [See  the  lafl  figure] 

But,  by  fimilar  triangles,  as  EC:  CD  or  CB  :t 
CDorCB  :  CAy  and  hence  jEC  :  CB^-CE^EB:: 

BCiCA-'CB^BAiz  ^^//^,  which  is  a  general 

expreffion  for  the  height  above  the  furface,  and 
which  when,  as  above,  BE  is  =  2jEC,  becomes  2BC 
=s  the  diameter  of  the  eardi ;  which  is  the  height 
required. 

QjJ  E  s  T  I  o  N    X. 

If  from  a  piece  of  tin  AED^  in  the  fcrm  of  the 
fecflor  of  a  circle,  whofe  radius  AE  or  ^D'is  30. 
inches,  and  the  length  of  its  arc  ED  36  inches, 
be  cut  another  fe<flor  ARC  whofe  radius  AB  or  A€ 
is  20  inches ;,  and  if  then  the  remaining  fruflunir 
\  BCDE  be  rolled  up  fb  as  to  form  the  ficuflum  of  a 

cone,  it  i&.  required,  ta  find  its.  content,  fuppofing 
one-eighth  of  an  inch  to  be  allowed  of  its  flant  height 
BE  for  the  bottom,,  and  the  fame  allowance  oflPthe 
circumference  of  both  top  and  bottom  for  what  the. 
fides  BEy  CDf  fold  over  each  other,  in  order  to  their, 
^eing  foldercd  together.. 

By 
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By  fimilar  figures,  SiS^EJt 
=  30:  ^5'=  20  ::ED  =  s6i 

?^^=:24  =  5a  Then  the 

circumferences  of  the  top 
and  bottom  are  (36  —  7  = 
35f=)  3^875,  and  23-875; 
and  the  fide  of  the  vefiel  is 
(30-20-^  =  9^=)  9-875. 

Hence  the  diameters  of  the  ends  will  be  i)  = 

Itt/o  ^  and  ./  =  i^ ;   half  their  diflPerence  is 

ri4i59'  3  14159 

coniequently  the   perpendicular   altitude; 


3-14159 


170667     30-43749 

768  3'M»59* 


will  be  found,  by  the  property  of  right-angled  tri- 
gles,  to  be  4/  9  875  -  fT^TJ^  = 3-14,59  &c. 

-     30'43749 
3-14159  &c/ 

Then^  by  problem  8  fe<5lion  i,   we  fhall  have 

35-875*-+  35-875  X  23-875  +  33-875*    30-43749  ^3'qi59&c. 

3*14159*  3'M»59&c,     12 

gg  287*  +  287  X  191  +  191*   30-43749 

8*  X  3-14159*  12    ^ 

ss  685*3263  cubic  inches  n  the  content  required. 

Qjj  E  s^  T  I  o  N   XI. 

It  is  required  to  find  the  area  of  the  iedion.  of 
any  fpheroid,  formed  by  a  plane  pafiing  through  the 
extremities  of  the  two  axes^  the  one  axe  being  8a 
and  the  other  60. 

By  prop.  I  €c&.  2  the  fedion 
jIA^^  will  be  an  ellipfe  whole  axes  ^ 
are  AB  and  2iy/C,,  ZT  being  the 

But 
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But  AB  =  x/BE^  +EA^  ^  v/30^  +  40*  =±  50. 

And,  having  drawn  FGHI  parallel  to  JDjB,  by 
the  nature  of  the  ellipfe,  AE^ :  EB^ ::  AE^  -  EG^ 
=  J£^  -  iAE'  =  i^-E^  :  G/^   =  ^EB'  ;   and 

hence,  by  the  nature  of  the  circle,  i\/FIfx  HI  = 

Q.s/IG^^GH'  =  2v/i-B£^  -  ^£5^  :=i  EBx/z  = 

the  other  axe  2HK, 

Coufcquently  AB  x  2  jtf/C  x  '785398  &c.  =:  50  x 
30^/2  X  '785398  &c.  =:  i666'o8iioi8o7  s  the 
area  of  the  fe£lion  when  thefpheroid  is  oblong.  And 
50  X  40\/2  X  •785398  &c*  =  22.2r44i469076  =: 
the  area  when  oblate. 

Qjj  E  s  T  I  o  N    XII. 

There  is  a  punch  bowl  in  the  form  of  the  feginent 
of  an  oblong  fpheroid  whofe  axes  are  to  each  other 
in  the  proportion  of  3  to  4,  the  depth  of  the  bowl 
being  one-fourth  of  tibc  whole  tranfverfc  axe,  and 
the  diameter  of  its  top  20  inches :  it  is  required  to 
determine  what  number  of  rounds  a  company  of  i  o 
men  may  take  out  of  it,  when  filled  with  liquor, 
ufing  a  conical  glafs  whofe  depth  is  2  inches,  and 
the  diameter  of  its  top  one  incn  and  a  half. 

The  fegment,  whofe  altitude  is  i,  of  the  fpheroid 
ijvhofe  axes  are  3  and  4  is  fimilar  to  the  propofed 

one ;  and,  by  the  nature  of  the  ellipfe,  4 : 3  ::  2  \/ Jx7 

.  Lri  —  the  diameter  of  its  top;  but^by  prob.  14 

fea.  3,  its  content  is  j^  x  3^  x  Z^i^is^  &c»  = 

'^  ^7^^^^ — S:  J  and  limilar  iblids  are^  as  the  jcubes 
•         '  •      of 


vm. 


of  their  like  dimenfions  ;  wherefore  ^^ 

2 


:  20'  :: 

15  X -78539^  ^C'        40^      ^  15  X '785398  ^g'       80000 v^3 

•78J39S  &c»  =:  the  content  of  the  bowl.) 

But  r5^x2x^^?i2|!i^  =  |x785398&^^^ 

content  of  the  glafe,  and  15  x  '785398  &c.  =  each 
round. 

Wherefore  ^^"^"^^  ^  'l^^^f  j^''  =  i^222£2  = 

81  X  15  X  -78^398  &c.  243 

1 14*0444976  =:  the  number  of  rounds  required. 

Qjj  E  s  T  I  o  N   XIII. 

Two  perfons  would  divide  between  them,  by  a 
plane  perpendicular  to  the  bafe,  an  hay-rick  in  the 
form  of  a  paraboloid  whofe  altitude  is  40  and  the 
diameter  of  its  bafe  30  feet ;  it  is  required  to  find 
the  difierence  between  the  fbUdities  of  the  parts, 
iuppofing  the  altitude  of  the  fedion  to  be  28  feet. 

Here  D-fiT  =  40  [See  fig.  to  prob.   13  fed.  4], 

EA  =:  30,  and  BC  =  HL  =  28. Hence  LD 

=  DH-HL  =  40-28  =:  12  ;  and,  by  prob.  3 
fea.  4,  as  x/HD  :  x/DL  ;:  HA  :  LC  =  HB  = 

•40  2    '  ^  •«•         4 

3j/35 

-  — ,  ana  ^^  -  30  —  20  -  2201 3157 
=  the  tabular  verfed  fine  fimilar  to  AB^  whofe  tabu- 
lar area  is  •!  3322474,  which  taken  from  '39269908, 
the  tabular  femi-circle,  leaves  "25947434  =:  the  ta- 
bular area  fimilar  to  double  the  area  JffBGK;  con- 

5  P  fcquently 
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fequently  i  x  30'  x  -25947434  =  "6'7<^3453  =  the 
area  HBGK^ 

Then, by  cor.  4  tx)  prob.  13.  ie£l.  i,  we  ftiall  have 

1 16763453  X  40  X  2  -^  ^'^^'^l^^^^^^VO'j62/^  + 

($30^/21 =934ro7624+288702269i=i2228"0989a 
=  the  difference  req^iired. 

Qjj  E  s  T  I  o  N   XIV* 

The  curve  furface  of  a  paraboloid  being 

io9v/'09-27x  2  X  3' 141 59  &c.  =  6980-57746  &c- 
it  is  required  to  find  its  altitude  and  the  diameter 
of  it  bafe,  fuppofing  them  in  proportion  as  5  to  6. 

3*  +  ioM*-3» 


By  prob.  7  fcft.  4t  >  +  io-.-3^'  ^  3x -  x  3'i4i5S> 
g^c.  =  '^9^'^^ "^ ^?  X  2  X  3"i4i59  &c.  is  the  furface 

of  a  paraboloid  whofe  altitude  is  5  and  bafe  dia- 
meter 6^  which  is  fimilar  to  the  propofed  par abo«^ 
loid ;  but  the  furfaces  of  fimilar  bodies  are  as  the 
iquares  of  tfieir  lineal  dimenfions,  or  the  demen- 
fions  are  as  the  roots  of  the  fiirfaces ;  wherefore 

asyi29v:ig^:i2x2xr 

X  2  X  3M4159  &c.  or  as  I  :  10  ::  5  :  50  =  the  aitir 

tude    and  : :  6  :  60  =  the  bafe-diameter  required, 

Qjj  e  s  t  I  o  n   XV. 

If  a  culncal  foot  of  brais  were  to  be  drawn  inta 
wire,  of  one-fortieth  of  an  inch  in  diameter^  it  is 
required  to  determine  the  length  of  the  iaid  wire, 

allowing  no  lofs  ia  the  naetal. 

Here 
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Her^  I  X  12'  =  1728  =3  the  fblidity  of  the  wire 

in  incLes ;  and  ^    x  785398  &c.  =  -^  x  785398 

&c.  the  area  of  its  end  j  confequently  — ^ 

^^  X -785398  &c. 

=  ^7^l398to:  =  3520252-69329  inches  =  the  length 
required. 

QjJ  E  S  T  I  O  N     XVI* 

A  gentleman  having  a  bowling  green,  300  feet 
long  and  200  feet  broad,  which  he  would-  raift  one 
foot  higher  by  means  of  the  earth  to  be  dug  out  o£ 
a  ditch  around  it ;  it  is  required  to  find  to  what 
depth  the  ditch  muft  be  dug,  its  breadth  being 
every  where  8  feet* 

Here  the  ditch  is  a  kind  of  ring  whofe  lH*eadthis  8, 
and  let^dis  300x2  +  200x2+8x4=516x2=  1032^ 
and  coo&quently  the  area  of  its  botix>m  =  8  x  1032 
=  8256  ;  but  300  X  200  X I  s  60000  is  its  content  j- 

eoo&queatly  -^~  =  7II  feet  =  the  depth  required^ 

.  QjJ  E  s  T  I  o  N    XVII. 

Required  the  weight  of  a  bomb-ihell^  or  hollow 
fphere  of  caft  iron,  whofe  out-fide  diameter  is  1 5^, 
and  the  thicknefs  of  the  metal  2-j  inches ;  the  gra- 
vity of  water  being  to  that  of  caft  iron  as  r  to  7,. 
and  a  cubic  inch  of  water  weighing  '5787  ounces, 
avoirdupois. 

Here   15^   x  ''-il'.^li^   ^    ^j^^  f^jj^  ^£  ^^^ 

whole  fphere,    fuppofing  it  all  iblid ;    and,  fince 
J^5-  ^T  X  2  =  15-5=  10  is  the  diameter  of  the- 

cavity 
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cavity,  io»  x  ^''^'f  ^'  will  be  the  content  of  die 
cavity  ;   confequently  their  difference  15'  -  lo'  x 

ri4i?9&c.  _^3_^3  ^ji^rHmJ^  =r  I9X  125  X 

^•^^^^9  &c.  _  ^g  foiidity  of  the  metal  in  inches. 

But  1:7::  '5785  :  4*0509  ounces  =  tlie  weight 
of  a  cubic  inch  of  the  metal. 

Confequendy  4*0509  x  19  x  125  x^-^-^^ - 

1-3503  X  19000  x'-2^^2£!iEi-=  64i3-92jr  ^  '785398 
&c.  =  5037'4849i52  ounces  =  3i4'8428o72  pounds 
avoirdupois  =  the  weig^  required. 

QjJ  E  S  T  I  O  N     XVIIL 

Of  what  diameter  muft  the  bore  of  a  cannon  be 
caft  for  a  ball  of  24  pound  weight,  fo  that  the  di- 
ameter of  the  bore  may  be  one  tenth  of  an  inch 
m^ore  than  that  of  the  ball. 

By  the  laft,  the  weight  of  a  cubic  inch  of  call: 
iron  is  4*0509  ounces,  confequently  as  4*0509  ounces 

•      t  11.  ^  .     .    ,di  24  X  16  128 

:  I  mch  ::  241b.  or  24  x  16  oz.  :  -T^op  =  ^ipi 
inches  =  the  foiidity  of  the  ball ;  but  the  foiidity 
is  equal  to  the  cube  of  the  diameter  multiplied  by 

3''4i59&c.  ^      u  «^Qre  ^ U^JiA - 

6         »  wnercrore  V  1.3503x3-14159  &c-  "" 

^ 2i^ _  =  8xv^- 


'450iX3'i4i59  &€.  —  "  ^ -v   -^002  X  3*14159  ^c* 

5*657098  inches  =  the  diameter  of  the  ball ;  to 
which  adding  *i  makes  5757098  inches  =  the  di- 
•ameter  required* 

PART 


Se^.  L     The  Quadrature  ^CuKf^VEs.         jp:^ 


•«■" 


PART  IV. 

Having  given  at  large  the  menfuration  of  all 
figures  which  are  generally  thought   to  be  met* 
with  in  real  pradtice,  viz.  the  figures  formed  by 
right  or  circular  lineSi  or  by  the-  conic  fedlions  ;^ 
I  fhally  imder  this  part,  give  a  very  brief  treadie 
of  fuch  other  things  as  belong  to  menfiiration  in 
general ;  fuch  as  the  quadrature  and  cubature  of-- 
figures  from  general  equations'  expf efling  their  na- 
ture or  property,  the '  method  of  ^quidiftant  ordi- 
nates,  *  and  the  relation  between  the  areas  or  fbli-^ 
dities  of  figures  and  their  centers  of  gravity. 


^Lm 


s  E  cTi  oNf  r 

Of  the  trueX^ADRATURE  and  Cvi hrvvit  of 

CURV>ES    in   GENER^A'L* 

P  R-a»p  o^  IT  I  aN  t  • 
fjF  z  betheabfiijfa  of  any  curve  j  and  the  ordinate  jrbe 

equal  to  z      x  a+i^z   +  yz    +  /z    +  cZ     +  ^c.\ 

x:^  +  bz°+cz*°  +  d;K^°  +  ez^'*  ei-^^in^j/*  J  be  pit  ^ 

equal  tOT^  r  +  q  =  S,  s  +  q  =  t,t  +  q  =  v,  v  +  q=:w,. 
^c.  I  fay  the  area  voill  he  equal  to 

P  n  »n        ft  30*  4n         ,       r*      ,  .  • 

Zr  X  «  +  0z  +.rz    +^z    +iz    +  eyw    drawn  into- * 
tlkferies^ 

5  0^  +•- 


45»^  aiB^:  (^  A'D*if*tl  RtJ-        ^  Part  IV; 


^-A^s 


>     < 


^  ..  -      "Tr  +  3  _._^  ^_ 

i-A«w-B/.T+i  -Cy.  t+a-D^.s  +  s. 
+  ?.. — =^ ^ — = = — ^ — ■-- — z 

Where  A,  B,  C,  6v.  are  the  iuhole  coejficimfs  of  the 

a 

preceding  terms  with  their  figns  +  or  -  j  viz*  -^  =  »r« 

--A^a 

B  =  ^— ,  6-^- 
a.r  +  i 

D  B  Md  H  4  t  «.  A  T  I  O  N, 

•file  fluxioii  of  the  arfifl  is  ^2  =  z  *  zx'  * 


»«  A    I*"'  #  »       »« 


4./?z   +  yz     &C.I      x:a  +  5z+cz    +•  &c. 

the  fluent  of  this  exprdfion,  or  the  area  re- 


^turied,  be  rieprefentea  by  z  x  «  +  /Sz  +  yz    +  &c.| 

X  :  A-\-Bz  -^Cz*  -r  &c.  wherr^,  -&,  C,  &(f.  are 
li^t'ittppofed  to  ripirefent  the  fadie^xiiintities  as  in 
the  proportion,  but  other  quantities  yet  to  be  de- 
termined. 

Then 


\ 


4S» 


Se^.  r.  of  C^'K-vt.s. 

Then  let  the  fluxion  of  this  laft'  aflUmed  aw»  or 
fluent  be  taken,  and  compared  with  the  given  flux- 
ion, fo  fliall  we  have  equations  for  detenmning 
the  values  of  the  afliimed  letters  -4,  Sf  C^  &c. 

Thus  the  fluxion-  of  the:  aflTumed  area  bcins- 
2 '*  z  X  «  +fiz'+7z*'  +  &C.I   X-.  A^  +  pTn .  Bz' + 

^  +  2«.  Cz*'+  &c..+«y/"*  zx«+)Sz'+yz*"+&:c/ 
X :  A2%2yz*''  +  3/z'*'+&c.)c:  ^+52'"+ez*''+ga. 
^r,  by  proper  multiplication,  &c 

j)«^+/>+g«.  AJ2"+>+2y«.  Tift:**  +/+^ .  Jliiz'  •^i&<^ 

+f+2n,aCz    +p+qn+2n.fiez** 

+p  +  Sn.aDz^' 

If  the  feveral  terms  of  this  feries  be  compared 
with  the  correfponding  terms  of  the  feries  in  the 
given  fluxion,  we  fliall  obtain  thefe  equadons,  viz. 

b  z:  p  +  qn.fiA+p+n,<tB, 

C  =  p  +  2qn.yA+p  +  qn+n.fiB+p-i^2n.aC, 


</=  p  +  SgnAA-+p+2qn  +  H.rB  +p  +  gn  +  2n, 
fiC  +  p  +  sn,aD, 

f  =  p+  4qn.tA  +  p^  3qn  +« .  ^  B-^p  + ign-fin^ 

7C+p+qn+sn.fiD  +  p  +  ^n,itE, 
&c.  &c. 

From 


I 

4gi^.  The  Quadrature  BaaW,. 

From  whence  we.  obtain. 

OiP     

&C. 

Where  now  the  letters  -4,  -B,  C,  &c.  in  the  terms- 
on  the  right  fde  of  thefe  equations  denote  the  pre-  ~ 
cedipg  terms,  as  fpecified  in  the  propofition. 

And  if  f  beput  =  r,  r  +  y  =  j,  s  +  qzzt^  ^+7.— 
V,  &c..thefelaft  equations,  will,  become - 

a 

ar 


'--J^s 


«.r+i 


C=:- =^= »- 

« .  r  +  2 


«.r+  3 


f  —  Atw  -  BJ'.v+i  ^Cy .  /+2 ^D^.\H'3r 
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Which  values  of  Ay  B^  C,  &c.  being  fubftitutcd 
for  them  in  the  afluined'  fluent  or  area^  will  give 
the  area  as  in  the  propofition*     ^E.D. 

And  much  aftei:  the  fame  manner  we  may  find 
die  area  of  the  cunre  whofe  abfcifia  is  z  and  ordinate 

'  •    I     I  I    I  I      I   I   I  '  ■"     ■  ■■'■■■■;      ;  ■ ;  tan  t 

jt+^^z  +yz.  '+8CC.X2     xct+^z  +yz    J^ip   4&C.I 

'      .         »  a'  if-i 

X  A  +  Bz  +  Cz"^  +  hz  " .+ &C.I    .X  &c.  whatever  be 
:the  number  of  feries. 

When,  after^fomc  of  the  firft  terms,  the  nume- 
rators of  jeach  x)f  the  foUowii^g  terms  of  the  feries 

—  +  —       ■    z  +  &c.  become  eqxial  to  nothing,  the 

ieries  will  break  off  and  terminate,  arid  then  the 
xurve  is  faid  to  be  quadrable;  if  otherwife,  it  is 
faid  to  be  non^-quadrable. 5f  r  be  either  no- 
thing or  a  negative  integer  number,  it  is  evident 
that  the  denominator  of  one  of  the  terms  of  the 
above  ieries  will  become  equal  to  nothing,  and 
then* that  term  will  be  infinite  ;  and  if  this  happen 
before  the  feries  terminate  by  means  of  the  nu- 
merators becoming  equal  to  nothing,  the  value  of 
the  area  comes  out  infinite,  in  which  cafe  the  fe- 
ries is  faid  to  fail. 

The  curve  is  denominated  from  the  niunber  of 
terms  contained  in  the  quantity 

(t^t^zJ^yz''  +  /2^'+  &cJ  ;  fo,  if  it  contain  only 

one  term  a,  it  is  a  fimple  nominal;  if  it  contain 

ji?       *    .  . 

;two  tenns  « +/^2  |  ^    it  is  a  bmomial ;   if  diree 

5  R  «  + 
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■  f 

m-^f^z  '\'yz   I ,  it  is  a   tiinomi^.;   &£♦     But  ia 

what  follows   I '  (hall  coniixler   none  beyond  the 
trinomiaL 

The  area  might  be  expreiled  by  a  defcendis^ 
feries,  and  £ix>ni  tl^nce  other  cai^  of  the  tercni-* 
nation  oi  the  fenes  might  be  pointed  out ; .  but  this 
I  ihall  do  in  the  particular  forms^  as  it  will  in: 
them  be  done  with  greater  eafe^ 

Nor  ihould  it  be  wondered  at  that  the  area  ad- 
mits of  two  different  values ;  for  when  an  ordinate 
flows,  the  area  on  one  fide  of  it  will  increafe  as 
faft  as  that  on  the  other  decreafes,  confequently 
the  fluxions  of  ihofe  two  areas  will  be  equal  to 
each  other,,  that  is,  the  fluxions  of  the  areas  are 
both  exprefled  by  the  fame  tjtiantity,  and  it  is 
therefore  but  right  that  the  fluxion  would  admit 
of  two  different  fluents  aulwering  to*  the  two  areas, 
on  each  fide  of  the  ordinate..  When  the  expreflion 
comes  out  affirmative,  it  denotes  the  area  lying  on 
that  fide  of  the  ordinate  from  which  it  is  fuppoled 
to  move  ;  but  when  it  comes  out  negative,  it  de- 
notes the  area  on  the  other  fide  of  the  ^ordinate.. 
When  it  comes  out  infinite^  k  denotes  die  area- 
lying  along  the  abfcifia  infinitely  produced. 

If  all  the  terms  of  the  feries  a'\^hz  -^-cz  +  &c. 
after  the  firft  vanifli,  and  by  that  means  the  ex- 
preflion for  the  ordinate  become  only 

i2z^" X «  +  ^z**  +  rz*  +  &C.L  ,  ^^  curve  or  area 
is>  faid  to  be  fimple  ;  but  if  there  be  more  terms* 
than,  one,  it  i&  &id  to  be  compound.: 


In  wimt  follows  I  ihall  cobfider  chiefly  diofe 
ca&s  in  which  the  curve  is  faid  Co  be  funple ;  not 
only .  becaufe  thofe  are  tiie  caies  that  generally 
happen  in  pradiice,  bilt  becaufe  every  compound 
cafe  may  be  refblved  into  £0  many  £mple  ones  as 

there  are  terms  in  the  feries  a  +  bz\  rz^'+Scc. 
and  then  by  finding  the  area  for  every  fimple  cafe, 
jbhe  ggg^gate  of  ^o|e  areas  will  be  the  afca  for 
the  ^ole  componnd  cafe. 

In  the  quantity  exjMreilmg  any  area,  write  that 
particular  value  of  the  abfcifla  which  it  is  iuppofed 
to  have  where  the  area  commences  or  when  it  is 
fiqual  to  nothing,  and  the  value  of  the  area  refult* 
kig  from  that  fubftitution  will  be  equal  to  nothing, 
if  the  firft  area  were  rigjidy  afligned,.  and  then  it 
needs  no  corredion  j  but  if  the  area  by  this  fubfii- 
totion  come  out  of  fome  value,,  by  juft  fo  much, 
will  the  firft  area  differ  from  the  truth,  and  muft 
be  cprrefted  by  fubtradling  the  iaid  value  from  it. 

It  may  alfo  be  obferved  that  when  the  ordinate 
is  oblique  to  the  abfciffa,  the  area  as  found  by  the: 
&ries  TOuft  be  dravm  into  the  ^ti£  of  the  angled 
inclination  of  the  ordinate  to  the  abfciiTa. 

_  E  X  A  M. p  I*  E.. 

"la --biz 
If  an  ordinate  T  be: as    '^^  .1  in,  ik..  fin'ifii-,. 

zx\/^az—bz^'^^JCzz 

To  have  this  in  the-  fame  fonn^  with  the  ge^ 
neral  feries,  we  muft  exprefs  it^  thus 

ys  z      X  ^a  --^  bzz  x  a  -  bz^  +  cz^^    ;  oritnjaybe- 

I  ■■■■  /I        M    !■    11    ^I'jiii  III  i.. 

Now 
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Now  by  comparing  the  firft  of  thefe  forms 
with  the  general  expreffion  of  the  area,  we  obtain 
a-^a^  bzzOj  c-—'^b;a,-a^  ^=o,  y  =  — ^,  J'^c.; 

Then,  by  fobftituting  thde  values  in  the^  gen6rii 

fcries,  we  have  z^ y^a-bz^^-cz^l    x  -  2  (all  the 
reft  of  the  terms   after   the   firft   vanifliing)    z: 

—  2  V  ^-— -71 — ^*     And  becauie  this  expreffion  is 

negative,  it  denotes  the  area  on  the- other  fide  of 
the  ordinate. 

Again,  by  .comparing  the  latter  form  with  the 
general  feri«s,  we  obtain  ^  =  —  J,  i  =  o,  r  =  3  a ; 
a=:r,  iJ  =  -*,  r  =  o,  /  =  ^z;  ^  =  -1,  «  =  -  ?,  7  =  i. 

Hence  r  =|  =  i,j  =  r  +  9  =  |>»^- ^  +  ^  =  2,  &c. 

Then  fubflituting  thefe  values  in  the  general  fe- 
jaes,  we  obtam  v zf^ —  x  :  -  +  i—  +  ^  .   \  - 

+      sTi? —  +      iQgg4 —  +  &c.  for  the  area  m  this 

cdc }  where  the  Ijtw  of  the  progreffion  is  manifeft, 
and  .where  Ay  -B,  C,  &c.  denote  the  whole  coefficients 
.of  the  firft,  fecond^  third,  &q.  terms. 

Corollary   1. 

When  by  <r,  rf,  &c.  are  each  equal  to  nothing,  the 
^urve  will  be  finiple,  and  the  general  expreffion  for  fim- 

pie 


y 


Stle  areas  becomes  —  xa+^z'  +  yz*''+/z^.%&c.(  x 
*  an 


+ 

I 
r 

1 

— 

t^A-vs-^r.fiB  ^n 
r+2 .« 

r+3  .« 

/»C^3- 

WiA'^v+i.J'B+  t+2\ 

.yC+j 

r-H3 

'l£z*' 

• 

r  +  4.« 

CoR€ri.LAKY     IL 

If  the  curve  be  only  a  trinoaiiat,  as^  :?  as^'^  x 


«  %n\ 


n  +  ^z  +'7Z  \     ,   that-b,  <  «,  &c.  each  equal  to 
jK^Qg,  the  aj-ea  in  the  laft  corollary  will  become 

—  X  «+Aa  +7Z  I  X :  -  -I  M       2 =i= z 

««  ''l    r  +  i.«  r+2..«~ 

.r+3i.«  r +4.(11 

B\it'to  fiad  another  -  CMjrd^on  <rf  the  area  in* 
a  deiKrending  feries,  we  haye  the  coi^dinate  y  ax 

tf/^  X  «+^a  +yz  I    =«2r  ^-      xy+pz  +«2^  i    ; 
then  by  companag  tbis  ^wldi  the  4>riginal  &ries; 

5  S  the- 


•• 


/ 
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the  area  will  come  out  ^ —  >c «  +  /52"+y2*1  xr-i- 

When  any  particular  example  is  propbied,  if, 
after  having  fubftituted  in  the  fonner  or  aicending 
ibrm,  it  come  out  an  infinite  feries,  let  the  latter 
:or  defcending  form  be  tried j  for  ibmetimes  an  area 
is  quadrable  by  the  one  ieries  when  it  is  not  £o  by 
jthe  other. 

Ex.A  M-P-L  E  /I. 

Let  the  ordinate^  be  =     .  .         ^         ^.«  -which 


-J^-I 


I*- 


reduced  to  form  is  az      x  i  —  2Z+32 

Here  then  we  'have  tf=^;  «=i,  /s  =  —  2,  7  =  3; 
^  =  -2,  n=  I,  y  =  i.  Whence  r  =  ^=:^ji,,r  =  r  +  y 

3cc. 

And  by  fubftituting  th^fe  values  in  the  dfcend- 


ingferies,  we  obtain^ ^z'''  x  i-2z  +  3zM  K<-i -if 

2ZZ 


(all  the  reft  df  i:he  terms   vanifhing)  =  ^-^^  x 

^  a\/\  —  2Z+  3ZZ  for  the  area  required,  and  which 
therefore  is  quadrable. 

But  if  the  fame  values  be  fubftituted  iu  the  de- 
pending  fcrics,  we  get  the  areaezprefled  by.the-in- 

finite 


finite  feries  "^'"^^t^^  x-  •  -  i  -  y-^,  »^~4^ 
^^      -etc.-       ^-^^y— —  X.-1  +  --2-— r- 


+  4.5.62'  *^<^*-       .    -9z*  ^--^+75 

_  _Z2- +  J2I- _  &c 

•     4.5i*  ^  4.5.62*        *^^» 

£  X  A  «f  P  1.  E    U. 

-  Suppole  jf  =  -^ — 1,,  ;    which  reduced  to 

2  +  32+32*1^ 

idle  proper  form  is  ^z     x  2  +  32+32^!^    . 
Heretf  =  i;«=2, /5  =  3^  7  =  3,/>  =  3,  n  =  i,  ^  =  i 
Then  r  =  ^  =  3,  x  =  3I,  /  =  3},  ^  =  4,  &c. 
And,  by  the  afcending  vferies,  'the  area  will  be 

exprefled  by  the  infinite  feries  iaz^y/2  +  32  +  $z^ 

'^•i""'T^^'^       Jd~^^ 17""^   -      "h"" 

-  &c.  .=  a^WT+T^TT^'  X.:  i  -  i^  +  6:J7i5 

4-  r-^' &c.  and  therefore  it  is  not  quadrable 

Iby.this  mediod« 

But  by  the  defcending  ieries  the  area  is  quadra- 

JMe,  and  comes  out  ^^  x  ^\/2  +  3-2;+  3^%   aU 

5  ^ 

the  terms  after  the  fecond  vanifhing. 

^So  that  fometimes  the  area  is  quadrable  by  the 

one  feries,  and  fometimes  by  the  other;   but  it  is 

alfo  fometimes  quadrable -^by  neither,  and  fome- 

.dmes  by  them  both* 

Co* 
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m 

C  O  R  O  L  L  A  JH  Y     III. 

In  the  cafe  of  a  binomial  y  ^  az  x  «  +  AjcI  ^ 
befide  the  letters  which  in  the  laft  corollary  werc^ 
equal  to  nothing,  y  alfo  will  be  nothing;  and  by 
fuppofing  it  to  vanifli  in  the  afcending  feries  in  the 

a:^    'H^        I 

laft  corollary^  thcie  will  refolt  —  x  «  +  A;c  I  x :  - 


i^-Aj^^-^ll^Bj^  -i±^C;<,"'  JM^D,t' 


r+i.a  r+2,a  r+3.a         '  r+4^a 

-  &c.  for  the  afcending  feries  to  be  ufed  in  this 
cafe  i  where  the  feveral  letters  have  the  fame  value 
as  before.  And  this  feries,  it  is  evident,  will,  al- 
ways terminate  when  s  is  either  hodiing  or  a  ne- 
gative integer,  and  the  number  of  terms  wiU'be 
one  more  than  the  Auniber  of  units  in  j.  . 


f-» 


But  the  fame  cnrdinatej'  =  ax^     x  «+/5«  I     is  « 

tfi^^       *"  X  iS  +  «;sr1    .    Then  by  wxitii^,  in  the 
above  afcending  feries,  «  for  .iS,  A  for  «^  p  +  qn—n 

'ASS.  "^ 

for />,  and  — «  for  +»^  we  fhall  have -^x  ^e+  pirJ 


I       r-i  .a A     r-2,tt^B      r^i.%C     «,      ^. 
s-i     s-z.f>zi      s-Z.^Si       J-4.;»«* 
the  area  expreflcd  by  a  drfcending  feries;  and  wWch, 
'it  18  evident,  will  terminate  and  be  quftdrable.whcpr- 
ris  any  afiSnnativeiiiteggr  number,  . 

"fix- 
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Example  L 

nzz  dzz 

Wir  flball  have  a^a\  «  =  *;  0=^;  />  =  3,  «  =  3r 

and  y  =  -  I..    Hence  ^  =  5  =  i'>  and  /  =  r  +  y  = 

1—1=  o  ?  fb  that  the  curve  is  quadrable  by  both 
forms^  of  the  feries.     Thus, 

By  fubftitutihg  in  die  afcending  feries,  we  fhall 

lave  —  X  b^czn   x  -  =  -rZui::^  ^^^  ^^  ^^^ 
an  the  one  fide  of  the  ordinate. 

And  by  ufing  the  defcending  feries,  we  obtain^ 

—  X  d+rz^r'  X =  -  ,         ,  for  the  ai«a 

on-  the  other  fide  of  the  ordinater 


Ex  AMPLE    IL 


az^ 

a  a^z^  X 


Suppofe  the  ordinate  be  7  =»    y,        ■^' 

*  +  czM    =az     x^+^2M     •' 

Then  a  =  a\  a  =  ^,  A  =  ^J  p  =  4,  «  =  2,  and  y  =  |: 
Hence  r-^^  2,  and  >=  r  +  y  =  2i.    So  that  it 

appears:  that  the  descending'  feries  will  bring  otit 
» terminate,  but  the  afcending  one  an '  incerminate 
area.    Thus^ 

5T  By 
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By  fubftituting  in  the  alcending  feries,  -we  have 

'    nb  ^-2      2.3.2*      2.3.4.2*^*       2.3.4.5.2**'      ^^ 

for  the  area.     Or  by  writing  d  for  2  ^,  It  will  be 

3  ^-2       2.3</       -2.3.4^*       .2.3.4.5^'       ^^' 

But  by  fubftituting  in  the  defcending  feries^  the 
area  is  quadrable,    and  comes  out  ■— — — X 

2        4*  /F"""; ^czz  —  ab 


3  3^22  ^  JfC 

Example    III. 


if  the  ordinate  y  be  =  s/a  x  b  +  x  ^  \/ah  +  ^ ar  = 

^*x^  X  i  +  xl  =  fl*  3c  '^  X  .^  +  xl  ;  which  exprefles 
ihe  common  parabola,  ^  being  the  parameter,  and 
A  +  X  the  whole  abfcifla  or  diftance  of  the  ordinate 
from  the  vertex  of  the  curve. 

Here  a^  a  ;  .a=i,  /3=i,^=:x;  ^  =  1,11=1,  and 

-y  =  4,     Hence  r  =  ^  =  i,  and  j  =  r  +  y  =  i.    So 

that  the  curve  is  qnadrable  by  the  defcending  fe- 
rries, but  not  by  the  afcending  one.    Thus, 

By  fubftituting  in  the  defcending  feries,  we  ob* 

tain  crx   x  ^+x|     x  f  =  \s/a  x  A  txl    for  the 

area. ^And  fince  this  area  vanifhes  only  when 

h-vx  or  the  whole  abfciifa  is  equal  to  nothing,  it 
denotes  the  area  of  the  whole  parabola.    But  when 

^  is  =  o,  this  area  becomes  f  \/a  x  B^  for  the  area  to 

thejabfcifla^j  hence,  by  correction,  2s/ ax  -^^^ 

will 
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•will -be  the  area  of  thefhiftum  included  by  the  two 
ordinates  anfwering  to  the  two  abfciffas  b+x  and  L 

And,  after  the  fame  manner,  2  41/ a  x  ^^^ — - — — 

will  be  found  to  ^denote  the  fhiflum  contained  by 
the  two  ordinates  whofe  abfciflas  are  ^+x  and  b-x. 

But  by  fubftitutihg  in  the  aicending  feries,  the 
area  will  come  out  the  infinite  ieries  ^-^  xi  +  x]^  x 

•  -*     4^  ^  4.6**     4.6^ ^»  ^  ^^* 

As  this  feries  vanilhes  when  x  is  put  equal  to 
nothing,  it  exprefles  the  area  beginning  where  x 
begins,  viz.  the  fruftum  included  by  the  two  ordi- 
nates wliofe  abfciffas  are  b  and  ^  +  ;c ;  and  there- 

ma*"-** 

fore  this  feries  is  equal  to  2\/a  x  ■        ,  which 

was  found  above  to  exprefs  the  fame  area.     Then, 
Jby  making  this  quantity  equal  to  the  faid  feries, 

-aiid  reducing,  we  obtain  j^  x  i  -  ^^   for  the  va- 

-hie  or  fum  of  the  infinite  feries  i  -  ^  +  ^rjji  -  ^'I'l^ 

+  &c.  And  by  fuppofing  b  and  x  in  thefe  laft  ex- 
preflions  to  be  equal  to  each  other,  there  wiH  refiik 

^.Ipl.  for  |;he  fum  of  the  infinite  feries  i  -  i  +ii? 
3V2  4     4.6 

4.6.8        4.6.8.10        ^^*  "^      3i/2  4         4.6  "^  4.6.8 


5.7.9.11 


+  &c. 


4.6.8.10 

Now  fuch  kinds  of  diverging  feries  have  gene- 
rally been  thought  to  be  of  an  infinite  magnitude, 
and  their  fums  abfolutely  unaflignable ;  but  that 
there  is  nothing  abfurd  in  aflerting  the  foregoing 

feries. 
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feries,  and  cbnfequently  any  other  of  die  fame* 
kind,  to  have  a  determinate  finite  fum,  may  be 
eafily  made  evident  thus :  Notwithftanding  any  tena 
of  this  feries  doth  exceed  any  of  the  preceding  terms,, 
yet  it  is  evident  that  it  exceeds  the  term  immedi- 
ately preceding  it  by  a  lefs  quantity  than  that  by 
which  this  lafl  term  exceeds  its  precedmg  one^  and 
therefore  the  differences  of  every  two  adjacent  terms 
being  taken,  •  thofe  differences  will  form  an  infinite 
converging  feries,  of  which  the  fifft  or  greateft  term; 
will  be  the  difference  between  the  firft  two  adjacent 
terms  of  the  original  feries,  and  confequcntly  the 
fum  of  this  feries  of^  differences  will  be  of  a  finite^ 
magnitude  ;  but  the  fum  of  this  feries  is  equal  to* 
the  fum  of  the  original  feries,  and  therefore  that, 
alfo  hath  a  finite  fum^ 

Corollary    IV.. 
In  die  cafe  of  a  fimple  nominal' j^  =  a 2^  x  a^'  = 
aoT^  7^'^^   fuppofing  A  in  the  lafl  corollary  to  b©-- 

oome  nothings,  the  atea  will  be* =  —  ^  pnt^ 

'  F  P 

ting  m  -  act    . 

Or  if  inflead  of  mr  '  be  written  its  vsdue^,  the: 

area  will  be  —  •. 

And  the  curve  in  this  cafe  is  always  quadrable: 

p 
except  When  /^  is-s  o  j-  for  then- the  area be- 


o 

mz      tn      .      •   /*  •    1 
comes s» — ,  VIZ;,  miinitely  great,. 


To- 
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To  this  cafe  of  ar^as  |)eIong  all  fimple  parabolic 
fpaces,  and  the  fpaces  lying  between  the  curves 
and  aiyniptotes  of  all  hyperbolas.  And  all  fuch 
are,  evidently,  to  the  parallelograois  of  the  fame 
baie  and  altitude  as  j  jco/u 

Example   1. 
The  general  equation  to  parabolas  is  f^  z*  =  J'^+S 


m 


ovy  =./>«+"  2"'  +  "^  where  /  is  the  ordinate,  z  the 
abfcifla,  and^  a  given  quantity. 


Here  then.i»  =/*+%  and^  =s 


-—  +  I  = f 

which  value  of  p  being  of  fome  magnitude,  we 
conclude  that  all  parabolas  ate  quadrable,  and  the 
area  will  be,    by  fubftituting  in  the  two  forms 

above,  either x tf"+''z'"^*j,  or  — ; —  xyz. 

So  that  the  area  of  any  parabola  is  to  that  of  its 
circunifcribed  parallelogram,  as  m  +  if  is  to  »i  +  2jc. 

In  the  common  parabola  m  and  n  are  each  ^equetl 
to  I,  or  />z  =  yy^  and  the  general  area  becomes  jjz 
or  y  of  the  circumfcribed  jparallelogranu 

Example  TT. 

The  general  equation  to  hy^ 
perbolasis  2?«jy*  =  ^'"+%   or  ;^ 

fit  4**     w* 
=2  ^  «    z  ";  where  z  is  =:  one 

afymptote  GC^  and  y  -  an  or- 
dinate CD  drawn  parallel  to 
the  other  GJP. 

5U 
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■  #    •      •  * 


f 


'""*■*  m      n-^m 


Here  then  /w  =  />  »    ,  and  jo  =  i = j^ 

w         ^  It  ■ 

fo  that  the  fpace  will  always  be  :quadrablc  nnlcfe 
when  n  and  »r  are  equal  to  each  other,  as  in- the 
cafe  of  the  conic  parabola ;  and  by  iubfUtuting : 
in  the  two  foregoing .  fonns^    we  obtain  either*^ 

'^iZL^L  oT  iy^  for  the  area  (?J>iDC; 

So   that    hyperbolic    fpaces^  are    to-  their  in*- 

•    n 
fcribed  parallelograms  as     ^      to  i,   or  as  «  to* 

n  —  m'y  and  fince  when  n  is  =  «,  as  in  the  conic 
parabola,  thii  ratio  becomes  that  of  »  to  o ;  it- 
appears  that  the  iaid  hyperbolic  fpace  GPdDC  is  • 
id  this  cafe  infinitely  great ;  but  in,  any  other,  of.. 
a  finite  magnitude,  notwithftanding  it  is-  of  ani 
infinite  lengjh  towards  P. 

■      G  o  R  o  L  I*  A  R  Y    V.' 

If  in\the  original  feries,  in.  the  propofition,-  only^- 
iS,  y,  c/;  &c*  yjuwlhi  by  becoming  equal  to  nothing^. 

tbc 'feries  for  thearca.willi>ccomc  «r'^  x  :  -  +  — — 

+  +  +  OCG^ 

And  if  here  again /)^  and  «  be  fuppofcd  each  cqiiab 

to  I ,.  and  »• '  be  adually  multiplied  into  the  feries,^ 
and  then  the  literal  coefficients  of  the  feveral  terms- 
be  reprefented  by  J^  B^.Q  &c.  we  fhall  obtain* 
Ax+  \JSx^  +  yCx?  +  ii3x^  +  &c.-for  the  area* 

cor*'- 
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coirefponding  to  the  ordinate  y  ^s^A.-^  Bx  +  Cx^ 
+  .jpx^  +  &c.  putting  X  for  z. 

And  by  this  feries  we 
might  find  a  great  variety 
of  areas  ;  but  to  reduce  it 
to  another  feries  converg- 
ing quicker ;  fince,.  if  *  be 

=  ^C;  jK  =  CD,  the  above     H;      C    K  A         C 
feries  will  reprefent  the  area  -4J?Z>C  of  the  curve 
dBD)  fo  likewife  i£ y  flow  back  from  A  to. cd^ 
making  the  ordinate;^ ^A^Bi^  +  Cx^+Dx^+  &c. 
»  being  now  negative^   the  area'  ABdc  will  be- 
Ax  -  ^Bx'  +  iCx'  -  iDx''  +  &c. 

Then,  fuppofing  the  former  ;cor  -4^  t<5  be  equal - 
^  this  latter  ;c  or  Ac,  and  adding  this  feries  to  the " 
former  one,  there  will  refult  2  Ax  +  lCx\  +  iE;c^ 
+  &c.  for  the  area  ciDC.  Or  if  now  z  be  put  =  cQ 

=  2x,  this  area  wdl  be  equal  to-d-s  +  rr  +  rri  +  ;n' 

3.4       5.4         7«4» 

+  Ax.  where  ir  may  either  be  at  the  vertex  of  the 
curye  or  not. 

When  X  is  =.0,  then  y  -A  =  AB,  £0  that  ,4-9  is  - 
always  theiralue  of -4,  or  J  denotes  the  middle  or-/- 
dinate  of  the  area  cdDC. 

If  FBE  be  drawn  parallel' to  rC,  and  meeting  : 
CD,  and  cd  in  E  and  Fi  the  redlang^e  :f:jPjEC  will  be 
equal  to  cC  x  AB  =  Az\  and  confequently  the  dif- 

fference  between  cdD€  zwi-cFEC  wffl  be  ~  +    ^' 

E"x  A  itf.p  LE'  t;- 


3-t       3-4* 


If //5Z)  be  a  right  line,    its  equation  wiU  be 
j^s  A^  Bx  \  B  here  denoting  the  ratio  of  the  fine 

of 
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of  the  angle  dBA  to  its  cdfine.  Then,  Jfince  the 
v^lue  of  each  of  the  letters  C,  Z),  £,  &c.  in  the  ge- 
neral formula  is  nothing,  the  general  area  Az-^^-— 

^         ^  3.4 

+  &c.  will  be  only  Az  =  the  reftangle  CF  =  AB  xtC 
J-  ^^  +  ^^  X  ^c  for  the  area  dDCc^  as  in  rule  6 
prob.  3  iSsd.,^  part  z. 

Example   II. 
If  dBD  he  Si  parabola,  its  equation  will  be  j^  = 

^/a  X  b+x  «    (by  extradling    the  root)   \/aB  x 

'  ^  +53  ""aTJJ^"^  3,4.6^'      .3.4.6JSI**  -rxxc. 

Here  A  ^  ^ah,  C  -  ,-;^,  £  =  -j^^.  &c. 
and,  by  fubftituting,  the  area  r^/DCwiH  be  =  zA 

.   .  .    , V  jc^ L*3'if! ^*3«5'7'9Jg^ 

(yiZ.  2v/af^;  X  :  ^-^.6^»       4.6.8-10^       4.6*8.io.i3.i4*<f 

-  &c.  «  -45^  X  :  I  -  :^^-  4,6y£^ -  ^<^'  And 
therefore  the  rediajigle  -4z  qt  BAxcC  exceeds  the 
parabolic  area  by  all  .the  terms  of  the  feries  after 

the  firft. 

But  by  example   3  to  corollary  3,   the  fame 

area  cdDC  fe  »  a  %/«  x  *+«'  -^-*'   .   confe- 

quently ^S'^v^^-*-;:^!^      4.6.8'.  i.o^ 

^  .   I■3>^7^9^^      _  &c.     And  wh?n  *  and  x  are 
4.6.8. 10.12. 14** 

equal  to  each  other  in  this  equation,    we  obtain 

g  — 2^»  £^^  ^^   value'  o£  the  infinite  feries   -^ 
3  4.6 

"+  JiiXi^  ■*■  4-6-8.10.T2.14  ^  ^^  When 
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When  d  is  the  vertex  of  the  curve,  then  b  is 
S5  X,  and  the  ieries  for  the  area  cDC  becomes 

Az  y.'x  I  -  \ t^t;:  -  &c.  which  alfo,  by  liib* 

4*0       4.0.0.IO  '      J 

ftituting  for  this  laft  ieries  its  value  i  —  ^  ^l      = 

^-^  as  found  above,  will  be  -^^Az  =  -^^  x  the 
redlangle  cFEC. 

*E  X  A  IVf  p  L  E   HI. 
If  the  curve  be  a  circle,  and  A  were  any  point 
between  the  •  circumference  and  the  center,  the  ie- 
ries would  be  very  complex  ;  but  if  ^  be  the  cen- 

ter,  and  r  the  radius,  then  will  /  be  =  \/rr  -^  xx 

^  ""  i^  ""  ^^-  ^^  confequently 


1.3*' 


the^area  will  be  2rx  x.  i  --.^^^.     ^sr^,.,^.^r^ 

'isor*  ""  ^^*  which -ieries  converges  very  faft 

when  X  is  imall  in  companion  with  r. 

When  X  becomes  equal  to  r,  we  obtain  4rr  (or 
the  fquare  of  the  diameter)  x :  i  — ^  —  ~;  -  ■  W- 

^  '  2.3      2.4.5      2.4.0.7 

-^jr^TT-^  &c.  for  the  whole  circle. 
Hence  i-*78LS'398  8cc.  is  =  rr  +  r-^ 

.^   ^^7  2^3      a»4.5 

+  &C. 

E  X  A  MP  L  E    IV. 

If  dBB  be  an  hyperbola; 
put  its  femitranfverfe  AB-tj 
femi-conjugate  AG  ^  c^  ab- 
feiffa  AC  =  x,  and  ordinate 
CD  ss  J' ;  then  -its  equation 

will  be  jK/  =  f  /  X  -^_^^^  or 


13 
2. 4,6*7 


^V  * «  11  ill      1  I  I  I 

GTc    A    C  (5- 


ex  ■  •♦ 
5X 


1  = 
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/ j;  ,    x»  X* I.3X*  •       I.3.5X* 

^  =  /V  I  +  -  -  'X  :  I  +  J?  ""  ^7?"^  2.4^<^*        3.4.6.8c»  • 

+  &c.  and,  by  fubftituting  in  the  general  feries, 

the  area  cdDC  will  be=  ztxy.:  ^-^i:^*'-^^ 

.  _»-3«''-  _  &c.  die  fame  with  the  feries  in  the  laft- 

example  for  the  area  of  a  circle,  difiering  only  in 
the  figns  of  die  fccond,  fourth,  fixth,  &c.  terms. 

When  X  is =c,  the  feries  becomes  ztc  (otABxGG) 
^ ,  ,  .J.. i_  +  -if.  _  &c.  for  die  area  GP^G. 

'^^     "^3.3       2.4'S       2.4-°-7 

The  reaangle  J5JBC  is=  tx,  which  taken  from'^ 
the  Vea  ABDC^riRlexve  ABxBEx:-~ir- ^^, 
+  JLI^  -  &c.  for  die  area  BDE.  So  that  the 
reJungle  ABEC  is  to  the  trilineal  BDE^  as  i  is'- 

to-  the  feries  7p  -~^  +  r^  "  ^^'    ^^ 
when  X  or^C  is  =  tf  or.  AG,  die  redangle  ABeG- 

will  be.  to  the  triUneal  -Br^,  as  i  is  to  —  - 


a -4 -J 


-M-  -  &C. 
2.4.0.7 


plraUel  to  one  afymptote  GP  (figiffe  to  ex- 
ample 2  cor.  4)   of  an  hyperbola,  draw  ordinates- 

bX  <^^f  ^o  ^^^   **^^*^^  ^^ '  ^         ^  vertex, 

of  the  curve :  And  put  GA^^a,  AB^b^  AC-  *, , 

»ndCD=y.  ah\  «u.!l_l! 

Thena  +  »*.fl-'-*:7  =  7+lJ  ~*^*  ^"«-    «»     «' 
+  -  &c.  =  the  ordinate. 

And  by  comparing  this  with  the  general  feries, . 
we  obtain  2  *x  x  :  i  +  ^  +  5^  +  ^  +  &c.  for  die  - 
area  i:iI>C',  taking  ^<r  =  ^iC  ^^^^ 
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And  when  x  =  a,  or  AC  =  AG^  the  above  ex-' 
preflion  will  become  ^GA  x  AB  x  :  i  +  j  +  j  +  f 
+  f  +  &c.  for  the  area  GPB^. 

P  R  O  P  G  S  I  T  I  O  N    II. - 

]f  there  be  any  foHdy  in  nvhich  all  the  parallet 
^Slionsy  either  right  or  oblique  to  the  axe^  are  like ' 
and  Jimilar  figures y  and  if^  ivhen  the  abfcijfa^  or  part 
of  the  axe  drawn  through  the  centers  of  the  parallel 
JeSiions^  is  reprefented  by  z,  the  value  of  thefeflion 
be  expreffed  bjf  any  feries  of  terms  in'Oohing  z  and 
known  quantities  J  after  the  fame  manner  as  is  ex-^ 
preffed  the  ordinate  in^  the  lafi  propofition ;  then  wilt 
the  folidity  be  expreffed  by  the  fame  quantity  as  the 
area  in  the  Iqfi  propofition  :  That  isj  fuppofmg  the  re- 
lation betiveen'  the  abfciffa  andfeSlion  to  be  expreffed 
ly  any  equation  of  "which  one  fide  is  thefeSiionj  after 
the  manner  of  the  relation  between  the  abfciffa  and 
ordinate  in  the  lafl  propofition ;  ivhenever  the  value 
of  the  ordinate  agrees  ^th  that  of  the  fe£lion^  then 
nvill  the  value  ^  the  folidity  be  the  fame  vuiththat' 
of  the  area  as  found  by  the  faid  propofuion.' 

DX  M  O  N  S  T  R  A  T  I  O  N.  • 

For,  the  fluxion  of  the  folid  being  equal  to  the 
ftiSlion  drawn  into  the  flusion  of  the  abfciffa,  and 
the  fluxion  of  the  area  equal  to  the  ordinate  drawn  ^ 
into  the  fame  fluxion  of  the*  abfciffa,  whenever 
die  ordinate  and  fedtion  agree,  the  area  and  folidity 
mufl  likewife  agree,  fince  equal  fluxions  have  equal  - 

SCHO 
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6  C  H  O  L  I  U  M. 

All  tEhe  examples  that  have  been  given  to  the 
corollaries  to  the  laft  propofition  may  be  confi- 
dered  as  examples  to  this,  the  quadrature  in  thoie 
being  confidered  as  the  cubature  here ;  and  it  is 
evident  that  curves  will  be  cubable  not  onlywhen- 
ever  they  are  quadrable,  but  will  often  be  cubable 
when  the  area  cannot  be  exprefled  but  in  an  in- 
finite feries,  becaufe  that  the  feiSlion  of  a  folid, 
(.ufing  the  area  of  a  given  circle  as  a  given  number) 
is.onen  a  terminate  expreffion  when  the  ordinate 
is  denoted  by  an  infinite  feries ;  and  this  is  the 
cale  in  the  .conic  fedlions ;  for  thofe  curves  (the 
parabola  excepted)  are  not  duadrable^  yet  all  the 
folids  generated  by  their  revolution  have  finite  ex- 
prefllons,  as  we  have  already  found  in  the  fore* 
going  part  of  this  work,  and  as  will  more  gene- 
rally appear  in  what  follows ;  which  I  have  put 
down  not  merely  to  (hew  that  the  fame  conclufions 
may  be  brought  out  by  diflFerent  means,  but  chiefly 
for  the  fake  of  fome  eafy,  curious,  and  general 
rules  with  which  this  method  of  inveftigation  fb 
,cafily  fupplies  us. 

Corollary. 

Thus,  by  applying  here  what  is  done  in  the  lafl 
corollary  of  tlic  laft  propofition  to  the  curves  of  the 
iecond  kind,  we  fliall  obtain  general  and  terminate 
expreffions  for  their  iblidities.  For,  by  prop.  2 
fedl.  2  part  3,  the  flowing  feiflion  being  always 
jts  A  +  Bx  +  Cxx^  if  p  denote  a  given  quantity, 

^  X  A  +  £x  +  Cxx  will  denote  the  fecSion  itfelf ; 

and 
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and  confcqucntly  px  x  A-^  iBx  +  ^Cx^   or  p  x 

Az  +  xiCz^  will  denote  the  folidity  cdDC  gene-- 
rated  by  the  ftdlion  of  a  folid  in  flowing  fromf 
the  place  cd  to  the  place  CD^  z  being  =  cC  [Fig; 
ta<:orollary  s  to  the  laft  prop. 

Since  ^-4  rcprefents  the  middle  fe(5tion  -4 J5,  ihc^ 
fifft  tenn  pAz  in  the  above  expreflion  will  be  equal' 
to  the  cylinder  cFBEC  whofe  liafe  is  equal  to  the 
middle  fedlion  AB^  and  altitude  cC=i  2;i  and  con- 
iequently  -^-^pCz^  will  always  be  the  difference  be 
tween  the  folid  cdBDC  and  the  cylinder  ^i^^J^JSC* 
Or  if  there  be  taken  CG  :  Cc  ::  \/C\  i,  and  the 
three  areas,  vit.  the  ctirve  cdBDC,  the  redlangle 
cFBECj   and  the  right-angled  triangle  cGQ   her 
fuppofed  to*  revolve  together  about  the  common 
axe  cCi  then  will  the  difference  between  the  folid 
generated  by  cdBDC  and  the  cylinder  generated* 
by  cFBEC  be  conftantly  equal  to  one-fourth  of 
the  cone  generated  by  cGC. 

Cgreaterthan 
•   The  fruft .  generated  by  c  dBDC  is-  ^qual  to 

(or-  lefs  than 
the  cylinder  generated  by  cFBEC  according  as  the  ' 

(affirmative  > 
value  of  tis  ^nothing      >,  that  is,  according  as-' 

(bi*  negative  J 

Can  hyperbola 
the  curve  dBDis  ^  a  parabola 

Cor  an  ellipfe 

In  the  parabola  C  is  is  o^  the  equation  to  th^ 
curve  being  yy  ^sA-t-Bx;  and  therrfore  the  para- 
IbUc  cottoid,  or  any  fruftum  of  it,  is-  equal  to  ar 

5Y  cylinder^ 
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cylinder  of  the  fame  height  widi  it,  and  whofe  end 
is  equal  to  the  middle  fedtion  of  the  conoid,  viz. 
the  &<^on  parallel  to  and  equally  difikant  from  it& 
two  ends. 

In  the  hyperbola  \/C  is  =  ^>  putting  m  for  the 

whole  axe  of  which  rC  is  the  tontinuadon,  and 
n  for  its  conjugate  axe ;  and  therefore  the  hyper- 
bolic conoid,  or  its  fniftum,  exceeds  the  cylinder 
by  one-fourth  of  a  cone  of  which  the  radius  of  the 
hafe  is  to  the  common  altitude  {cC  of  all  the  three 
folids)  as  ft  is  to  m. 

,  But  ia  the  ellipie  the  value  of  C  is  —  — •  m  and 

n  being  the  axes  as  above ;  and  therefore  the  ferni*- 
ipheroid,  or  its  fruilum,  is  lefs  than  the  cylinder 
by  one-fourth  of  the  faid  cone  of  which  the  radius 
of  the  bafe  is  to  the  common  altitude  as  n  is  to  m. 

When  the  ellipfe  becomes  a  circle,  m  will  be 
equal  to  n  j  and  confequently  the  femi-fphere,  or 
its  fruftum,  will  be  lefs  than  the  cylinder  by  one- 
fburth  of  the  cone  of  which  the  radius  of  the  bafe 
is  equal  to  the  common  altitude  of  all  the  folids. 

When  dBD  is  a  right  line,  or  the  fclid  a  cone, 

then  the  value  of  \/C  or  ^  will  be  equal  ^o  ^y 

• 

producing  the  right  lines  Dd^  Cc  to  meet  in  ^j 
confequently  the  triangles  DHC^  GcC  are  fimilar, 
and  the  conic  fruftum  exceeds  the  cylinder  by  one- 
fourth  of  a  fimiiar  cone,  the  folids  being  ftill  all 
of  the  fame  altitude.     The  radius  CG  of  the  bafe 

of  the  faid  fimilar  cone  will  evidently  be  =s  — ^^  ^ 

a  fourth  |Tiroportk)nal  to  HC,  CZ)  and  Cc :  Or,  \£dl 

be 
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be  drawn  parallel  to  rC,  the  triangle  dW  will  be 
equal  to  the  triangle  cCO  in  all  refpcdb,  or  CG  = 
ID  =  DC  -  cd^  diat  is,  the  radius  CG  of  the  bafc 
of  the  fioiilar  cone  is  equal  to  the  difference  be- 
tween the  greatefl  CD  and  leaft  cd  radius  of  the 
fruftum.— When  the  fruftum  becomes  a  compkat 
Cone,  it  is  evident  that  it  will  exceed  the  cylinder 
by  one-fourth  of  itfelf,  or  the  cone  will  be  to  the 
cylinder  as  4  is  to  3. 

From  the  general  manner  of  confidef  ing  the  ge- 
neration of  the  fruftum,  in  the  beginning  of  this 
corollary,  by  the  parallel  motion  of  a  flowing  fee* 
tton,  it  is  evident  that  the  above  properties  wiU 
obtain  in  the  fame  foUds  whether  the  ends  are  per*^ 
pendicular  or  oblique  to  the  axe;  and  alio  that 
the  general  method  will  include  the  fruftum  of  any^ 
pyramid  whedier  right  or  oblique;  and  fuch  x 
fruftum  will  exceed  the  prifin,  of  the  fame  altitude 
and  whofe  bafe  is  equal  to  the  middle  fedlion  of 
the  fruftvun,  by  one-fourth  of  a  cone  of  the  fame 
altitude  alio  and  of  which  the  radius  of  the  bafe 

^^     CH    • 

It  may  farther  be  obferved  in  general  that  in 
the  fame  or  in  fimilar  folids,  when  the  altitude 
and  the  inclination  of  the  ends  to  the  axe  are  the 
fame,  the  cone,  or  difference  between  the  fruftum 
of  the  folid  and  the  cylinder  or  prifm,  will  be  con- 
ftantly  the  fame  quantity,  whatever  the  magnitude 
of  the  ends  may  be.  ^When  the  altitude  is  con- 
ftant,  and  the  inclinations  of  the  ends  vary,  the 
faid  difference  16  reciprocally  as  the  cube  of  the 
diameter  of  the  generating  plane  which  is  conju* 

gate 
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j^te.to.  Cc  the  axe  of  the  fhiflum  or  diameter  con- 
nedling  the  centers  of  its  ends.  When^.both  the 
altitude  and  inclination  vary,  the  difierence  is  as 
the  cube  of  the  altitude  direiSlIy  and  cube  of  the 
iaid  conjugate  diameter  reciprocally ;  but  when 
they  vary  fb  aa  that  the  altitude  is  always  reci- 
procally as  that  diameter,  then  the  difference  is  a 
conftant  quantity* 

* 

Proposition    III. 

In  the  frufium^^afty  *folid generated  by  the  revo^ 
lution  of  any  cmucjeiiion  about  its-  axc^  ^totbc^fum 
<f  the  tnvo  ends  be  added  four  times<  the  middle  fe^ion 
orfeflion  parallel  to  and  equally  diftant  from^  the  tivth 
endSf  one-ftxth  if  the  laJlfumtnvUl  be  a  mean  area^  and 
being  drawn  into-ihe  altitude  ofthefolid^  the  produlli 
nviU  be  equal  to  the  contents 

Demonstratioi^.- 

By  the  corollary  to  the  laft  prop,  the  content  is? 
px  X  AT\B7T\C^'  ^pxx  l^^±i^^Lti£L\  but 

by  prop,  2  fedl.  2  part  3,  the  one  end  pD^  is  = 
;rx  A-k-  Bx  -k-  Cx%  then  by  writing  \x  for  x  the 
middle  fedlion  will  be^*/^  =^  x  A  +  \Bx^^Vx^ 
and  by  writing  a  for  x  the  other  end^willte/rf*  = 
pA\  now  it  is  evident  that  the  fiim  of  the  two  ends 
with  four  times  the  middle  feflion  is  equal  to  the 
numerator  of  the  quantity  expreffing  the  content ; 

confequently  ^  X  X  5^±^^^^ 

will  be  equal  to  theiblidity  of  the  fruftum.   ^E.D^ 


' » 
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Corollary  I. 

'"Wkeri'dje  fniftum  becomes  the  compleat  folid, 
the  lefs  end  TanHhes,  and  the  conteac  is  barely 

.Corollary   II, 

This  pPOpofitioB,  it  is  evident,  includes  all  fru- 
Ihims  (a^  well  as  che  cpmi^eat  ipUds)  wheth^ 
right  or  -obliqi^e,  not  only,  of  the  folids  generated 
frelm  thp  revolution  of  tlje  conic  fedions,  but  alfii 
-of  all  pyramids,  cones,  i^od  in  {hopt  of  any  foUd 
■wiofe  paF^Uel  feAions  are  fimilar  figures.  The 
fame  tlu^cein  puiy  alfo  be  applied  Jto  the  arpas  of 
all  curves  wh(^e  equation  is  of  ,diis  form  y  =  ,4 
+^x.+  Cx^f  calling  D  and  d  the  extrea^e.ordiaate^ 
and.  /  the  middle  one. 

And  of  this  form  is  the  eqiiatii 
bpla  dRD  (figure  to  corollary  g 
being  the  axe  of  the  curve,  and 
and  AB=y\  Wid  coiriequtntly  an 
tion  edBA  bounded  by  the  cuxv 
lines  AB,  cd  parallel  to  the  axe*C. 
Ac  perpendicular  to  the  feme,  is 

by  ^l£  +  »j^£+£^Xi<r,iri  being 

dinate. 
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The  Method   of 
SECTION   II. 


Part  IV. 


Of  the   approximate  Quadrature    and  Cuba- 
TURE  of  Curves  by  means  of  equidistant 

ORDINATES  Or   SECTIONS. 

Proposition  I. 

TF  any  right  line  AN  be  divided  into  any  even  num- 
-*  ber  of  equal  parts  AC,  CE,  EG,  6*c.  and  at  the 
points  of  divifion  be  ereSled  perpendicular  ordinates  AB, 
CD,  EF,  e^r.  terminated  by  any  curve  BDF  ^c.  and 
if  A  be  put  for  the  fim  of  the  extreme  or  firft  and  Iq/i 
ordinates  AB,  NO  ;  Bfor  tbefum  of  the  even  ordinates 
CD,  GH,  LM,  ^c.  viz.  the  fecond^  fourth^  fxth^ 
^c.  and  C  for  the  fum  of  all  the  refi  EF,  IK,  ^c. 
viz.  the  thirdjffthj  ^c.  or  the  odd  ordinates  wanting 
the  frfl  and  laft :  Then  I  fay  that  the  common  diftance 
AC  or  CE,  &c.  of  the  ordinates  being  drawn  into 
the  fum  arming  from  the  addition  ^  A,  4  times  B, 
and  2  times  C,  one-^third  of  the  produ^  will  be  the 
area  ABON  very  nearly. 

That  is^         ^ — ^  xD-  the  area^  putting  D  = 
AC  the  common  diftance  of  the  ordinates. 

Demonstration. 

If  through  the  firft  three 
points  5,  Z),  Fj  of  the  pro- 
pofed  curve  a  parabola  be 
.conceived  to  be  drawn,  hav- 
ing its  axe  parallel  to  die  or- 
dinates ;  the  parabolic  area, 
by  the  fecond  corollary  of 
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the  laft  propofition  will  be  — —^ — — —  x  AE 

S5  — ^^ — ^ —  ^  -^^i  ^^^  when  the  points  -B, 

/),  F,  are  at  no  great  diftancc  from  each  other, 
the  parabolic  curve  will  nearly  coincide  with  the 
curve  propofed,  and  confequendy  the  area  of  the 
one  equal  to  that  of  the  other  very  nearly ;  hence 

— ^- — — —  X  AC  will  be  equal  to  the   area 

ABFE  very  nearly.      After  the   lame   manner 

the  area  EFKI;  and  ^^+4^^^+^^  x  AC  ^  the 
area  IKON;  and  fo  on. 
'  Wherefore,  by  taking  the  (um  of  thefe  areas,  we 

3 

yjC  =  ^  +  ^^  +  ^^  X  AC  for  the  whole. area  ABON 

3 

very  nearly.     ^E.D. 

C  o  R  o  L  L  A  R  Vr 

The  fame  theorem  will  alfo  obtain  for  the  con- 
tents of  all  iblids,  by  uling  the  fedions  perpendi^ 
cular  to  the  axe  inflead  of  the  ordinates,  as  will 
appear  from  the  laft  proportion  of  the  laft  fedlion; 
for  the  fhiftum  of  the  folid  there  may  be  ftLppoTed 
to  coincide  in  the  extremes  and  middle  with  any 
other  fruftum,  after  the  fame  manner  as  the  para- 
bola with  any  other  curve.  The  propofition  is  ac- 
curately true  for  all  parabolic  and  right-lined  areas, 
as  alfo  fpr  all  fblids  generated  from  the  revolution  of 
conic  feiflions  or  right  lines^  with  all  kinds  of  py- 
ramids ; 


/•-  ^-  o^ 
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ramids ;  and  for  all  other  kinds  of  areas  and  fo- 
lidities  it  is  a  very  good  approximation. 

Scholium. 

It  is  very  evident  that  the  greater  the  number  of 
ordinates  or  fedions  are  ufed,  the  more  accurately 
will  the. area  or  fblidity  be  determined;  but  in  a 
cafe  of  real  pradlice,  fuch  as  cafk-gauging,  three 
fedlions  are  fufficient ;  and  becauie  of  the  fimplicity 
and  accuracy  of  diis  method,  it  is  by  £ir  the  mofl: 
proper  for  pradlical  gangers  of  any  thing  that  cam 
well  be  devifed ;  for  by  only  taking  the  bung  and 
head  diameters  and  a  diameter  in  themiddle  between 
them,  the  fum  of  the  bimg,  head,  and  4  times  the 
niiddle  circle  drawn  into  half  the  length  of  the 
caflc  will  be  fix  times  the  content  extremely  near. 
And  the  fame  method  may  be  ufed  to  good  pur- 
pofe  in  all  cafes  of  uUaging  either  (landing  or  lying 
cafks,  by  taking  the  area  at  the  top,  bottom,  and 
middle  of  the  liquor. 

I  fhall  fubjoin  two  or  three  examples  to  Ihew  the 
cafe  and  accuracy  of  the  method,  referring  thofe 
who  would  fee  it  more  fully'  illuflrated  by  exam- 
ples &c.  to  Mr  Mofs's  Gauging. 

Example  L 

Let  it  be  required  to  find  the  ^area  <^  tibe  qua- 
drant of  a  circle  vrhofc  radius  is  i  •  .     . 

Let  the  radius  be  divided  into  10  equal  parts 
by  II  ordinates,  the  firft  bang  nothing  and  the 
laft  equal  to  the  radius,  and  Ae*  intermediate  9  or- 
dinates the  fines  of  the  arcs  whofe  verfed  fiaies  arc 
refpeiStively  rV,  A,  tV;  tV »  to  j  A,'tVj  A,  and  rV 

Now^ 
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Now,  by  the  propcrtyof  the  circle,  we  fliaU  have 

\/r9X*i.=  \/'i9  =  '43^18899  =  the  2d  ordinate,  ©r 

the  firll  of  the  aforefaid  nine, 
V'rS  X  '2  =  v/'36  s/^  =  the  3d  ordinate, 
Vi*?  X  *3  =  v/'5i  =  •7141428  =  the  4th, 
v/r6x-4  a  v'*64  =  'S-  =  the  5!th, 

v^^•5  X '5  =  >/*75  =  •8660254  =  the  6th, 

V^r4x'6  =  v/*84  =  •9165151  =  the  7th, 

x/i'$  X  -7  =  y/'gi  =  -953939^  =  the  8th, 

\/r2x-8  x:  v^«96  =  '9797959  =  the  9th, 

i/i*i  X  '9  =  v/'99  =  '9949874  =  the  loth,  ' 

the  I  ith,  being  =  i  the  radius^  as  was  before  ob- 
ierved. 

Hence  J  =  o  +  i  =  i»  -^  =  the  2d  +  4th  +  6th  + 
8th  +  loth  =  3'9649847,  and  C  =  the  3d  +  5th  + 
7th  +  9th  =  3*2963i I,  and  Z)  =  *i. 

Ck)nfequently  ^Lt^±^^  B  =  ^^  x  -i  = 
♦78175  =  the  area  pretty  near  the  trudi. 

This  area  differs  from  the  truth  by  more  than 
in  curves  in  general,  on  account  of  the  obliquity 
of  the  ctirve  to  the  ordinates  near  the  beginning 
of  the  arc ;  but  if  by  the  fame  rule  we  find  the . 
arc  belonging  to  the  9  greateft  ordinates,  which 
will  be  70363,  and  to  it  add  the  area  of  the  iemi- 
fegment  whofe  altitude  is  *2  and  bafe  *6,  confider- 
ing  it  as  a  parabola,  viz.  *6  x  '2  x  f  =  •oS,  the  fiim 
•7836  will  be  nearer  the  true  area^  and  if 'oSiyiT' 
the  true  area  of  the  fegment  had  been  added,  we 
ihould  have  had  '78538  the  area  very  ^xad. 

6  A  Ex-^ 


£  X  A  M  P  L  E    il. 

Taking  example  i  to  prob.  5  of  me  parabola,* 
in  which  the  abfciiTa  of  a  parabola  is  2,  and  the 
bafe  or  double  ordinate  1 2,  to  find  the  area  of  the 
parabola. 

Here  by  tailing  three  ordinate^,  of  which  the 
firit  and  la(^  ar$  ^h  n9tiuJ3gy  an4/di^ini4icUev.one. 
=  2,  their  copunon  diiqui^e  b/^g  6  ^  ^e  Qi^l  liutye  - 

Confequently  ii^^j^ xD^^Ik6=i6  =the 
true  area  as  before, 

Example  til. 

Gixen  the  lengths  of  fiye  egmdiftant  oi^di^ates  of 
an  area,  or  fe<9tion$,  o^  a  foHd,  iq,  11,  14,  1.61 16, 
and  the  length  of  the  wlxcde  bafe  20  j  to  fi^,  ^^ 
area  or  fblidity. 

Hfre^  =  >o+  16  =2^,  B?s  11  +  id«  J27,  Cfe 

14,  and  Z).a?.  ~:s?  .J» 


l6a 


VOiftrefere  r^i.-*^  -^f^  '"^-'y^  j^ ^  =m>  f->Q^  ^-^  ^  ^^ 


}{  j;  ss  54  ><  J  ss  ^7^  ^  tbfi  ana  or  fcdufiit^  re^ 

quiredi 

£  X  A  M  B  L  £    TV; 

■      *     . 

tlu;.  afy^iwptptes,.  to.  find  thfe  ^5}{^,    Ihps,  takia|5^. 

tl^e^^  i^uatjofr  at  %.end.<5f  qs^i^i^ft  4  tpjcOfioUary. .j 

to.  prpp,  I  .r?|$,  i>  iff  ;'^lHch.  a|i)t  qsfdiwite  y,  is  a 


•^  «  tik;^  then  fittpofing  dtffirft  value  x>£  x  to 

be 


lO 

9 
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ft 

be  nothing,  and  the  laA:  value  equal  to  i ,  asld  con* 
.  fcquently  die  common  diftajjce  of  the  ordinates 

•  I  or  Vo }  we  Ihall  havQ  for  Ae  ordinates  7:^ ,  --—-  ^ 

t  a  10       JO'     £0       10       lO       JO.     jio       10       ;o 

TqpTj,  <xc.  or  ,<>,„,  ,jv  ,3»  ti»  ^>  i6»  17''  te 

10       J   10  •'    -- 

—  &I1CL  "*^ .    ■ 

+  ^  +  if  +  if  +  i|;  «  3'4^9/393,  <?  a  H-t*  if 
+  TT  +  -$4  »  272*174^^,  and  Z?  sa  -I. 

Wherefore  ^  +  ^f  +  '^  x  J?  =  '60315021  a  the 

area  required. 

Proposition    II. 

Given  any  equtdiftant  ordinates  of  a  cutve^  or  fee- 
turns  ofafolidy  as  a,  b,  c,  d,  e,  f,  ^c.  f^Jind  nearly 
a  general  expr^on  qfthe  areg,  orji^ityhy  tht^tetmt 
a,  b,  c,  ^x,  andtkc  hafe  upon  nvhich  they  infifi. 

The  &E&:  dj&am^f^  <vf^«  t«fo»s./i,  hvcljii^ift  iSoo.  arc 

■    Thedif-ofthefeare" 
Thedif.  ofdiefe^are 
The  dif  .  of  thgOs  are 

^D(fi.difwt  of  theie-'ars 
/-  5^ +'  io</  -  io<:  +  5>  -^  tf,  &c. 
Then  by  putting  «,  /J,  y„  VJ  ^^  8ec;  for  die  ftfflf 
term  of  thefe  differences  Fei^pe^vely,  ai^d  tranipo^ 
fing,  we  ihall  have 
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^  =  +  ^z  — 3*+   3C+      7 
fs=-^  +  4^-    6er+    4^?+    / 

/as  +  a- 5J+ 10^— IjoJ  +  5^  + t 
&c.  &c- 

Hence,  by  fubftituting  the  value  of  h  In  that  of 
£ ;  and  die  values  of  h  and  c  in  that  of  d ;  and 
thofe  of  ft,  Cy  and  ^  in  that  of  e ;  and  thofe  of  hy  Cy 
4y  and  c  in  that  of/;  and  fb  on ;  we  fhaU  obtain 

&  ss  A  +  ce 

^  ss  tf  +  4*  +    6/a  +    4y  +    ^ 
/=  a  +  5«  +  10^  +  ic>y  +  5^  +.e 
&c.  &c. 

Where  it  is  evident  that  the  coefficients  in  the  value 
<of  any  term  are  the  fame  with  thofe  of  a  binomial 
raifed  to  the  power  denoted  by  the  place  or  number 
of  the  term,  and  confequently  the  x  term  2;  will  be 

+  &c.  Which,  by  afhially  multiplying  the  fadlors 
together,  &c«  becomes  z^a 

^*3  ^3-4 

2-3  a-3'4  ».3«».i 

2.3^.4  3.3-4-5 

,  1.2.3.4  &r 
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And,  by  cor.  5  prop;  i  iedt.  i,  die  aWa  will  be 
jEx:^+  ia^+  iA;v^+T4rx'+TTo^Jf^+TTo«x^&o 
-  i^^-  iyAr*-TV^5c5^  yV^x^     &c. 

&€. 

Where  L  reprefents  the  length  of  the  baft. 

Which  area  will  be  had  accurately  time  when 
the  differences  are  continued  till  one  order  of  them 
becomes  equal  to  nothing,  for  then  the  feries  will 
break  off" and  terminate;  that  is,  an  area  is  quadra- 
ble  whenever'  one  of  tiie  orders  of  the  differences  of 
its  equidiftant  or dinates  confifts  of  a  feries  of  no- 
things or  any  other  equals,  or  of  a  feries  of  afith- 
meticals ;  but  if  an  onier  of  the  differences  never 
become  equal  to  nothing,  the  area  will  be  expreffed 
by  an  infinite  feries. 

When  the  terms  or  ordinates  are  taken  near  to 
mie  another,  the  differences  will  the  fboner  become 
equal  to  nothing,  or  nearly  fo ;  and  if  any  order 
of  differences,  and  confequently  its  fucceeding  ones, 
berejeded  as  inconfiderable,  we  ftiall  have  an. ap- 
proximate value  of  the  area,  and  that  the  nearer 
the  truth  the  more  of  the  differences  «,  ^,  y,  <f,  €,  &c- 
are  ufed. 

6  B  Thus, 
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•  Thus,  if  there  be  only  one  ordinate,  or  if  «,  j&y 
.7,  &c.  be  reje<fted,  the  area  will  be  ^Z. 

If  there  Be  two  ordihates,  or  p,  y,  /,x8cc>  be  re- 
jeded,  X  will  be  =  i,  and  the  area  wxH "be  a  +  ia  x 

2 

If  there  be  three  x>rdinates,    or  y,  J",  €,  &c.  be 
rejedled,    x  will  be  =  2,    and  die  area  will  be 

If  there  be  four  ordinates,   or  /,  £,  &c.  be  re- 
jeded,  X  will  be  =  3,  and  the  area  will  be 

a  +  |«  +  |/5  +  fy^  ______ 

-  i«J  -  T^>  X  -L  =5  a  +  f «  +  i^  +  |.y  X  Z  « 

+  -f  y^ 

^"<-':?^  +  3g  +  ^  X  L. 

And  thus  by  putting  x  equal  to  every  number 
fucceffively,  we  fhall  have  the  following  table  of 
areas  anfwcring  to  the  refpedive  number  of  ordi- 
nates fet  oppofite  t0  them,  of  which  every  ex- 
•preffion  is  more  accurate  than  the  preceding  one$^ 
and  in  which  A  reprefaits  the  fum  of  the  firft  and 
laft  terms,  B  the  fimi  of  the  fccond  and  laft  but 
one,  C  the  fum  of  the  third  and  laft  but  two,  &c. 
•and  the  laft  of  the  letters  denotes  the  double  of  the 
middle  term  when  the  number  of  terms  is  odd, 
.alfo  L  denotes  the  length  of  the  whole  bafe  or  tlie 
•diftance  between  the  firft  and  laft  terms. 


N^ 
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Taking  the  iccond  example  to  the  laft  propofidoni 
where  are  given  the  five  perpendiculars  lo,  ii,  14, 
i6y  16,  and  die  diftance  between  the  firft  and  laft 
=  20;  w^fhall  have -4=io  + 16=26^-5=11  +  16^27, 
C  s  14  X  2  as  28^  and  Lss  20. 

Hence  by  the  rule  for  five  ordinates  ^    ^^90       ^ 

r  183+864+1^8  1214  r      y  ^, 

,xL-  90      ^  ^^  ^  T^  X  2  as  269^  as  thc 

area,  as  before  nearly. 

Scholium* 

When  there  are  many  ordinates  given,  the  caie 
may  be  reduced  to  fewer  by  adding  together  the 

firft 
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firft  and  laft  ordinates,  the  fecond  and  laft.  but  one, 
the  third  and  laft  but  two,  and  fo  on,  and  conf>- 
derlng  the  fums  as  a  new  fet  of  terms  upon  a  bafe 
equal  to  half  that  of  the  former.  Or  there  may  be 
added  together  the  two  firft  and  two  laft  terms  into 
one  film,  then  the  four  terms  next  to  thefe^  &c.  or 
we  may  add  three  at  the  beginning  to  three  at  the 
end,  then  the  next  fix,  &c.  always  diminifhing  the 
bale  in  proportion  to  the  ilumber  of  terms  that  are 
added  into  each  fum.  And  the  content  will  be 
nearly  the  fame  in  each  cafe. 

Example. 

Taking  the  fourth  example  to  the  laft  propofitioiiy 
in  which  are  given  the  eleven  ordinates  t|,  f t»  ff > 

rh  H,  rf ,  "rh  If,  rh  if,  T7,  and  the  diftance  of 
the  firft  and  laft  =  1 4  we  ftiall  have  il  +  il  =  i  '5, 

i  r+l|=  I'*4354o69,tI  +-M  « 1-3888889,  H  +  rf 

.-  l*3574<^6,  |^  +  if*  1*3392857,  and  4-T  x  2=  if- 

•  Hence  A  =  1*5  +  17  =  2f,  B  «  f43i'4o69  + 
1*3392857  =  27746926,  Cs  r3888889+  r35746(J 
sj  2*7463549,  and  Z  =  i.    . 

Then,  by  the  rule  for  fix  ordinates,   we  ihalf 
iiave  '9^+7^5j  +  5og  ^j,^  .6931476,    which  is 

much  nearer  to  the  truth  than  the  nimiber  found  by 
die  former  rule,  the  true  number  being  •(J9314718,. 
and.  is  the  hyperbolic  logarithm  of  2* 


SEC- 
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SECTION  III. 

0/tbe  Relation  between  the  Areas  and  Solidities 
of  Figures  and  the  Centers  ^Gravity  of  their  gene- 
rating Planes  and  Lines. 

Proposition  I, 

JF  any  Oney  right  or  curve,  or  any  plane  fgure  vfhe- 
•*■  ther  it  be  bounded  by  right  lines  or  curves^  revolve 
about  OB  axe  in  the  plane  ^ the  fgure;  thejurface  or 
folid  generated,  •will  be  re/pe£iively  equal  to  thefurface 
or  folid  ivbofe  bafe  is  the  given  line  or  fgure,  and 
height  equal  to  the  arc  defcribed  by  the  center  of 
gravity  of  the  faid  generating  line  or  fgitre ;  and 
cottfequently  the  content  will  be  found  by  drawing  the 
generating  line  or  fgure  into  the  arc  defcribed  by  its 
center  of  grannty. 

Demonstration. 
Let  AFHD  be  the  figure 
generated  by  the  giTen  line 
or  plane  ABD;  through  C 
the  center  of  gravity  of 
which  draw  DCAE  per- 
pendicular to  die  axe  of  re-  ■ 
volution,  and  meeting  with 
HGFE  in  E\  and  let  every 
point  of  the  bafe  be  reduced 
to  AD  by  means  of  perpen- 
diculars to  it. 

The  figure  AFHD  gene- 
'    rated  is  equal  to  all  die  AF, 

CG,  DH,  &c.     But,  by  fimilar  figures,   all  the 
Iq  '  AF, 


470      r^RBLAxibN  W/4tv«»|fi<JUREs   PaaxlVi 

JF,  CG,  DH^  .&c-  are  as  all  the  EA^  EC,  ED^  &c. 
and,  by  mechanics,  the  fum^  of  all  the  EA,  ECyl 
£2>,  &c.  is  equal  to  fo  inariy  tiin^s  EC;  therefore- 
the  fuitn  of  all  the  AF,  COy  D^j  is  equal  to  {6* 
many  times  CG,  or  equal  to  ADy.  CC?;  that  is,  the 
figure  AFHD  is  equal  to  ABD  x  CG  the  bale 
drawn  into  the  line  defciibedby  its  center  of  gra^^- 
Wtf..    f^E.D.. 

G  OK  d  i>  D  A  R  ir  !♦. 


From  jE  draw  EIKL  cutting  the  upright  prif^' 

matic  figure  erected  upon  the  given  b^fc  ABD,  fo  • 

as  that  any  perpen^cular  AI  may  be  equsd  to  its  * 

.  coirefponcUng  arc  AF.  Then  will  the  ^^e  AILD ' 

he  equal  to  the  figure  -4  FjffZ)* 

For,  by  fimilar  figures,  all  the  JF,  CG^DH,  &lc. 
are  as  all  the  AT,  CKy  DLy  &c.  each  to  each  ;  and 
as  one  of  each  are  equal, ,  therefore  they  arc  alb 
equal,  each  to  each ;  viz.  all  dte  AI,  CK,  DL,  &c.. 
equal  to  all  the  AF,  CG^  DH,  &c.  that  is,^tfae  fik- 
gure  MLDcq^l  to  the  BgoniAFHIX 

G  O  R  O  L  L^  A /R-  T    IL  ~ 

Through  /Tdraw  JW/ri^(? ;  and  the  figure  ^-ATM^'* 
will  be  equal  to  the  fi^;ure  ^/AXi)  or  equal  ^o  the 
figure  AFHD. 

For,  by  the  laft  corollary,  ANJilD  is  e^ual  to* 
the  figure  defcribed  by  the  bale  AD  revolving 
about  0  till  the  arc  delcribed  by  C  be  equal  to^ 
CK;  which,  by  the  propbfition^  is  equal  to  Ai)  x  CK' 
ecAD^CG.^ 

Oo^ 
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Hence  all  the  upright  figures  A^KHD,  AJKLh, 
ANKMD,  AKPD,  &c.  of  the  fame  bafe,  and 
bounded  at  the  top  by  lines  or  planes  cuttii;g  the 
upright  fides  and  paffing  through  the  extremity -iC 
of  the  line  CK  eredled  upon  the  center  of  gravity 
of  the  bafe,  are  equal  to  one  another ;  and  the 
value  of  each  wiU  be  equal  to'  the  bafe  drawn  into 
die  line  CKr 

Hence  alio  all  figures,  defcribed  by  the  revolution 
of  the  fame  line  or  plane  about  dijSerent  centers  or 
axes,^  will  be  equal  to  one  another  when  the  arcs 
defcribed  by  the  center  of  gravity  are  equal.  But  if 
thoie  arcs-  be  not  equstl,  Ae  figures  generated  wU- 
be  as  the  arcs;  Add  in  general,  the  figures  gene- 
i^ted  will  be  to^one  another  as  the  revolving  lines 
or  planes -drawn  into 'the  arcs  defcribed  by  their 
M!^e Aive  xent'CTs  of  gravky>; 

Cor  Oh  t  AR  y  IV. 

Moi«over^  the  oppofite  psats  iy/ZT,  MLKy  of  mj' 
two  of  tbefe  figures  are  eqi^al  to/^ea^^  other. 

Go  R  at  L  A  RrV    V. 

Tlhe  figure  ASPDis  to  the  figure  \4?^,  a?  AS'^ 
tft  CK ;  or,  by  fimilar  triangfes,  they  will  fee  as  AD^ 
iSbAC; 

For  JSP D' is  cqualt6--4Z>*if«^i  and  Ji^2>  is- 

equal  to -ili)  X  iCiC 

» 

Cb'R  O'L  LA  Kit    VT. 

If  the  line  or  plane  be  fuppoled  to  be  at  adi  infill 
c^'diftanee  from '  the  ceitteF  about  which  it  re- 
volves^* 
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volvcs,  the  figure  generated  will  be  an  upright  fur- 
face  or.prifm,  the  altitude  being  the  line  defcribed 
;by  the  center  of  gravity ;  fo  that  the  bafe  drawn 
into  the  faid  line  will  be  equal  to  the  bafe  drawn 
into  the  altitude,  as  it  ought  for  all  upright  figures 
whofe  fedions  parallel  to  the  bafe  are  all  equal  to 
jeach  other. 

EXAMPtk'L 

If  a  right  line  or  a  parallelogram  revolve  about  a 
line  perpendicular  to  the  length,  there  will  be 
defcribed  a  ring  ,either  fliperficial  or  folid  j  and  as 
the  center  of  gravity  of ,  the  defcribing  line  or  pa- 
rallelogram is  in  the  middle  of  them,  the  general 
rule  will  become  the  fame  with  rule  3  feft.  i  part  3,- 
and  the  rule  at  prob.  2  fefti  7  part  3. 

When  the  center  of  revolution  is  in  the  end  of 
the  line,  the  line  will  defcribc  a  circle  whofe  radius 
is  the  faid  de£bribing  line,  and  whofe  circumference 
is  double  the  circumference  defcribed  by  the  center 
of  gravity ;  confcquently  the  radius  drawn  into 
half  the  circumference  will  be  the  area  of  the  circle. 

Exam  p  l  e  II. 

If  the  right-angled  triangle  AB  C 
xevolve  about  the  perpendicular  BC 
ajid  .defcribe  the  cone  ABD.    ^ 

Draw  BE  to  bifedl  AC,   and 

take  EF  equal  to  one-third  of  BEy 

•and  /^  wilLbc  the  center  of  gravity  of  the  triangle 

ABC^  as  is  well  known.     Draw  2^G  parallel  to 

.'  '  AC 
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AC. ^Then  the  line  defcribed  by  F  will  be  the 

circumference  of  a  circle  whofe  radius  is  FG ;  and, 
by  the  general  rule,  the  cone  will  be  equal  to 
A  ABC  X  GFy.  811  (putting  »  =  -785398  &c^  =  AC 
X  ^CB  X  \CE  xSn^ACx  iCB  x  i^CA  x  8n  =  AC\ 
X  ^CB  X  4n  =  AD^  x  ^CB  x  n  ^  the  bafe  drawn 
into  onerthird  of  the  altitude,  as  it  ought* 

Again, .  from  -ff  the  middle  of  AB  draw  HI  pa- 
rallel to  AC;  then  is  If  the  center  of  gravity  of 
AB^  and  coniequendy  the  furface  defcribed  by  AB 
will  ht  AB  X  circumference  whofe  radius  is  ^7/= 
AB  X  half  the  circumference  whofe  radius  is  AC:s 
the  fide  drawn  into  half  the  circumfemice  of  the-* 
bafe  =:  the  furface  of  the  cone,  as  it  ought. 

Ex  A  MP  L  E    III. 

If  the  femi-circle  DC  A  (fig,  page  14)  revolve' 
about  the  diameter  ^i),  and  defcribe  the  furface  of/ 
».  fphere; 

If  there  be  talon  Z)C:CF::CF:J/r=5^«^, 

putting  r  for  the  radius  and  c  for  the  whole  cir-- 
cuH^erence  j  ^  will  be  center  of  gravity  of  the  arc 

DC  Ay  and  coafequently  r :  c::  {FB)  ^  i4r  =  the ' 

Hue  or  circumference  defcribed  by  jfiT-  the  center  of 
gravity ;  and,  by  the  general  rule^  DC  A  x  4r  = 
ic  X  4r  zz  2rc  =  the  furface  of  the  fphere  =  the- 
circumference  into  the  diameter,  as  it  ought. 

And  for  the  foHdity  of  the  fplicre,  we  fhall  have  • 

firft  is  :  2r : :  |r :  -^  =r  the  diftance  FH  oi  the  • 

center  of  gravity  of  the  feittii«circl«  DCADfroibk' 

6  D-  the' 
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the  diameter  AD^  which  is  two-thirds  of  the  dis- 
tance of  the  center  of  gravity  of  the  arc  DC  A  from 
the  fame  diameter  DA^  ixx  the  former  cafe;  con- 
fequently  the  line  defcribed  by  the  center  of  gra- 
vity in  this  cafe  will  be  two-thirds  of  that  in  the 
former ;  but  the  defcribing  line  in  the  former  cafe 
is  to  the  defcribing  fpace  in.  this  as  i  is  to  \r^ 
wherefore  i  \  \y.\r  i.:  fm'face  of  the  fphere  :  foli- 
dity  =  |r  -K  furfacc% 

Corollary. 

The  circumference  of  the  circle  whofe  radius  is 
the  diflance  of  the  center  of  gravity  of  the  femi- 
circirnifepence  of  any  circle  from  its  center,  is  equal 
to  four  times  the  radius  of  that  circle* 

Example   IV. 

For  the  folidity  of  the  parabolic  fpindle,  putting 
h  =  the  bafe  and  a  =  the  altitude  ot  axe  of  the  ge- 
nerating parabola,  and  n  =  785398,  &c.  as  before. 

It  is  known  that  \a  is  the  diftance  of  the  center 
of  gravity  from  the  bafe,  and  confequently  '/  a  = 
the  line  defcribed  by  the  center  of  gravity  j  but 
\ab  is  =  the  revolving  area ;  whcirefore  'ju  x  ^ab 
'::z\\adb  will  be  the  content,  which  is  tt  of  the 
circumfcribed  cylinder* 

Example  V. 

For  the  paraboloid.  Making  the  notation  as 
in  the  laft  example,  \b  will  be  the  diftance  of  the 
center  of  gravity  of  the  femi-panibola  ftova,  the 
axe,  confequendy  |*x8«x  ftf^=:  zabb'n  =  die  fo- 
Hdtty  =  half  the  circtunfcribcd  cylinder. 

PART 
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SECTION    L 
^f  Land  Surveying. 

r"  is  fuppofed  that  laad-meafuring  firft  gave  rifd 
to  geometry,  which  hath  fince  been  gradually 
rifing  to  the  height  at  which  we  at  prefent  view 
it.  -Since  the  divifion  of  common  grounds  hath 
become  fo  faihionable  in  Britain,  furveying  h^th 
been  univerfally.  taught  and  pradliced  throughout 
the  nation.  The  mathematical  inflxument  makers 
have  alfo  come  in  for  a  fhare  of  the  profits,  by 
introducing  a  variety  of  inftruments,  oftdn  to  Iittl6 
and  fometimes  even  to  bad  purpofe.  I  fhall  here 
therefore  give  a  fliort  account  of  two  or  three  of 
the  moft  ufeful  inflruments. 

C  H  A  P  T  E  R    I. 

The  defcription  and  ufc  of  the  mojl  nftful  injirumettti 

for  furveying^ 

I.  Of  the  Chain. 

Land  is  meafured  with  a  chain,  called  Gunte/& 
chain/  of  4  poles  or  22  yards  in  length,  which  is 
divided  into  100  equal  parts  called  links,  each  of 
which  is  in  length.  rVo  yards  =  t/o  feet  =  7*92 
inches;  but  in  turning Jiinks  into  inches  or  feet^  or 

the 
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the  contrary,  we  may,  in  many  cafes,  without 
fenfible  error  fuppofe  each  link  to  be  8  inches  or 
I  of  a  foot  in  length.  A  (latute  acre  of  land  is 
4840  fquare  yards  =  1 60  fquare  poles  or  10  fquare 
chains  }  or  iince  40  fquare  poles  or  :J:  of  an  acre  is^ 
called  a  raod,  die  table  of  the  divifions  for  land 
meailire  will  {land  thus, 

625  fquare  links  ^  i  pole  or  perch. 

^  4a  poles  =  I  rood 
4  roods  =  I  acre 
or  1 00000  fquare  links  =  r  acre. 
Hence,  when  any  area  is  found  in  fquare  links^ 
point  off  five  places-  towards  the  right  for  decimals 
of  an  acre,  and  the  figures  on  the  left  will  be  fa« 
many  compleat  acres  ;  then  value  die  faid  five  de- 
cimal places  of  an  acre,  by  multiplying  them  by 
4  for  roods,  and  again  by  40  for  perdies4 

IL  Qf  the  plain  Tabk. 

The  plain  table  is  fo  called  either  from  its  being; 
a  plain  furface,  or  from  its  reducing  the  land,  in 
meafuring,  to^  a  plain^  whedier^  horizontal  or  in- 
clined to  the  horizon. 

This  inftrument  confifts  of  a  plain  r^^bmgular 
board  of  any  convenient  fize,.  the  center  of  which 
when  ufed  is  fixed  by  means  of  fcrews  to  a  three** 
legged  ftand  having  a  ball  and  focket  at  the  top, 
by  means  of  which  when  the  legs-  are  fixed  on  the 
ground  the  table  is  inclined  in  any  dire(5lion«< 

To  the  table  belongs, 

I^  A  frame  of  wood  made  to  fit  round  its  edges^ 
and  to  take  off  for  the  convenience  of  putting  a 
flieet  of  paper  upon  the  table.   The  one  fide  of  this 

frame 
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firame  is  divided  into  3^0  degrees  from  a  center 
which  is  in  the  middle  of  the  table,,  and  the  other 
fide  is  divided  into  1 80  degrees  to  a  larger  radius 

'  from  a  center  towards  one  fide  of  the  table ;  by 
the  means  of  which  divifions  the  table  is .  to  be 
uied  as  a  theodolite,  &c. 

IL  A  needle  and  compafs  icrewed  into  the  fide 
of  the  table,  to  point  out  the  diredlions  and  be  a 

•  check  upon  the  fights. 

III.  An  index,  which  is  a  brais  two-foot  fcale 
with  fights  erected  perpendicularly  upon .  the  ends. 
The  hairs  in  thefe  fights  and  one  edge  of  the  index 
are  in  the  fame  plane,  and  that  edge  is  called  the 
fiducial  edge  of  xht  index. 

Before  you  ufe  this  inftrument,  take  a  iheet  of 
paper*  which  will  cover  it,  and  wet  it  to  make  it 
expand ;  then  fpread  it  fiat  upon  the  table^  prefi[ing 
down  the  frame  upon  the  edges  to  ftretch  it  and 
keep  it  fixed  there;  and  when  the  paper  is  become 
dry,  it  will  by  contradling  again  ftretch  itfelf 
fmooth  or  flat  from. any  cramps  or  unevennefs. 

.  Upon  this  paper  is  to  be  plotted  ^  the  plan  or  form 

'  of  the  thii^g  meafured. 

In  ufing  this  inftrument,  begin  at  any  part  of 

'  the  ground  you  think  the  moft  convenient,  and 
make  a  point  upon  a  convenient  part  of  the  paper 
or  table  to  reprefent  that  point  of  the  ground ; 
then  fix  in  tha^  point  one  leg  of  the  compafles^ 
and  apply  thereto  the  fiducial  edge  of  the  index^ 
moving  it  round  till  through  the  fights  you  per- 
ceive fome  remarkable  objed,  as  the  comer  of  a 

-  field)  &c.  and  from  the  (lation  point  draw  a  Hne 
with  the  point  of  the  compafies  along  the  fiducial 

6E  *  edge 


edge  o^  the  index ;  then  fet  ailother  objc^  and<draw 
its  line  ;  do  the  fame  by  another,  and  fo  on  till  is 
many  objecfbs  be  let  as  may.  be  thought  neceffary. 
Then  meafure  from  your  ftation  towards  Co  many  of 
the  objedls  as  may  be  necefiary  and  no  more,  taking 

,  the  requifite  offsets  to  comers  or  crodks  in  the 
hedges,  &c.  and  lay  the  mcafures  down  upon  their 
refpefltive  lines  Upon  the  tabk.  Then  at  any  coA- 
venient'placc,  meafured.to,  fi:;f  the  table  in  the  fame 
pofition,   and  fet  the  objecSbs  Which  appear'  from 

.  thence,  &c.  as  before ;  and.  thu$  continue  till  your 
work  be  finiftied,  toeaftiring  fuch  lines  as  are  ne- 
ceflary,  and  determining  fo  many  as  you  can  By 

•  interfering  .lines  of  diredion  drawn  from  different 

*  flations. 

And  in  thefe  operations  obferve  the  followiiig 
particular  cautions  and  diredlions. 

1 .  Let  the  lines  upon  which  you  make  (latiofls 
be  dire<5led  towards  obje<^s  as  far  diftant  as  poili- 
ble,  and  when  you  have  fet  any  liich  objed,  go 
round  the  table  and  look  through  the  fights  from 
the  other  end  of  the  index,  to  fee  if  any  other 
remarkable  objedl  lie  diredlly  oppofite ;  if  dierc  be 
not  fuch  an  one,  endeavour  to  find  another  forward 
objedl  fuch  as  ihall  have  a  remarkable  backward 
oppofite  one,  and  make  ufe  of  it  rather  than  the 
other  J  becaufe  the  back  objeft  veill  be  of  ule  in 
fixing  the  table  in  the  original  ptrfition  either  when 
you  have  meafiired  too  near  to  the  forward  objcdk, 
or  when  it  may  be  hid  from  your  fight  at  any  he- 
ceflary  ftation  by  intervening  hedges,  &c. 

2.  Let  the  faid  lines,  upon  which  the  ftations 
we  taken,  be  purfued  as  far  as  you  conveniently 

can; 


'Can ;  for  diat  wiH  be  the  means  of  preferving  morf 
iiccuracy  in  the  work.  ^ 

3.  At  each  ftation  it  will  be  la^ecefTary  to  provp 
ihc  truth  of  it ;  that  is,  whether  it  be  ftreigh,t  in 
the  line  towards  the  ©bjcft^  and  9l£6  whether  tJtie 
diftance  be  rightly  meafored  and  laid  down  on  the 

-  paper.-»-To  know  if  the  table  be  fet  down  ftreigl^t 
in  the  line,  lay  the  index  upon  tjbe  table  in  any 
manner,  and  mpv^  the  table  about  till  throu&;h 
the  fights  you  perceive  either  the  fore  or  back  ob- 
jt&,  i  then,  without  moving  the  table,  go  round  it 
and  look  through  the  fights  by  the  otiher  end  6£ 
the  index,  to  fee  if  the  other  objeSk  can  be  per- 

'  ceived ;  if  it  be,  the  table  is  in  the  line ;  if  not,  it 
TOuft  be  fliifted  to  one  fide,  according  to  your 
judgment,  till  through  the  fights  both  objeds 
•can  be  feen. — The  aforefaid  operation  only  informs 
you  if  the  ftation  be  ftreight  in  the  line ;  but  to 
l:now  if  it  be  in  the  right  part  of  the  line,  that  is, 
if  the  diftance  have  been  rightly  laid  down ;  fix 
the  table  in  the  original  pofidon,  by  laying  the  in- 
dex along  the  ftation  line  and  turning  the  table 
about  till  the  fore  and  back  objecfts  appear  through 
the  fights,  and  then  alfo  will  the  needle  point  at 

.  the  fame  degree  as  at  firft ;  then  lay  the  index  over 
by  the  ftation  point  and  any  other  point  on  the 
paper  reprefenting  an  objedl  which  can  be  feen  from 
the  ftation ;  and  if  the  faid  objedl  appear  ftreight 
through  the  fights,  the  ftation  may  be  depended  on 
as  right ;  if  not,  the  diftance  fhould  be  examined 
and  corre<Sled  till  the  objedl  can  be  fo  feen.  And 
for  this  very  ufeful  purpofe,  it  is  advifeable  to  have 
fome  high  object  or  two,  which  can  be  feen  fnom 

the 
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the  greateft  part  of  the  ground,  accurately  laid 
down  on  the  paper  from  the  beginning  of  the  fuE^ 
Ycy,  to  ferve  continually  as  proof  objedfa. 

VS^hen  from  any  ftation  the  fore  and  back  objedte 
cannot  both  be  feen,  the  agreement  of  the  needle 
with  one  qf  them  may  be  depended  on  for  placing 
the  table  ftreight  on  the  line,'  and  for  fixing  it  ia 
the  original  pditic». 

Of  the  Jbiftifig  of  the  paper. 

When  one  paper  is  full,  and  you  have  occafioa 
for  more ;  draw  a  line  in  any  manner  throiigli 
the  fartheft  point,,  of  the  laft  ftation  Ime,  »>  which 
the  work  can  be  conveniendy  Isdd  down ;  thea 
take  the  iheet  off  the  table,  and  fix  another  on,, 
drawing  a  line  upon  it,  in  the  part  the  mod  con- 
venient for  the  reft  of  the  work;  then  fold  or  cut 
the  old  fteet  by  the  lioc  drawn  on  it,  apply  the 
edge  to  the  line  on  the  new  iheet,  and,  as  they  he 
*^  .  in  that  pofition,  continue  the  laft  ftation  line  upon 

the  new  paper,  placing  thereon  the  reft  of  the  mea- 
.  fore,  beginning  at  where  the  old  iheet  left  it*   And 
fo  on  from  Iheet  to*  iheet. 

After  the  work  is  done,  when  you  would  faften 
all  the  iheet^  together  into  one  piece  or  rough  plan, 
theie  lines  are  to  be  accurately  joined  together  as 
when  the  lines  were  transfered  from  the  eld  iheets 
to  the  new  ones. 

But  it  is  to  be  noted  that  if  the  faid  joining 
lines,  upon  the  old  and  new  fheet,  have  not  the 
lame  inclination  to  the  iide  of  the  table,  the  needle 
will  not  point  to  the  original  degree  when  the  table 
is  redified  j  and  if  the  needle  be  required  to  re* 


SedL  L  S(jiLV£TiNG«  481 

fped  ftill  the  fame  dtg^e  of  the  compafs,  the  eaiieft 
way  ef  drawing  the  lines  m  the.  fame  pofitipn,  is 
to  draw  them  both  parallel  to  the  fame  fides  of  the 
table  by  means  of  the  ^uiJ  divifions  marked  on 
tb;e  <M&er  two  ikies* 

Of  the  Theodolite. 

The  dieod6lite  is  a  brazea  circular  ring  divided 
into  ^6o  deglrees,  having  an  index  with  figh^ 
.placed  upon  the  center^  abput  which  the  index  is 
moveable,  and  a  compafs  fixed  to  the  center,  to 
point  out  courfes  ahd  check  the  fights  ;  the  whole 
being  fixed  by  the  center  upon  a  (land  of  a  conve- 
nient height  for  ufc. 

In  uling  this  inftninient,  an  6xa<6l'  account,  or 
field-book,  of  all  meafiires  and  diings  neecljary 
to  be  remarked  m  the  plan,  muft  bd  kept,  from 
which  to  make  out  the  plan  upbn  your  return 
home  from  the  ground. 

Begin  at  fiich  part  of  the  grotind  and  meafure 
in  fuch  diredlions  as  you  judge  ihoft  cbnvenient, 
taking  angles  or  direiSlioris  to  objefts,  and  mea- 
furing  fuch  diftances  as  appear  necefiary,  under 
the  fame  reftridlions  as  in  the  ufe  of  the  plain  table. 
And  it  is  fafeft  to  fix  the  dieoddlltc  itt  tne  original 
pofition  at  every  ftation  by  means  of  fore  and  back 
objedls,  and  the  dompafs,  exactly  as  in  ufing  the 
plain  table ;  regiftering  the  number  of  degrees  cut 
oflp  by  the  index  when  direiSed  to  each  objcifl ; 
and  at  any  ftation  placing  the  index  at  the  fame 
degree  as  when  the  dirdaion  towards  that  ftation 
was  taken  firom  the  laft  pKceding  one,  to  fix  the 
theodolite  there  in  the  jtfriginal  pofition,  after  the 

6  F  fame 
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iame  manner  as  the  plain  table  is  fixed  in  the  ori- 
ginal pofition  by  laying  the  index  along  the  line 
of  the  laft  diredion. 

The  beft  method  of  laying  down  the  aforefaid 
lines  of  diredlion,  is  to  defcribe  a  pretty  large  cir- 
cle, quarter  it,  and  lay  upon  it  the  feveral  numbers 
of  degrees  cut  off  by  the  index  in  each  diredlion ; 
then,  by  means  of  a  parallel  ruler,  draw  from  fta-* 
tion  to  ftation  lines  parallel  to  Unes  drawn  from  the 
center  to  the  reipeiflive  points  in  the  circumference* 

Of  the  Crofs. 

The  crofs  coniifls  of  two  pair  of  fights  fct  at 
right  angles  to  each  other,  upon  a  flan  having  a 
ilurp  point  to  (lick  in  the  ground. 

TTie  crofs  is  very  ufeful  to  meafure  fmall  and 
crooked  pieces.  The  method  is  to  meafure  a  bafe 
or  chief  line,  generally  in  the  longeft  diredlion  of 
the  piece  from  corner  to  comer,  taking  die  places 
of  perpendiculars  upon  this  line  from  the  feveral 
comers  and  bends  in  the  boundary  of  the  piece, 
with  the  crofs,  by  fixing  it  by  trials  upon  fuch 
parts  of  the  line  as  that  through  one  pair  of  the 
fights  both  ends  of  the  line  may  appear,  and  through 
the  other  pair  you  can  perceive  die  correfponding 
bends  or  comers  j  and  then  meafuring  the  lengths 
of  the  faid  perpendiculars. 

Scholium. 

Befides  the  fore-mentioned  inflruments,  which 
are  mofl  ufed,  there  are  fome  others,  as  the  cir- 
cumferentor  mu^h  like  to  the  theodolite  in  ihape 

and 
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iind  ufe,  and  the  femi-circle  for  the  taking  of  an- 
gles, &c.  But  of  all  the  inftruments  for  meafuring, 
the  plain  table  is  certainly  the  moft  excellent ;  not 
only  becaufe  it  may  be  ufed  as  a  theodolite  or  femi- 
circle,  according  as  you  put  uppermoft  the  fide  of 
the  frame  having  the  360  degrees  or  that  which 
hath  the  femi-circle  or  180;  but  becaufe  that  it  is 
in  its  own  proper  ufe  by  much  the  eafieft,  fafeft, 
and  moft  accurate  for  the  purpofe ;  for  by  planning 
every  part  immediately  upon  the  fpot  as  loon  as 
ineafured,  there  is  not  only  faved  a  great  deal  of 
writing  in  the  field  book,  but  becaufe  that  every 
thing  can  be  planned  more  eafily  and  accurately 
while  it  is'  in  view  than  afterwards  from  a  field 
book,  in  which  many  little  things  muft  be  either 
negle<£led  or  miftaken ;  and  befides,  the  opportu- 
nities which  the  plain  table  aflTord  of  correding  our 
work  or  proving  if  it  be  right  at  every  ftation,  are 
fuch  advantages  as  can  never  be  balanced  by  any 
other  method.  But  although  the  plain  table  be  the 
moft  generally  ufeful  inftniment,  it  is  not  alivays 
fb ;  there  being  many  cafes  in  which  fbmetimes 
one  inftrument  is  the  propereft  and  fometimes  ano- 
ther ;  nor  is  that '  furveyor  mafter  of  his  bufinefs 
who  cannot  in  any  cafe  diftinguifh  which  is  the 
fitteft  infbnmient  or  method,  and  ufe  it  accordingly : 
nay  fometimes  no  inftrument  at  all,  but  barely  the 
chain  itfelf,  is  the  beft  method,  particularly  in  re- 
gular open  fields  lying  together;  and  even  when 
you  are  ufing  the  plain  table  it  is  often  of  advan- 
tage to  meafure  fuch  with  the  chain  only  and  from 
thofe  meafures  lay  them  down  upon  the  table ;  and 
fbme  eminent  furveyors  have  been  fo  fbiick  with 

the 
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the  eafe  andiimplicity  of  this  method,  that  they  ha^e 
negledled  and  exploded  the  ufe  of  every  inArumeat 
whatever :  and  indeed  fuch  pra^ice  is  not  fo  abfurd 
as  ibme  other ;  for  although  it  be  often  attended 
with  miKh  trouble  in  meafuring,  and  even  iome- 
times  be  impradlicable,  as  in  furveying  a  town^  or 
anK>Qg  buihes,  &c.  and  attended  with  trouble  a)fi>  in 
the  plannijag  on  account  of  fome  of  the  lines  snea- 
Turing  to  more  than  they  oughts  yet  when  fuch 
lines  are  corrected  and  the  parts  of  the  plan  made 
to  fit,  the  true  furface  will  then  be  represented  by 
the  plan :  but  of  all  the  abfuird  or  falie  naethods 
that  by  the  uie  of  what  is  called  the  new-improved 
theodolite  is  of  the  mod  dangerous  confequence ; 
for  it  is  profefTedly  adapted  to  the  dimimfhing  of 
all  land  by  reducing  it  to  an  horizontal  plain,  even 
fuch  as.  is  wholly  upon  a  regular  declivky  j  by 
that  means  deftroying  fpmetimes  a  third  or  fourth 
of  the  true  furface  r  it  is  the  furface  that  fiirveyors 
have  to  deal  with,  without  any  regard  ta  its  incli- 
nation, except  indeed  where  a  pointed  hill,  &c. 
arifes  out  of  a  plain,  for  fuch  all  the  methods 
would  level  down  to  the  general  furface ;  nor  is 
it  to  any  purpofe  to  fay  that  the  horizontal  plain 
will  bear  as  many  perpendiculars  or  piles  of  grafs, 
&c*  as  the  flope  will  do,  for  that  the  furveyor  has 
no  buiinefs  with,  let  him  give  the  true  furface,  and 
leave  the  owner  to  rate  and  let  his  land  according 
to  its  quality*  In  fhort,  let  every  gentleman,  who 
would  not  have  his  real  land  reduced  below  its  juft 
qiiantity^  beware  of  thofe  furveyors  who.  ufe  this 
new-impcoved  inftrument. 

Chap- 
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Chapter  II. 

Offome  particular  methods  of  meafuringy  illuftrat^d  hy 

examples. 

Befides  the  general  methods  of  meafuring,  men- 
tioned in  the  preceding  defcription  of  inftruments, 
may  be  obferved  the  following  particular  cafes  of 
meaiuring  and  of  computing  the  contents. 

Many  pieces  of  land  may  be  very  well  meafured 
by  meafiiring  any  bafe  line,  either  within  or  with- 
out them,  together  with  the  perpendiculars  let  fall 
upon  it  from  every  corner  of  them.  For  they  are 
by  thofe  means  divided  into  fevera:l  triangles  and 
trapezoids  all  whofe  parallel  fides  are  perpendicular 
to  ^he  bafe  line ;  and  the  fiim  of  thefe  triangles 
and  trapeziums  will.be  equal  to  the  figure  propofed 
if  the  bafe  line  fall  within  it ;  if  not,  the  fum  of 
the  parts  which  are  witjliout  being  taken  from  the 
fum  of  the  whole  which  are  both  within  and  with- 
out, will  leave  the  figure  propofed. 

In  pieces  that  are  not  very  large,  it  will  be  fuf- 
ficiently  exadl  to  'find  the  points,  in  the  bafe  line, 
where  the  feveral  perpendiculars  will  fall,  by  meatus 
of  the  Crofs^  and  from  thence  meafiiring  to  the 
comers  for  the  lengths  of  the  perpendiculars. — — 
And  it  will  be  moft  convenient  to  draw  the  line  fb 
as  that  all  the  pe];pendicular8  may  fall  within  tl^e 
figure. 

Example  I. 

Having,  in  the  field  ACDFGEBA,  meafured 
the  bafe  line  AG  and  perpendiculars  as  are  ezprefled 
in  the  following  table  or  fields-book,  in  links  :  Re- 
quired the  content,  and  plot  of  the  field. 

6  G  Held. 
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Field-Book. 


Bafeline  I  Perpendiculars 


Ab  = 

Ac  = 

Ad  =: 

Ae  ^ 


AG  =  1 020 


Sii^-Ss  3^0  South 
440  cC  =    70  North 

585^^=  320  N. 

610  hrJS  a    ^oS. 

990  /i^  a  470  N. 


ITie  calculation. 

-J         ^        r^i         ^*  70=     30800  =  2^^^. 

*' "  *^?±4^=  ^"^  x  4«"«  1 18000  =  ihaE,. 

required  -  3  A.  I R.  I  d.x2  Perches  =  the  a«a 

Topht  ihe  figure  Oove,  or  any  other  meajkred  in  the 

fame  maimer. 
Braw  an  indeterminate  line  AG  for  the  bafe  line 
and  transfo;  upon  it,  from  a  fcale  of  equd  ^^^^^^^ 

?C  S/^  1^';  '''?  **  perpendiculi,^  Vi?! 
f C,  x;^,  gte^  equal  to  thie  given  lengths  4co   -70 

320,  &c.  on  the  upper  «.  un^er  fideTAeWe'lL; 

a  ccor  d«^ 
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according  as  rficy  are  north  or  fouth.   Laflly,  draw 
the  lines  JC,  CD,  DF,  &c.  and  it  will  be  done. 

Example   II. 

Required  the  area  and  plot  of  the  figure  from 
the  following  field-book. 

Note^  That  a  cypher  in  the  place  of  a  perpendi- 
cular, denotes  that  there  the  bafe  line  touches  an 
angular  point.  So  here  the  firft  and  laft  perpen- 
diculars,  being  cyphers,  fliew  that  the  bafe  linQr 
begins  and  ends  at  an  angle. 


Field-Book. 

Bafe  line 

Perpendiculars 

0 

0 

»9 

80 

42  S. 
62  S. 

184 

307 
470 

697 

2358. 

184  N. 
220  N. 
270  N. 
0 

JbxbB 


Calculation. 

H.  =    ^9x  42=     oyqS^2AdK 

be  xcC  +  Bb=    61x104=      6344  =»  2  .SC<:^ 
cd  yc  dD  +  Cc  =1104  x  297  3    30888  :*  2  CDdc^ 
Ddxdff  —  =t  235  X  513  =  J20SS5  =^  ^Ddff^ 
Ae  X  eE  —  5=  307  x  184  =    56488  s  2EeJ. 
ef  y^fF^Ee  =  163  x 404  =    65852  «  zFEef. 
fg  >igG+ Ff=   8<S  X  490  «   42140  »  2GF/g, 

GgXgH  —   sr  270x141=     38070  s  2jiGg. 

the  fum  =  36ii35,  the  half  of 
v4uch  =  180567*5  fquate  links  =  1-805675  acres  = 
1A.3R.  8-908?.  But 
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But  in  large  pieces  or  traflsofland  it  is  better. 

to  reduce  the  meafures  to  a  bafe  line  drawn  in  a. 

.  diredlion  exadlly  eaft-and-weft,  apd  touching  the 

fouthmpft  angle  of  the  figure. -And  this,  is  Mr. 

Thomas  Burgh's  **  method  to  determine  the  areag 
of  right-lined  figures  univerfally,"  and  is  perfomied 
thus. 

Begin  at  any  corner, .  and,  ^ing  round  the  fi- 
gure, meafiire  thie. length  of  each  fide  and  tlic  angle 
formed  by  each  and  the  meridian  or  norfh-anifl-' 
ibuth  line ;  then  the  figure  being  plotted,  draw  the 
bafe  line,  in  an  eaft-and-well  diredlioji,  through 
^he  fbuthmoft  comer,    and    let  fall  perpendicu- 
lars, or  Jfouth  lines,  from  every  ftation  or  angular 
point  upon  the  bafe  line.    'Then  multiply  the  fum 
.of  the  perpendiculars  from  every  two  adjacent  fta- 
tions  into  the  diftance,  in  the  bafe  line,  intercepted 
.between  ^hem :  CoUedl  into  one  fum  all  the  'pro- 
vdu<5ls43elonging'to  every  two  ftations  of  which  the 
latter  fhall  be  to  the  eaft  of  the  former,  and  colledl 
into  another  fum  all  the  other  produdls ;  and  half 
rthe  diflPerence  of  the  fums  will  be  the  area  of  the 
figure.*  Note. 

•  For,  beginning  at  the  weft  at  yi  (fee  the  figure  to  -the  follow- 
ing example)  and  proceeding  round  by  B,  C,  &c.  it  is  plain  that 

j4a  +  hB  X  tf^-.ss.double  the  trapezoid  AabB^  Bb-^.cC  X  he  cs 

double  BbcC,  Cc+MD  Xxd  zs  double  CcJD,  Ei  +y^'  X  efsx 
.double  EefF  \  dud  that  the  fum  of  thefe  produds  will  be  the  dou' 
ble  of  the  figure  a  AB  CD E  Ffa  together  with  the  double  of  EcdD* 
■becaufe  that  EedD  is  included  in  both  CcdD  and  EefF.    - 

Again  Dd-^eE  %de  ^  twice  DdeE^  FJ+gU  X  fg  ss.  twice 

/7>^»  t7^X^^=:  twice  Ggff,  NiXilis:  twice  Nil,  Ji+aJ 
X  ia  =  twice  IiaA\  and  the  fum  of  thefe  produfts  make  up  the 
doubles  of  the  two  figures  AaHIA^  HfFGH,  together  with  the 

.'double  of  EedD  alfo.   • 

Conieq^ently  the  latter  fum  taken  from  the  former  will  Icare  like 

AW^of  the  figure  ABCDEFGHIA  required. 
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.  Note.  The  perpendiculars  upon  the  bafe  line  from 
the  feveral  (lations  Mr.  Burgh  calls  their  abfblute 
nothings ;  and  the  diftances  between  the  perpendi- 
culars, the  particular  eaflings  and  weflings  of  the 
ilations,  viz.  eafling  when  the  flation  is  to  the  eaft 
of  the  preceding  ftation,  and  wefting  when  it  is  to 
weft  of  it.  Then  his  rule  is  to  multiply  every  par- 
ticular eafting  between  two  ftations  into  the  half 
fum  of  the  abfolute  northings,  coUediing  the  pro- 
ducts into  one  fum ;  and  every  pardcular  wefting 
between  two*  adjacent  ftations  into  the  half  fum  of 
their  abfolute  notlungs,  collecting  thefe  products 
alio  :  then  the  diiSFerence  of  the  fums  is  the  area« 

» 

Example   III. 

Suppofe  that  there  is  to  be  meafured  the  follow- 
ing figure  by  this  method. 

Beginning  at  the  weftmoft  ftation  A^  and  going 
round  towards  the  north,  fuppofe  the  lengths  of 
the  lines  and  the  angles  formed  by  them  and  the 
meridians  to  be  taken  thus  :  AB-  1550  links,  and 
its  direction  N.  sjl""  E.  that  is,  35^*  fiiom  the  north 
towards  the  eaft ;  I  enter  thefe,  then,  in  the  2d  and 
3d  columns,  of  the  following  table,  oppofite  to  the 
I  ft  ftation  A.  Then  proceeding  to  the  2d  ftation 
jB,  I  find  the  direction  of  BC  to  be  N.  E.  721'*,  and 
its  length  =  1870  links,  which,  therefore,  I  enter  in 
the  table  upon  a  line  with  the  fccond  ftation  B.  In 
the  fame  manner  I  find  all  the  other  fides  and  their 
diredions  as  exprefled  in  order  in  the  2d  and  3d 
columns  of  the  table ;  the  ift  column  containing 
*  only  the  number  and  mark  of  each  ftation. 

6  H  Then 
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TTiwi  by  donftraaing  the  figure,  which  is  verv 
eafy  td  do,  and  meafuring,  by  the  fcale,  thef  lengths 
and  diftances  of  die  ievcral  perpeodiGuIars,  and 
multiplying,  &c.  accowiiag  to  rde,.  we  fhall  have 
the  area  pretty  near. 

But  to  have  the  area  exad,  the  Several  perpen-> 
diculars  and  thek  diftances  mnft  be  calculated  by 
trigonometry,  or,  for  more  ezpeditibn^  by  a  t*a- 

?erfe  table. ^Thns,  ia  the  triangle  ABz^  the  dii^ 

tance  AB  being  1 55^0,  and  the  coujffe  ©r  angle  at 
■B  *  Ht^i  I  find,  in  the  trarerfe  table,  the  eafting 
Az  =  900,  and  northing  zB  =  1262  ;  thefe  I  enter 
in  my  table,  in  the  columns  oi  noithing  and  eaft- 
ing, marked  N  and  E,  upon  a  line  with  die  firft 
ftadon  A.    Then,  in  d»e  triangle  j8Cf,  to  the  dif- 
unce  1870  andcourfe  724^°,  I  find  the  eafting  B^ 
=  17S6,  and  die  northing jrCs  555,  which  I  place, 
In  the  columns  E  and  JV,  oppofite  the  2d  ftadon. 
In  like  manner,  in  the  triangle  CxDy  I  find  the 
fouthing  Cxs  616,  and  eafting  xD^ijSs,  which 
I  place  accordingly  in  the  columns  of  foudiing  and 
eafting.    And  in  the  triangle  DEw^  the  fouthing 
Div  =  749,  and  wefting  wE  z^  994^  which  Ipw 
m  the  columns  S  and  W*  And  fo  on  dU;  by  going 
through  all  the  triangles,  I  return  to  the  pdmt  A 
where  I  began,  placing  die  partictilar  northings  or 
fouthin|;s,  eaftings  or  wettings  in  the  tabic: 
And  it  ift  evident  that,  being  returned  to  the  fiift 
ftadon  A,  the  fum  of  all  the  northings  jntift  he 
equal  to  the  fum  of  the  fouthings,.  and  the  futo  of 
the  eaftings  equal  to  that  of  the  wettings  j  and,  a<5- 
cordingly,  by  fummkag  them  up  in  the  table,  I  find 
that  they  are  fo,  the  fum  of  each  <rf  the  fbrmeE 

being 
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being  398a,  and  that  of  each  of  the  lateer  6844, 
which  is  a  very  good  proof  of  this  part  of  the  work-r 

The»,  for  the  abfolute  northings,  it  is  evident 
diat  the  fum  of  all  the  northings  3982  muft  be 
equal  to  cCthc  abfolute  northing  of  the  northmoft 
ftation  C^y  and  this  I  place  on  the  8tlv  column  of 
the  table,  marked  Afefbl.  N.  being  the  column  of 
abfolute  northir^s,  oppofite  the  ftatioa  C.  Then 
Cx,  the  particular  ibudhiirig  of  C,  taken  from  its 
abfolute  northing,  gives  the  abiR^ute  northing 
dD  of  the  next  ftation  D ;  again,  the  particular 
fouthing  (^  D  taken  from,  ito  abfolute  northing, 
gives  the  abfelute  ncKthing  of  die  next  ftation  Ei 
and  fo  on,  to«  or  from,  the  abfolute  northing  of 
every  ftation,  adding  its  particular  northing  or 
fubtrafting  its  particular  fouthing,  for  the  abfo- 
lute northing  of  the  next  fucceeding  ftation.  And^ 
theft  are  all  entered,  in  the  column  of  abfolute* 
northings,  oppofite  their  ftadons. 

In  the  9th  column,  tituled  Sums^  arc  placed  the* 
iums  of  every  two  abfolute  nordiings  oppofite  the* 
upper  of  each'  of  fuch  abfolute  n<Hthmgs.—- -Each* 
of  thefe  fums  being  multiplied-  inta  t^  particular 
cafting  or  wefting,  upon  the  fame  line  with  it,^ 
produces  the  dcmble  areas  of  the  fevcral  trapezoids, 
aaid  are  placed  in  the  two  laft:  columns^  of  the  ta- 
ble ;.  viz.  the  produdb  arifing  from  the  multipli-* 
cation  of  die  eaftings  being  written  in  the  fbrmst. 
of  them,  and  the  others  in  the  latter;    Theit  thdfe^ 
produdb  being  fummed,  half  d«ir  diflference  is^- 
145 A.  I IL  S^P-  the  areavfought, 
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Some  other  examples ^  promtfcivmjly  Jet  down. 

E  X  A  M  P  L  E     IV. 

In  a  pentangular  field,  beginning  with  the  fonth 
fide,  and  meafuring  round  towards  the  eaft  firft, 
the  ill  or  fouth  fide  was  =  2735  links,  the  2d  = 
31 15,  the  3d  =  2370,  the  4th  =  2925*,  and  the  5th 
s  2220  ;  alfb  the  diagonal  from  the  ifl  angle,  to 
Ae  3d  was  3800,  s^nd  that  from  the  3d  to  the  5th 
was  40 1  o ;  Required  the  figure  and  area. 


Having  conftru6led  the  figure,  I  firfl  take  the 
diftance  of  the  angle  B  from  the  diagonal  AC  be- 
tween the  compafies,  and,  by  applying  them  to  the 
icale,  find  it  to  be  2210,  which  is  the  length  of 
the  perpendicular  from  B  upon  AC.  Wherefore 
3800  X  2210  =  8398000  double  the  triangle  ABC. 

Then  in  the  fame  manner  I  find  the  diftances  of 
A  and  D  fix>m  the  diagonal  CE  to  be  2065  and 

1710.   Wherefore 401 OK2065 +  17 10-4010x3775 
=  ^^5*37750  =  double  the  trapezium  ACDE. 

Whence  thefum  of  the.two  produdsis  23535750, 
the  half  of  which  is  1 1 767875  fquare  links»  equal 
117 A.  2R.  28*6 P«  the  area  tought* 

61  Note. 
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Note.  As  this  figure  confifts  of  three  triangles 
all  whofe  fides  are  given,  by  calculating  their  areas 
by  rule  2  of  problem  2,  their  fmn  will  be  that  of 
the  whole  figiire  accurately,  and  you  will  then  jfipd 
how  much  the  area  above  afligned  differs  from  the 
truth,  which,  I  believe,  will  be  but  about  the  SQtli 
part  of  an  acre. 

E  X  A  M  p  L  j:  V. 

In  going  round  a  five-fided  field  ABCDE^  the 
fides  and  angles  were  thus :  The  fide  AB  =  1949 
links,  and  the  angle  B  no''  30^ ;  the  fide  BC  ^ 
iSSSy  ^^  ^^^  *^gl^  C  117**  45';  the  fide  CD  = 
2 125,  and  the  angle  i)  91  ^  20^ ;  and  the  fide  DE  = 
2741  :  Required  the  figure  and  the  content. 

D 


X  B 

> 

.  'Hlaving  coriftruded  the  figure  and  drawn  the 
tW  diagonals.  JE^,  ECj  .which  meafure  3 180. and 
3560,  I  meafiire  the  diftance  between  A  and  the 
diagonal  jEjB,  and  find  it  =  780,  ajpd  the  diftances 
bf  B  ;a|id  D  from  the  diagonal  EC  are  1430  ind 

Then  3 1 80 X 780  s  24^0406  =double  the  aABC^ 
And  3  500  X 1 4  30^+ 1 670  =^500  X  3 1  o  o  r:  1 0650000 
=radQ\|b]be :  tche  ittafezi'om  'BBCB.  ' 

Wherefore  '^^^^^^^^^=  ($665200  fquare 

linlc»  -  66  A.  2K.  24*32?^  j^e  area  fought* 

Ex- 


Sta.fs 
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In  a  field  I  took  two  ftadens  5P  and  ^:  at  thr 
^fiance  of  lo.  chains  ficom  each  other : 


II 
A. 


APBs:^!^  lO. 

BFC  =  57  12 

CPZ>=.  29  40 

/>PjB=  64  25 


c^5  = 

A^  .=  137 

Li^-^fi  =  .62 


10 
18 
42 
67 


Required  the  figure  and  area* 


30 

00 

00 

52.. 


Having  confthita?d  the  figvre,  by  the  Jine  ^Z^- 
I  divide  it  into  two  trapcziums;\43<?Z),  JDEF: 
In  the  fQJTpier  of  which  the  diagonal  ^  Z>  meafure?  ^ 
J  860,  ^ud  the  perpendiculars  1429  and  440;  and- 
in. the  latter,  the  diagonal  -4j&  =  2940,  'and  the 
perpendicukurs  1050  and  1350^ 
Whence  1 860  xi  4*20+440=:  1 86ox  1860=  3459600  - 
lu^  ^g49x  IQ^Q 4-1350=2940x2400  =  7056000 

i)  105 1 5600 


AnCc2  2.  12 


Acres  52*578 


'•   f^ 


■Aw* 


A- 


^g-ches.ir^t 


«  2*312 


If. 
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If  from  a  llation  within  a  field,  the  diftances  to 
the  feveral  angles  be  meafured,  as  alio  the  angles 
formed  by  thdfe  diftanices. 

Then  multiply  the  prodndl  of  every  two  adjacent 
difUncei  by  the  natural  fine  of  the  angle  betw^m 
them,  and  half  the  fum  of  theie  produdls  will  be 
the  exaff  area. 

Example  VII. 

From  a  flation  within  a  field  of  five  fidps  1  mea- 
fiired  the  diftances  to  the  jfeveral  corners,  beginning 
with  that  oh  the  weft,  and  meafiirihg  round  to- 
wards the  north,  viz.  ift  diftance  7345  links, 
the  2d  =  5980,  the  3d  =  6495,  the  4th  =  6015,  and 
the  jth  =  7050 ;  alfo  the  angles  formed  by  the(e 
diftances  in  the  fame  order  werje  71^,  ssh  49Tf 
and  8 1 1  degrees.    What  is  the  area. 

[Sineof7ii.M-9483237X7345X598o=4i6533ij6:2jr 

SSi  r8265897X  5980x6495' =32 1 04826-57 

49t  )7i^756iox6495x6oi5  =  29596i  13-97 

8i|  r989oi59x 6015x7050=4193996 roi 

78    ) '97^^476x7050x7345=^50650683-55 

^)j9594490i*3i 
Acres  97972450675 

4 

Roods  2*89802700 

41. 

Perches  35-92108 

l^t.The  laft  angle  (78  •)  is  found  by  fubtraa- 
ing  the  fum  of  all  the  omer  angles  from  360^ ;  for 
all  the  angles  formed  by  lines  about  a  point  make 
up  four  light  angles  or  360*. 

Ex- 
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Example   VIIL 

From  a  place  (?,  near  the  middle  of  a  field 
ABCDEFy  from  which  I  could  fee  all  the  angles, 
I  meafured  the  diilances  to  the  ieveral  angles,  and 
obferved  the  quantities  of  the  angles  formed  at  0^ 
by  thofe  diftances  as  below* 


DifUnces 
OA  ss  4315  links 
OB  :=  2982 
OC  ^  3561 

0D=:  5010 

6)£s  4618 
OF  s  3606 


Angles 
JOB  =  6o»  30' 
BOC  =  47  40 
COZ>  =  49  50 
DO'E^  57  10 
jEOF  =64  15 
FOA  «  80   35 


What  is  the  area^. 

^meof6o°3o')*8703557>«43i5X2982=iii99i;f4'i7 

47  4017392394x2982x3561=  784991077 

49  50  V764i7i4X356i)^5oio=:j 3633284-15 

—  —-57  10  ro4025i3X5oiox46i8=i9440205*26 

64  15  T9006982X46 1 8x3  ($06=14998884*03 

80  35 ) -9865246x3606x43 J.5-J53502 14-66 

2)82471653-04 

I     ?■  ■       111  I     - 

Actcs  4i2*3582652 
4' 

Rbod  1-4330608 

4<^ 


^^» 


Perches  17*322432 
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Having  made  choice  of  a  flation  within  a  piece  of 
ind,  I  meaiiired  from  thei 


ril 

2d 

3d 
4th 

5th 
6th 


Diftances 

3540 
4785 

39»5 
412J 

2030 
2945 


la'nd,  I  meaiiired  fix!>m  thence  the  ^veral  bearings 
and  didances  of  the  comers  as  below :  Required  the 
the  area. 

Bearings 

N.E. 

N.|E. 

N.W.b.W. 

S.W.b.S. 

E.b.S.3^E. 

The/,  between  theiA&2ddift.is3Tpoints  or  S9°22'^ 

2d  &3d    —    St  —    or6i  52  ^ 
3d  &4th  —  8     —    or90  00 
4th&5th  —  5pts.  7*  or63  15 
5th  &  6th  —  4pts.  j\  OTS2  4/ 
3th &  ill    — _4pts.  y\  or ^2  45 

Sum  32  pts.  or  360  00 

•6343932x3540^4785=^  o74i923*3i 
•8819212x4785x3915=16521272*60 

1*0000000x3915x4125  =:i6i4937.5*oo 

*8929789X4i25X2036=  7477582*14 

)  '7960020x2030x2945 J  3^ 

)  7960020x2945x35403 '  3057330  ao 

2)63951491*32 

Acres  31 975745  6<> 

4 

Roods  3*0298264 

40 

Perches  1*193056 

f  Chap, 
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Chapter  III. 
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Ofthe general  method  of  cajting  up  the  contenis  offurveys. 

After  the  furvey  is  finiflied  and  the  whole  put 
together  into  one  rough  plan^  the  general  method 
of  calling  up  the  contents^  is  to  divide  the  whole 
into  trapezimns  and  triangles,  by  drawing  lines 
from  angle  to  angle,  and  meafuring  the  neceflary 
parts  of  thefe  figxu-es,  by  takmg  their  lengths  be- 
tween the  compailes  and  applying  them  to  the  icale 
from  which  the  whole  figure  was  laid  down ;  and 
then  computing  their  contents  by  their  proper  rules 
laid  down  in  former  parts.  By  thefe  means  the 
work  is  very  expeditioufly  done,  and  fufficiently 
correct ;  for  fuch  dimenfions  are  taken  as  afford  the 
mofl  eafy  method  of  calculation ;  and,  among  a 
number  of  parts  thus  taken  and  applied  to  a  fcale, 
it  is  likely  that  fbme  will  be  taken  too  little  and 
fome  too  great,  fo  that  they  will,  upon  the  whole, 
in  all  probability,  nearly  balance  one  another. 

Example   I. 
Suppofe  that,  after  having  planned  the  figure  in 
the  3d  example,  I  would  calculate  it  in  this  manner. 

C 


■2SS  • 


Firft, 


V. 


/^>»S 


.#• 
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• 

Firfl,  then,  from  the  angle  E  I  draw  lines  to  the 
angles  B^  A,  H^  dividing  the  figure  into  three  tra- 
peziums EDCB,  EAIH^  EHGF,  and  a  triangle 
EBA.  Then  I  draw  the  diagonals  DB^  AH^  HF^ 
and  let  fall  the  perpendiculars  Ea^  Ch,  Be,  Id,  Ee, 
Ef,  Gg. 

Then  in  the  trapezium  EDCB,  the  diagonal- 
meaflires  3550  links  and  the  perpendiculars  570. 

and  770.  Wherefore  3550  x  5*70  +  770  =  3550  x 
1340  =  47570  =:  double  the  trapezium  EDCB. 

And,  in  the  triangle  EBA^  AE  meaiures  3490 
and  the  perpendicular  1 140,  their  produdl  is  39786^ 
equal  double  the  triangle. 

Alfb,  in  the  trapezium  EAIH^  thediagonal  mea- 
fures  374O1  and  the  perpendiculars  9^0  and  2350^ 

Wherefore  3740  x  920  +  2350  =  3740  x  3270  = 
122298  equal  double  this  trapezium. 

Laftly,  in  the  trapezium  EHGFj  the  diagonal 
meafures  3620,  and  the  perpendiculars  1730  and. 
510.  Wherefore  3620  x  1730  +  510  =  3620x2240: 
K  81088  equal  double  that  trapezium. 

47579 

39786' 

122298 

8jq88 

2)290742  double  the  whole  area^in  linKfr 
Acres  145*371 

4 

Roods  1*484 

'  40 

Perches  19*36. 

Hence- 
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Hence  the  area  by  this  method  is  145 A.  iR. 
4  9  P.  and  is  lefs  than  the  former  by  1 3  perches  only^ 
which  is  lefs  than  r?  p^urt  of  an  acre ;  a  very  incon* 
fiderable  quantity  in  £0  large  a  figure. 

But  the  chief  fecret  of  calling  up  cenfifts  in  find- 
ing the  contents  of  pieces  4)oimded  by  ^curved  or 
▼ery  irregular  lines,  or  in  reducing  thoie  lines  te 
fireight  ones,  and  is  eafieft  and  very  accurately 
performed  ^t*hu5  :  Stretch  a  horie  hair  over  the 
crooked  fides  fo  as  that  the  finall  parts  cut  ofiT  the 
figure  by  it  may  be  equal  to  thofe  which  are  taken 
m,  which  -equality  of  the  parts  you  will  prefently 
•be  able  to  judge  of  by  a  little  practice;  then  mark 
theends  of  the  hair  with*tw4»  points,  and  with  a 
pencil  draw  a  line  through  thoie  two 'points :  Do 
the  fame  by  the  next  adjoining  fide,  &c.  till  the 
whole  be  reduced  to  a  ftreight-fided  figure ;  then 
&Ld  its  content  as  above. 

Thus  if  ft  were  required  to  find  4^  content  of 
the  following  figure  bounded  by  the  irregular  black 
line,  from  a  fcale  of  4  chains  to  the  inch.      6  L 
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I  draw  the  four  lines  A^j  BQ  CDy  DA  cutting 
off  equal  quantities  on  each  fide  oif  them,  by  which 
means  the  irregular  figure  is  reduced  to  the  right- 
lined  trapezium  A  BCD  as  nearly  equal  tx>  it  as 
can  be  judged.  Then,  having  drawn  the  di^onal 
DB^  by  meafuring  I  find  th«  diftance  of  A  from 
DB  to  be  790,  and  the  diftance  of  C  ifrom  DB  s 
760;  whofe  fiun  1550  drawn  into  ^B  =1916  pror 
duces  2969800,  tlkehalf  of  whkhor  1484900 iqiitrc 
links  =  14A.  3R.  li'S^P.  =  the  content  required./. 

Note,  that  the  eafieft  method  of  ufing  the  hak 
is  to  (bring  a  final!  bow  of  wire,  caiae,  or  whale-bonc 
with  it ;  for,  ibis  keeping  it  always  ftretchol,  it 
can  be  uied  with  one  hand, .  while  the  other  is  at 
liberty  to  make  the  marks* 

Chapter    IV. 

The  ornamenting  of  plaja3,  a*  well  as  the  chief 
part  of  the  fubjed  of  furwpng,  snfuft  he  gftik  by 
much  pradtice  together  with  profeir.  inftruidlioflifl 
and  examples  from  a  living  preceptor;  and  all  that 
is  proper  to  be  done  here,  is  to  give  a  few  general 
remarks,  together  with  the  general  method  of  ta- 
king off  the  fair  plan  from  the  rough  one. 

The  neateft  and  eafieft  method  of  taking  the  clean 
plan  oflF  from  the  rough  one,  is  thus :  Rub  the  back 
of  the  rough  plan  over  with  black  lead  powder ;  and 
lay  the  faid  black  part  upon  the  clean  paper  upon 
which  the  plan  is  to  be  copied,  and  in  the  proper 
pofition ;  then  with  the  blunt  -point  of  fome  hard 
fubftance,  as  brafs,  &c.  trace  over  jthe  lines,  &c. 
of  lihe  whole  plan,  prefling  the  tracer  fo  much  ad 

that 


^/ 
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that  the  black  lead  under  the  lines  may  be  tranf^ 
ferred  to  the  clean  paper ;  after  which  take  off  the 
rough  p!ah,  and  trace  over  the  leaden  marks  with 
common  or  with  iiidia  ink,  &c. — ^*-0r,  inftead  of 
blacking  the  rough  pkn,  you  may  keep  conftantly 
a  blacked  paper  to  lay  betv^eh  the  pTSLris. 

Another  method  of  copying  plans  is  by  means 
of  fquares;  which  is  performed  by  dividing  both 
ends  and  fides  of  the  plan  to  be  copied  into  any 
convenient  number  of  equal  parts,  and  connedling 
the  correfponding  points  of  divifibn  with  lines, 
which  will  divide  the  plan  into  a  number  of  little 
fquar&s ;  divide  the  paper  upon-  which  the  plan  is 
to  be  copied  into  the  fame  number  of  fquares,  each 
equal  to  the  former  when  the  plan  is  to  be  copied 
of  the  fiime  fize,  but  greater  or  lefs  than  the  others 
in  thfe;  proportion:  in  which  the  plan  is  to  be  in- 
eiteJifed  or  dimini£hed,  when  of  a-  difierent  fize  j^ 
theii  copy  into  the  clean  fqtiares  the  parts  con- 
taindd'in  the  coFrefpOnding  fqxiares  of  the  old  pfcia,. 
and  you  will  hive  the  pfen  copied  either  of  the^ 
fltncMt  fize^  or  greater  or  lefe  ift  any  pfopbrtion. 

A  third,  method  is  by  the'  u)(tminent  called  a 
pe&tdg^aph,  which  alfo  copies  the  pkfi.ia  any  fize, 

required. 

When  the  lines,^  occ.  are  copied  upon  the  cleans 
paper  or  vellum j  *thfe  next  feufinels  is  to  write  luch- 
names,  remarks,  or  expliilitions  as*  may  be  judged 
lieceffary ;  laying*  do^'  the  fcale  for  taking  the* 
lengths  of  any  parts,  a  flower-de-^hlce  to  point  out 
the  diredlion^  and  the  proper  title  ornamented  with- 
a  compartment;  and  iliuftraring  or  colouring  every - 
part  in  fuch  manner  as  IhaH  leein  moft  natural,  > 

fuch . 
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fuch  as  (hading. rivers  or  brooks  with  crooked  lines« 
drawing  the  reprefentations  of  trees,  bufhesi'  hills^ 
woods,  hedges,  houfes,  gates,  roads,  &c.  in  their 
proper  places ;  jiinning  a  fingle  dotted  line  for  a 
foot  patl\,  and  a  double  one  for  a  carriage  road ; 
and  either  .Rprefenting  the  baies  or  the  elevations 
gf  buildings,  &c. — ^But  to  do  all  thefe  things  neat- 
ly, you  ought  to  be  pn>perly  inftruded  in  the  act 
fif  drawing. 

Chapter   V. 

Of  the  Dvuifian  of  Lands. 

'In  the  divifion  -of  commons,  after  the  whole  is 
Purveyed  and  caft  up,  and  the  proper  quandties  to 
be  allowed  for  roads, -&c.  dedu<Sted,  divide  the  neat 
quantity  remaining  among  the  feveral  proprietors, 
•by  the  following  problem,  in  proportion  to  the  real 
value  of  their  eftates,  and  you  will  thereby  obtain 
their  proportional  quantities  of  the  land.  But  as  this 
divifion  fuppofes  the  land,  which  is  to  be  divided, 
to  be  all  of  an  equal  goodnefs,  you  mud  obierve 
that  if  the  part  in  which  any  one's  fhare  i^  to  be 
marked  off,  be  better  or  worfe  than  the  general 
mean  quality  of  the  land,  then  you  muft  diminifh 
or  augment  the  quantity  of  his  ih^e  in  the  fame 
proportion  as  near  as  you  can  judge. 

Problem  L 
//  is  required  to  divide  any  given  quantity  of  ground 
into  any  given  number  of  parts^  and  in  proportion  as 
any  given  numbers. 

Rule. 
Divide  the  given  piece  after  the  rule  of  fellow- 
ihip,  by  dividing  the  whole  content  by  the  fum 

of 
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of  the  numbers  expreffing  tte  proportions  of  the 
feveral  fhares,  and  multiplying  the  quotient  feve- 
rally  by  the  faid  proportional  numbers  for  the  re*- 
fpedtive  fharesi  required: 

E  X  A^M  F  L  It. 

K  is  required  to  divide  300  acres  of  land  among: 
A^  By  Cy  Dy  £,  Fy  Gy  ^lxiA  Hy  whofc  claims  upon  it 
are  refpedively  in  proportion  as  the  numbers  i,  2, . 
a,  5^8,  10,15,  20. 

The  fum' of  thefe  proportional  numbers  is  64,  by 
which  dividing  300,  the  quotient  is  4*6875',  which- 
being  multiplied  by  each  of  the  numbers  I9  2,  3,  5^ 
&c.  we  obtain  for  the  feveral  fhares  as  below : 

A^     4r6Sjs-     4 A.  2Ri  30?^. 


B'= 

9-3750  = 

9 

I' 

20^ 

€  = 

14*0625  = 

14' 

0. 

10 

i)  = 

23*437i^  = 

23" 

t 

30' 

JBrr 

37-5000  = 

37' 

2 

00 

F^ 

46*8750  = 

46 

3 

20  ' 

G  = 

70-3125  = 

70 

I' 

10 ' 

11= 

_93:75oo  = . 

-93 

3 

00 

Sum  =  3po'oooo'=  3P0       a      OO' 

P  R  a  F  L'  F  M    11/ 

ToaU  offfnmnpiM  a  given  number  ofdcresy  6v.: 
l^:a  line  drawn  from  any  point  in  the  Jtde  of  it; 


^  Let  A -he  the  given,  point  in  the  annex^d^  plan,  ^ 
from  which  a  line  is  to  be  drawn  cutting  off  5A* 

zRi  14JP. 

6M'  Kraw* 


Draw  AB  cuttii^  off  the 
-  part  ABCss  near  as  can  be 
judged  equal  to  the  quan- 
tity propofed,  and  let  the 
.  true  quantity  ofABCj  when 
calculated,  be  only  4  A.  3R. 
.  20P.  which  is  lefethan  5A.    J). 
2R,  14P.  the  true  quantity/  B 
by  oA.  2R.  34P.  or  7.1250^     ' 
.  ibuare  links ;  then  mcafure    - 
A  By  which  fuppofe=  1234 
;links,^  and  by  61%  riie.half  of  which, diride  71250, 
the  quantity  ito  /fee  added,  and  die;  quppient,  115 
link^  will  ^e.  the  .altitude  of  the  triangle  to  be 
.  added  and  ^hofe  bale  is  AB ; ,  wherefore  if  upon  the 
center^  with  die  radius  115.  ai^  arc  be  defcribed, 
and  AD  be  drawn  to  touch  that  arc,  AD  will  be 
the  line  cutting  cxff  the  required  quantity  ADC  A. 

Note  that  if  the  firfl  piece  had  been  too  big, 
jthen  D  muft  have  been  fet  below  B.  . 

In  this  manner  the  feveral  ihares  of  oommons  to 
be  divided  may  be  laid  down  .upon  the  plan,  and 
transferred  from  dieace  to  the  grcfund  itfelf. 

Alfb  for  the  greater  eafe  and  perfedlion  in  this 
bufinefs,  I  ihall  lubjoin  the  following  problems. 

P  n  b  B  h.  E  M   JII. 
From  an  angle  in  a  given  triangle  to  draw  lines  i9 
Jthe  oppo[tte  ftde^  dividing  the  triangle  int6  any  number 
of  parts y  vuhichjhall  be  in  any  affined  proportion  to 

jeach  other.  -t>  ,t  ,  *  ^ 

K  u  L  E. 

Divide  the  bafe  into  the  fame  number  of  parts 

and  in  the  fanpie  proportion,  by  probleni  i  j  then 

/rom 
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from  tke  feyeral  points  of  divifion  draw  lines  to 
the  propofed  angle,  and  they  will  divide  the  tri- 
angle as  required.* 

£  X  A  M  I".  L  £. 
Let  the  triangle  ABC  of  ^o  acres  be  divided  into 
.five  parts  which  fhall  be  in  proportion  tothe  num- 
bers I,  2,  3,  5,  9^  the  lines  of  divifion  being  to  be 
drawn  firom  A  to  BD  whofe  length  is  i6oo  links* 

Here   I +2  +  3  +  5  +  9  sio, 
and  1 6o6  +  20  =  80,  which  be- 
ing multiplied  by  each  of  the 
proportional  numbers,  we  have 
80,   160,  240,  40c,  and  720; 
.wherefore  I  make  Ca  =  8oi  ah  a 
•  160,  bcs:  ^40,  ^^=1400,  and  JB  =  720;  then  by 
•^  drawing  the  lines  Aa^  Ab,  Ac^  Ad^  the  triangle  is 
;<livided  as  required. 

P  R  b  B  L  E  M    I V. 

*  -      •        ■     - 

From  any  point  in  one  fide  of  a  given  triangle y  to 
draw  lines  to  the  other  two  Jtdety  dividing  the  tri-^ 
<i^glc  into  any  number  of  parts  which  Jhall  he  in  any 
aligned  ratio. 

Rule. 

From  the  given  point 
D  draw  DB  to  the  angle 
oppofite  to  the  fide  4C  W 
which  the  point  is  taken  >  , 
then  divide  the  fiime  fide 

AC 


FD   G     C 


*  Demonstr  at  1 1)  m. 
For  the  fevcral  parts  arc  triangles  of  the  fame  altimde,  and  which 
thei*efcyre  are  as  their  bafes,  which  bafes  arc  taken  in  the  a(Sg&ei 
proportion. 
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AC  into  fo  many  parts  AEy  EFj  FG^  GC^  and  in 
the  fame  proportion  with  the  required  parts  of  the 
triangle,  like  as  was  done  in  the  laft  problem;  and 
from  the  points  of  divifibn  draw  lines  EKy  Fly  GH^. 
parallel^  to  the  line  BDj  and  meeting  with  the  other- 
lides  of  the  triangle  in*  A",  /,  H\  laflly,  draw  KD^ 
ID,  HD,  fo  fliall  ADK,  KDIylDHBr  HDC  be  the 
parts  required.*  ■ 

The  example  to.  thie  will  be  done exaftly  as  the. 
lift.      ^ 

I  omit  here  the  divifion  of  otiier  £gures-into  either 
two  or  more  parts,  becaufe  the  method  of  doing  it 
is  fb.  much  limited  as  to  reivler  it  of  no  ufe  in 
pra(ftice;  I  conit  alfo  their  reduction  to  triangles^, 
as  that  19  done  only  for  the  fake  of  their  diviiioii ;. 
and  ihall  add  here  only  one  problem  more^  ihew-- 
ing  how  readily  to  increafe  or  diminifh  a  figure  by 
changing  it  from  one  icale  to  another ;  but  when 
large  or  complex  furveys  are  to.  be  changed.. to  a. 
dinerent  icale^  a.  pentagraph  ought  to  be  ufed  ibr 
the  purpofe,  or  elfe  the  method  of  fquares  as  de- 
fixibed'  in  chapter  4. 

Pro- 


*  D«M  ONtTRATfON, 

The  triangles  JDK^  KDI,  IDB,  being  of  the  fame  height, 
are  as  their  baies  AK^  KI,  IB^  which^  by  means  of  the  parallels 
EKyJFIi  DBt  are  as  AE,  EF,  FD\  in  like  manner,  the  triangles 
€DH^  HDB  are  to  each  other  as  CG^  CD  x  but  the  two  triangles 
ID  B,  BDH,  havmg  the  fame  bafe  BD,  are  to  each  other  as  the 
diftanccs  of*/  and  Jfftotn  BD,  or  as  FD  to  DC ;  confequently 
the  parts  DAK^.DKIr  DIBJf,  DHC  are.  to  each  other  a&  AE^^ 
EF.FC^GC.. 


scia.n. 
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Problem  V. 


To  change  a  figure  from  one  fcaU  to  another. 

Rule*. 

From^  one  angle  A 
draw  lines  ACj  AD^ 
AEj  &€•  to  all  the 
other  angles  of  the 
figure  given ;  then 
aagment  or  diminifb 
<Hie  fide  AB^  till  Ab^ 
be  to  AS  vtt  the  •  gi*- 
ven  proportion  of  the  feales;  and,  by  means  of  a 
parallel  ruler^  draw  be  parallel  to  BC  and  meet- 
ing ^C  in  cy  and  in  the  fame  manner  r  J  parallel 
to  CD,  de  parallel  to  DE,  ef  parallel  to  EF^  fo 
ihall  AbcdefA  be  the  figure  required. 


SECT  ION  IL. 

Of  Cajk  Gauging, 

1"^HE  meaning  of  the  word  Gaining  is  reftridied 
to  the  m^uring  of  cafka  and  other  things 
falling  under  the  cognizance  o£  the  officers  of  the 
cxcife;  and  hath  received,  its  name  from  aguage  os 
rod  uied  by  the  pradUoners  of  the  ait. 

Thebuimefs  being  performed,  or  the  calculations 
made,  generally,  by  means  of  the  inflruments,  called 
the  gauging  or  diagonal  rod,  and  the  Aiding  rule  or 
gauging  rule,  it  will  be  neceflary  to  treat  of  theic 
inftnunents,  which.  I  ihall  do  as  below« 

6  N  Ch  Av?- 
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Chapter   I. 
The  Defcrtptim  and  Ufe  of  the  Sliding  Rule. 

This  is  a  fquare  rale  having  confequently  four 
iides  or  faces^  three  of  which  arc  fiimifhed  with 
iliding  pieces  running  in  grooves.  The  lines  upon 
them  are  moftly  logarithmic  ones,  or  diftances  which 
are  proportional  to  the  logarithms  of  the  numbers 
placed  at  the  ends  of  them ;  which  kind  of  lines 
were  placed  upon  rules,  by  Mr  Edmund  Cuntery  for 
expeditioufly  performing  arithmetical  operations ;  in 
which  bufinefs  he  ufed  a  pair  of  compares  for  taking 
the  feveral  logarithmic  diftances :  but  inflead  of  the 
comp^fles^  Iliding  pieces  were  added,  by  Mr  Thomas 
Everardy  as  being  more  convenient  and  certain  in 
practice. 

Upon  the  fitfl:  face  are  three  lines,  marked ^^,  B,  and 
MD  i  B  being  upon  the  Aider,  and  is  a  kind  of  double 
line,  being  marked  at  both  the  edges  of  the  Aider, 
for  the  convenience  of  application  to  both  the  lines 
Ay  and  MD.  Thefe  three  are  fiich  logarithmic  lines 
as  are  defcribed  above,  and  are  all  of  the  fame  ra- 
dius ortiiftance  from  i  to  i  o,  containing  each  twice 
the  length  of  the  radius }  A  and  B  ar^  placed  and 
numbered  exactly  alike,  the  numbering  beginning 
at  I ,  by  which  means  the  nuddle  divifion  will  be 
I  o  times  and  the  lad  i  oo  times  the  value  afCgned 
to  the  Aril  diviAon,  which,  both  here  and  in  aU  lo- 
garithmic lines,  may  have  any  value  put  upon  it  at 
pleafure,  either  i,  lO,  loo,  looo,  &c.  or  'o,  •oi, 
•ooi,  '0001,  &c.  But  the  number  i  upon  the  line 
MD  is  fet  opjpoAte  to  the  diviAon  2 1 5  or  more  ex- 

aaiy 
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adlly  2 15^042  on  the  other  lines,  and  then  numbered 
in  the  order  retrograde  to  that  of  the  lines  A  and  B ; 
by  which  means  it  happens  that  not  only  both  the 
diviiionSy  on  MD^  marked  i  are  oppofite  to  215042 
on  the  lines  A  and  Bj  but  alfo  that  all  the  three  divi* 
(ions,  on  A  and  By  marked  i  are  oppofite  to  the  fame 
divifion  215042  on  MD.  Thereafon  of  this  difpofi- 
tion  of  the  line  MD  is  that  2150*42  cubic  inches  are 
Contained  in  a  malt  bufhel ;  this  line  in  conjundlion 
with  B  ferving  to  gauge  malt,  while  the  lines  Ay  B, 
ferve  for  operations  in  multiplication  and  divifion. 
Moreover  upon  the  lines  -4,  J?,  are  feveral  other 
marks  and  letters :  viz.  Upon  the  line  A  arc  the  let- 
ters MBy  for  malt  bufhel,  at  the  aforefaid  num- 
ber 2150*42 ;  and  at  282,  the  inches  in  an  ale  gal-  ^ 
Ion,  are  a  mark  and  the  letter  A^  denoting  ale :  and 
upon  the  line  B  we  j/,  for  fquare  infcribed,  and  a 
mark  at  707  &c.  the  fide  x)f  a  fquare  infcribed  in  a 
circle  whofc  diameter  is  i ;  and  se^  for  fquare  equal, 
and  a  mark  at  "SSd  &c.  the  fide  of  a  fquare  equal 
to  the  fame  cirde ;  alio  Cj  for  circumference,  and 
a  mark  at  3*14159  &c.  the  circumference  of  the  fame 
circle?  and  moreover  W^  for  wine,  and  a  mark  at 
231,  the  inches  in  a  wine  gallon^ 

The  fecond  face,  being  that  oppofite  to  the  firft,  is 
inarked  Z>,  C,  Dj  JE,  at  one  end,  and  Root,  Square, 
Root,  Cube,  at  the  other,  the  lines  C  and  E  con- 
taining refpedlively  the  fquares  and  the  cubes  of  the 
divifions  fet  oppofijte  to  them  on  the  lines  D;  the 
two  middle  linec  C,  Z>,  being  on  a  Aider.  Thefc, 
alfb,  arc  logarithmic  lines,  but  the  radius  of  D 
iS  double  to  that  of  A,  J5,  and  C,  and  triple  to 
that  of  £,    And  vrhzxp^er  the  firft  i  on  -D  denotes, 

the 
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the  firft  on  C  is  the  fquare  of  it,  and  the  firft  on  E 
the  cube  of  it;  fo  if  D  begin  with  i,  C  will  begin 
with  I  and  E  with  i ;  but  if  Z)  begin  with  lo,  Cwill 
begin  with  i  oo  and  E  with  i  ooo.  Upon  the  line  D. 
are  fcveral  points  marked,  viz.  at  17*15,  the  wine 
gauge  point  for  circles,  is  placed  WG  for  wine  gauge } 
at  i8"95  is  marked  AG  for  ale  gauge  j  at  46*37,  the 
malt  gauge  point  for  fquare  meafure,  is  fet  MS  for 
malt  iquare;  and  at  52*32  is  put  Ali^  in  like  man- 
ner, for  malt  round  or  circular  meafure;  alfo  at 
6*23,  the.neat  tallow  gauge  point,  are  placed  thp 
letters  TP  for  tallow  pounds.  Moreover  upon  the 
line  C  is  marked  oc  Sit  '07957,  and  od  at  7854, 
the  former  being  the  area  of  a  circle  whofe  circum- 
ference is  I ,  and  the  latter  that  of  a  circle  whofe 
diameter  is  i. 

Upon  the  third  face  are  three  lines ;  one,  upon  a 
Aider,  marked  iST,  which  is  a  logarithmic  line  of  the 
fame  radius  or  fize  with  J,  jS,  C,  and  MD ;  and 
two  others,  marked  S.  S.  and  S.  L.  denoting  fegment 
{landing  and  fegment  lying,  this  face  being  for 
ullaging  (landing  and  lying  calks. 

And  upon  the  fourth  or  oppofite  face  are  a  fcale 
of  inches  with  three  other  fcales,  marked  ipheroid  or 
ill  variety,  2d  variety,  3d  variety;  the  line  for  the 
fourth  or  conic  variety  being  upon  the  infide  of  the 
Aider  in  the  third  face.  The  ufe  of  thefe  lines  is  to 
find  the  mean  diameters  of  caflcs. 

BeAdes  the  above  lines,  are  two  others  upon  the 
infides  of  the  two  firft  Aiders,  being  continued  from 
the  one  Aider  upon  the  other ;  the  one  is  a  (bale  of 
inches  from  I2i  to  36,  and  the  other  a  icale  of  ale 
gallons  from  the  correfpouding  numbers  '435  to  3*61 
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;ale  gallons ;  which  form  a  table  to  fliew,  in  ale 
gallons,  the  contents  of  all  cylinders  whofe  dia- 
meters are  from  12^  to  36  inches^  the  common 
height  of  diem  being  i  inch^ 

As  the  Hiding  rule  is  for  performing,  very  rape- 
^itioufly,  any  operations  of  multiplication,  divifion> 
and  extraflion  of  roots,  required  by  any  rule  pro- 
pofed  in  words  &c.  fo  the  manner  of  making  thefe 
'^peratioins  will  appear  in  the  following  problems. 

Problem    L 

To  Jind  the  produii-  of  two  given  nufnhersy  by  ibe 
jliding  rule.  •  * 

Rule.  To  either  of  the  given  numbers  on  A 
let  I  oa  J5,  then  againft  tie  other  number  on  B 
is  the  produdt  on  A. 

Ex  A  M  p  L  £  I.  Required  the  prbdudl  of  r  2  and  2 j'. 

By  placing  I  On  -ff  under  12  on  Ay  above  2jr  on 
i5  ftands  300  on  A^  which  is  the  produdl  required. 

Note.  When  the  xonB  hath  been  fet  to  the  one 
factor  on  A,  if  it  happen  that  the  other  fadlor  on  B 
fall  beyond  the  divifion  on  either  A  or  j5,  divide  it 
by  10,  or  100,  &c.  till  the  cjuotient  found  on  B  fall 
imder  fome  divifion  on  the  line  Ay  and  multiply  this 
faid  divifion  by  the  fame  10,  or  1 00,  &c.  for  the  pro- 
du6l  required. 

Example  II.  So  when  250  is  to  be  multiplied 
hj  56:  Having  fet  i  on  jB  to  250  on  Ay  although 
50  be  found  on  By  it  is  beyond  the  end  of  ^;  there^ 
fore  dividing  it  by  ro,  I  find  that  oppolite  to  the 
quotient  5*6  on  ^  is  the  divifion  1400  on  Ay  which 
being  multiplied  by  .10,  ^e  obtain  14000  for  the 
produdk  required. 

6  0  £x* 
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Example  lH.  Bttt  if  250  were  to  be  multiplied 
by  1 120:  Having  let  i  to  250  as  before,  J 120  is. 
beyond  the  end  of  -S,  but  being  divided  by  1 00,. 
oppofite  to.  the  quotient  11*2  on  iS  I  find  280a  on 
A^  which  being  multiplied  by  100  we  have  28000Q 
for  the  produA  required. 

Problem  IL 

To  fold  the  quotient  of  tivo  numbers. 

Rule.  Set  i  on  'B  to  the  divifor  on  A^  dieii 
againll  the  dividend  on  ^  is  the  quotient  on  B. 

Example  I.  To  divide  300  by  Z5»  Having  fet 
I  on  j8  to  25  on  A^  oppo£ite  to  .300  on  ^  I  £nd  12 
Qii  By  the  quotient  required. 

Note.  When  the  dividend  falls  bcybnd  ttie  end 
of  the  line  -4,  let  it  be  divided  by  10,1 00,  or  ibme 
other  power  of  i  o  till  it  fall  within  the  line,  and  ufQ 
the  quotient  inftead  of  it,  multiplyijog  the  refult  by 
the  fame  power  of  i  o  as  bef(H*e. 

£x AMP  l  e  II.  So  if  1 4000  muft  be  divided  by  56. 
Having  fet  i  to  56,  the  dividend  cannot  be  found 
on  A  till  it  be  divided  by  j  00,  the  quotient  being 
140,  oppoiite  to  which  I  find  2*5  on  B^  which  be- 
ing  multiplied  by  ipo  we  obtain  250  £>r  the  quo^ 
Uent  required. 

Problem  IIL 

To  nwrk  the  nde^^tbrte  m  fheJttJ^  ndt;  cr 
having  three  namberi  given^  to^find  a  fmrtk  lOincb* 
Jballie  to  the  third  atthefeccnd  Ut^the  firfi. 

Rule.  Sw  die  firft  term  on  B  to  fciiJief  tfe  fe- 
cond  or  third  on  Ay  then  againft  the  remkining^ 
teem  on  B  (lands  the  fourth  term  required  on  A.  ' 


Example.  If  8  yards  of  cloth  cod  24  {hillings^ 
what  will  96  yards  coil  at  the  fame  rate. 

Having  fet  8  on  -B  to  24  on  A^  oppofite  to  96  on 
By  I  find,  on  A^  288  fhilEngs  or  14L  8s«  which  is 
the  anfwer. 

Problem  IV. 
To  extraSi  tbe  fqnare  root  by  the  Jlidit^  rule. 

Rui^E.  The  £rft  i  opt  Cltundi&g  againft  the  firft 
1  on  D  (ob  the  ftock)^oppafitetd  the  given  number 
on  C  is  its  root  on  D. 

Example^  To  find  the  fide  tsf  a  fquare,  which 
(hall  be  equal  to  a  triangle,  or  drde,  &c.  whoie  area 
is  225 ;  or,  toextradl  the  root  of  225, — Here  oppofite 
to  225  on  C  Hands  15  on  Z>,  which  is  the  anfwer 
xequired.^ 

P  It  O.BL  E  M  V. 

Tq  cxtrdSi  the  cube  root  by  theJlBtf^  rule. 

Ru L  e.  The  line D  upon  tbe  Aide  being  fet  fbeight 
with  k ;  fidd  ^e  givfeh  number  on  £;  and  oppofite 

to  k  will  bfc  its  Cube  root  6ii  A 

« 

Example..  To  find  the  fide  of  a  cube  equa}  xxi- 
any  other  iblid  whofe  cohteiit  is  337 j;  j  or  to  find 
thfe  cube  root*  of  33  75'.--rTHeircf  oppofite  to  3375  oii 
i  ftands  15  6iL  D^  which  is  die  ianfwer  required. 

Note.  It  is  evident  that  the  fiunc  Knes,  as  are 
^ibd;  in  thelq  two  kft  prohlems>  will  ferve  to  find 
xht  fquare  or  the  cuhe  of  any  given  number,  by 
takiilg  the  given  number  on  the  cdntrary  lines* 
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Problem  VI. 

To  fnd  a  mfan  froportianal  between  two  given 

numbers^  ,  -        - 

« 

Rule.  Set  one  of  the  given  numbers. on  C  to  the 

like  or  fame  number  on  D^  then  againft  the  other 

given  number  on  C  is  the  number  required  on  Z). 
'  ... 

Example.   To  find  the  fide  of  a  fquare  whole 

area  fhall  be  equal  to  that  of  a  parallelogram  whofc 

length  is  9  and  its  breadth  4  feet ;  or,  to  find  a  mead 

proportional  between  4  and  9. 

Having  fet  4  on  C  to  4  on  A  againft  9  on  C 
(lands  6  onD^  which  is  the  mmxber  fought*    . 

Problem   VIL 

To  find  a  number  nvhichjhall  be  to  a  given  number 
in  agi^en  duplicate  proportion ;  or,  having  given  three 
numbers^  to  find  afimrth^  vuhichjhall  be  to  the  third 
as  the  fquare  ofthefeeond  is  to  the  fquare  ofthefirfi. 

Rule.  Set  the  third  number  on  C  to  the  firft  on 
D,  then  againft  the  fecond  on  D  will  be  found,  on 
C,  the  fourth  required. 

Example.  If  the  area  of  a  parallelogram  or  any 
other  figure  be  ijo  ;  it  is  required  to  find  the  area 
of  a  fimilar  figure,  their  like  dimenfions_or  fides  be- 
ing as  2  to  3. 

Similar  figures  being  as  the  fquares  of  their  like 
dimenfions,  by  fetting  J  20  on  C  to  2  on  Z),  againft 
3  on  i>  ftands  270  on  C,  for  the  number  fought# 

]Pro- 
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Problem   VIII. 

To  find  a  number  nvhichjhall  he  to  a  given  number 
in  a  given  fubdupticaU  proportion ;  or^  having  given 
three  number's^  to  find  a  fourth^  vuhich  /hall  be  to  the 
third  as  the  root  ofthefecond  is  to  the  root  ofthefirfi. 

Rule.  Set  the  firft  number  on  C  to  the  third  on 
Z),  then  againft  the  fecond  on  C  will  be  found  the 

fourth  on  D. 

■ 

Example.  The  fide  of  a  regular  figure  is  2,  and 
its  area  1 20 ;  it  is  required  to  find  the  fide  of  a  fimilar 
figure  whole  area  is  270. 

The  roots  of  the  areas  of  fimilar  figures  being  as 
their  fides,  we  muft  find  a  number  which  Ihall  be 
to  2  as  the  root  of  270  is  to  the  root  of  1 20.  Where- 
ibre,  having  fet  120  on  C  to  2  on  Z>,  againft  270 
on  C  will  be  found  3  on  Z>,  which  is  the  number 
fought. 

Problem    IX. 

> 

To  find  a  number  in  a  given  triplicate  proportion  to 
a  number  given ;  or^  having  three  numbers  given^  to 
find  a  fourth^  which  fi^all  be  to  the  third  as  the  cube 
ofthefecond  is  to  the  cube  of  thefirfi. 

Rule.  Set  the  firft  number  on  the  Aide  D  to  the 
third  number  on  £,  tlien  againft  the  fecond  on  D 
is.  the  fourth  required  on  E. 

Example.  If  a  cafk,  whofe  length  is  40  inches, 
contain  100  gallons,  what  will  be  the  content  of  a 
fimilar  calk  whofe  length  is  36  inches. 

6  P  Similar 
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Similar  folids  being  as  the  cubes  of  their  like 
fides,  the  content  required  .muft  be  to  i  oo  gallons 
as  40 '  is  to  36 ' .  Wherefore  fetting  40  on  D  to  100 
on  £,  againft  36  on  D  will  be  found  72*9  gallons 
on  jB,  which  is  the  content  required. 

Problem    X. 

To  find  a  number  in  a  given  fubtriplicate  proportion 
to  a  given  number ;  or,  having  three  numbers  given^ 
to  find  a  fourth^  vuhichJhaU  be  to  the  third  as  the  cube 
root  ofthefecond  is  to  the  cube  root  ofthefirfi. 

Rule.  Set  the  third  number  on  D  to  the  firft  on 
£,  then  againft  the  fecond  on  E  will  ftand  the  fourth 
onD. 

Example.  What  is  the  length  of  a  caik  whofe 
content  is  72*9  gallons,  fuppofing  the  length  of  a 
fimilar  caik  to^  be  40  inches  and  its  content  1 00 
gallons. 

Since  the  dimenfions  of  fimilar  folids  are  as  the 
cube  roots  of  their  contents,  we  muft  find  a  number 
which  fliall  be  to  40  as  the  cube  root  of  72*9  is  to 
the  cube  root  of  1 00.  Wherefore,  having  fct  40  on 
2)  to  100  on  Ej  againft  72*9  on  E  will  be  found  36 
on  Z),  which  is  the  length  required. 

w 

Problem    XI. 

The  length  and  breadth  of  a  parallelogram  being  gi- 
vtiiy  to  find  its  area  in  malt  bujhels  hy  the  line  MD. 

Rule.  Set  either  of  the  given  dimenfions  on  B 
to  the  other  on  MD^  then  againft  i  on  ^  is  the  re- 
quired area  on  5. 

Ex- 
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Example.  How  many  malt  bufhels  can  be  con- 
tained on  every  inch  of  the  depth  of  a  ciftern  whofe 
length  is  180  and  breadth  72  inches. 

By  letting  72  on  jB  to  180  on  MZ),  againft  i  on 
A  will  appear  nearly  6  bufhels  on  B,  which  is  the 
quantity  required. 

Problem   XII. 

Tofttd^  by  the  line  MD,  the  malt  hujhels  which 
may  he  contained  in  a  couch ^  floor ^  or  cifiem^  ^whofe 
lengthy  breadth  J  and  depth  are  given. 

Rule.  Set  one  of  the  dimenfions  on  B  to  ano- 
ther on  MDj  then  againft  the  third  on  A  will  ap- 
pear the  content  on  B. 

Example.  Required  the  number  of  bufhels  in 
the  ciftern  whofe  length  is  230,  breadth  58*2,  and 
depth  5 '4  inches. 

Having  fct  230  oii  jB  to  5*4  on  AfD,  againft  58*2 
on  ^  I  find  33*6  buftiels  on  -5,  which  is  the  con- 
tent nearly. 

The  ufc  of  the  other  parts  or  marks  on  the  rule 
will  appear  in  the  examples  farther  on. 

C  H  A  p  T  E  R    11. 
Of  the  GoMging  or  Diagonal  Rod. 

The  diagonal  rod  is  a  fquarc  rule  having  four 
fides  or  faces,  being  generally  four  feet  long,  aiid 
folding  together  by  means  of  joints. 

It  takes  its  name  from  its  ufe  in  meafiiring  the 
diagonals  of  caiflks,   and  computing  the  contents 

from 


from  the  faid  diagonal  only ;  where  it  may  be 
noted,  that  by  the  diagonal  df  a  calk  is  meant  the 
line  from  the  bung  to  the  interfedion  of  the  head 
with  the  (lave  oppofite  to^it,  and  is  generally  the 
longeft  line  that  can  be  drawn  from  the  bung  to 
any  part  within  the  calk.  . 

And,  accordingly,  upon  one  face  of  the  rule  Is 
a  fcale  of  inches  for  taking  tiie  meafure  of  the  dia- 
gonal ;  to  which  is  adapted  die  areas,  in  ale  gallons, 
of  circles  to  the  correlp on4ing  diameters,  like  to 
the  lines  on  the  under  fides  of  the  three  Aides  In 
the  Aiding  rule.    . 

Upon  the  oppofite  face  are  two  icales  of  ale  and 
wine  gallons,  expreAing  the  contents  of  caALS  hav- 
ing the  correfponding  diagonals ;  and  thefe  are  the 
lines  which  chiefly  conftitute.die  diflFerence  between 
this  inftrument  and  the  Aiding  rule ;  for  all  the  other 
lines  upon  it  are  the  fame  with  thofe  on  that  in- 
ftrument, and  are  to  be  ufed'in  the  fame  manner. 

Ex  AMPLE. 

Let  it  be  required  to  find  the  content  of  a  caAc 
whbfe  diagonal  meafures  34*4  inches,  which  agrees 
with  the  caAc  in  the  following  chapter,  whofe  head 
and  bung  diamisters  are  32  and  24,  and  length  40 
inches ;  for  if  to  the  fquare  of  20,  half  the  length,  be 
added  tlie  fquare  of  i8,  half  the  fiim  of  the  diame- 
ters, the  fquare  root  of  the  fum  will  be  34^4  nearly. 

Now  to  this  diagonal  34*4,  corresponds,  upon 
the  rule, . the  content  90:!  ale  or  in  wine  gallons; 
which  differs  from  all  the  contents,  in  the  next 
chapter,  obtained  by  confidering  the  caAc  as.,  be- 
longing 
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longing  to  each  o^  tHc  foiir  pfopoftd  varieties.  So 
that  it  is  evident  there  are  many  cafes  in  which 
the  diagonal  line  cannot  exhibit  the  true  content^ ; 
however  in  mod  caftis  i  do-  'nfit  doubt  but  that  it 
may  t>e  fully  ^&  accurate  as  guefling.at  thefdnn  or 
variety  of  the  cafk,  .and  then  computing  the  con- 
tent by  the  rule  proper  to  that  variety* 

■ ,  .  '        •  •  • 

'■•"•..    cn  A  p;t  E  R  III. 

»  '     »    •     .  \  ♦  t 

•  /  •      »  * 

P/Q^  (mfidcred  i^. divided  into  fevered  Varieties^ 

According  to  the  cuftom  of  moft  writers  on  thi^ 
fubjedl,  I  Ihair  diftinguifh  calks  into  four  forms  or 
vtlrietiei,  viz. ;  .  •  '      ^ 

1 .  Tie  middle  fruftum  of  a  fpheroi  J,  , 

2.  The  imddle  frufl&iin  of  a  parabofic  foiiidftf,  ' 

3.  liie  two  equal  fruftums  ctf*  a  pafjiboloid, 

•  4.  The  two  equal  fhiftums  oif  a  cone^  ' 

'  The  middle  fruftums  of  circular,  elliptic,  and 
hyperbolic  fpindles,  I, omit  here  pn  accoimt  of  the^ 
difficulty  of  their  iHiles,  which  renders  them  unfit 
for  the  purpofe  of  praftical  gauging^     And  indeed, 
fome  of  the  above  four  forms  are  of  very  little  real 
ufe;  for  very  few,  if  any,  cafks  are  to  be  met  widi* 
v(4»ch  will  hold  fo  much  as  the  firft  form,  or  fo 
little  ^ts-^c  third  orfourdi ;  fo  that  the  fecond  is 
the  mqft  generally,  if  not  the  only  ufeful  onej  of 
the  four  varieties. 

Note.   282  cnbiti  inclies  make  one  ale  gallon, 
231       —    _—  .     —      wine—, 
2150*42      ~       —       amaltbu£hel» 
It  is  alfo  to  be  noted  that  the  dimenfions  ai^ 
^ppofed  to  be  inches,  In  the  following  rules. 

6Q^  ^  P*o. 
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P  R  O  B  I.  £  M    L 

To  find  the  cwtent  of  a  cn^  ofthifrfi  or^bemdal 
variety. 

Rule.* 
To  the  iquare  of  the  head  diameter  add  twice  the    - 
iquare  of  the  bung  diameter,  and  midtijrfy  the  Aim 
by  the  length  of  the  calk;  then  if  the  produd  be 
mult.  000092837^  or  div.f  1 07 7' 157^  -     S  ^^  ? 
by    i-oon33335     by    i  882-3555        JwineJ' 
the  produd  or  quotient  will  be  the  meafure  JA 
gallons. 

By  the  SLtj>iiiG  Rule. 
Set  the  length  of  the  calk  C32-827  r     5  ale  ^ 
onCto  t29-7  5  *^^  iwineS 

on  Dy  and  oh  1}  find  the  bung  and  head  diameters, 
noting  the  numbers  oppoiite  to  them  on  Cj  then  if 
the  latter  of  thcfe  two  numbers  be  added  to  the  dou- 
ble of  the  former^  the  flim  will  be  the  meafiire  in 
gallons^ 

Example. 

Required  the  content  of  a  ijpheroidal  cafk  whoft 
bung  and  head  diameters  are  32  and  24,  and  length 
40  inches* 


mit^ffmmm^tmmmmimammmmmm^mm^m^mmmmmmmmmmt 


•  For,  by  prob.  ifi  fcft.  3  part  3,  tbe  coate&t  in  bdiesis  2,^*"^^* 

3 

X  £09  wbich  being  divided  by  ^Saaad^aj.  bccomet  ^      "t      XL 

or  2i^*  +  ^*  X  -000928371  in  the  one  cafe,  and  -5^  '^^*-  X  It>r 
.  .    .    •  882-355 

2^*  +^»  X  "00113333  in  the  other;  B  being  the  bung  and  H  the 

head  diameter,  and  i  the  length  of  the  cafk. -And  in  working  by^ 

the  ffidfaigrttlet  it  need  only  be  remarked  that  32*82  and  29*7  arc 

ha  raots  of  io77*i57  and  882*3554   , 
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By  the  Pen.  Here  2  y  32^  +  24V  x  40  x' 

€•000928^7^  ^  C  97'44i7  ale    1  gallons = the  con- - 
j^'ooi  1 3  J33 5  ^  c  1 1 8*9543  winei    tent  requiral.    - 

By  the  Sliding  Rule.  Having  fet  40  on  C  to  32*82  * 
on  A  againft  32  and  24  on-  D  ftand  38  and  21*3, 
as  near  as  can  be  judged,  on  C;  then  2  x  38  +  21*3 
sr  76  +  21*3  =  97'3  ale  gallons. 

And  having  fet  40  on  C  to  29*7  on  Z),  againft: 
32  and  24  on  D  Hand  46*5  and  26*1  on  C;  then 
a  x'46*5  +  26*1  =  93  +  2&1  =  1 19*1  wine  gallons, 

•  P  R  o  B  t  E  M   11. 

'To  find  the  eantent  of  a  cajk  ^fbefecond  or  paroBolic 
fpindleform.  ' 

Rule.* 

To  the  fquare  of  the  head .  diameter  add  twice : 
that  of  the  bung  diameter^  and  from  the  ium  take  * 
two-fifths  of  the  fqnare  of  the  difierence  of  the  iaid 
diameters  }  then  multiply  the  remainder  by  the 
length,  and  the  produdl  middpUed  or  (divided  by . 
the  fame  numbers  as  in  the  rule  to  the  hft  problem 
will  give  the  content. 

-  By  the  Slioikg  Rulr. 

As  in  the  lafl  problem,  fet  the  lengdi  on  C  to  ^ 
32*82  or  297  oil  Dy  and  on  D  find  both  the  bung 
and  head  diameters^  aj^d  al^  their  difi^ence,  taking 

cue* 


■*    ■■  I        wH  I      ■  ■      I  11  I   11 


*^  For»  ^j  proV.  i<  fed.  4  pait  3»   the  ccatppt  in  incho  i« 

sb'  —  X a^»+^»_f  x^-^-,  and  ?  wUl  give  dw  tiune 
wtttioer*  a*  in  tbe  laft  froUcm. 
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put  the  three  numbers  oppoiite  to  them  on  .C\  then 
if  to  twice  the  firil  be  added  the  fecondf  and  two- 
fifths  of  the  third  be  taken  .from  the  fUm»  the  re- 
mainder  will  be  the  content. ' 

E  X  A.  M  P-  L  Ei  \ 

•Required  the -content  of  a  ca£k  of  the  fccond 
variety,  whofe  bung  and  head' diameters,  are,  3.2  and 
2tfi  and  length  40  inches.       '      :        r   -; 

By  the  Pen.  Here  2)^a3.^  +  a4'-|:x8^  ^^x 
^00092837^  _  C  9^*491  ale.  ^  gallons  =  the  con- 
J-poi  133335  "  c 1 17793  wipeT     tent  r^qyired. 

'  By  thr  Sliding  Rule;  Having  fet  40  on  C  to 
32*82  on  Dy  againfl  32,^24,  and  8  oil  D  (land 
38, .2r3,. and  2-4  ;..then  i  x  38  +  21*3  ^  f  x  2-4  = 
7i6-+2r3-o*9  =  96*4*  ale  gallons.  '         . 

.And,  haying  fet  40  on  C  to  297  on  A  ^gainft 
32,  24,  and  8  on  D  ftand  46*5,  2 ($7,  and  2*9; 

tKen  2  X 467  V26*r  ^'f  +  2*9  =  93  +  26;i  - 1-2  = 
117*9  winegallqns.  -      V   ' . :      . 

P  R  O  B  L  E  M  .  ni. 

To  find  the  cqntpit  -of^^  a^  ^f}^^  '^^^^  prpardhoiddl 
variety^  ^  / '.-..,.—  .,  -.   .  • 


1       •  »  »    --. 


*  To  the  iquare  of  the  bung  diameter  add  that  of 
the  head  diameter,  and  multiply  the  fum  by  the 
leHgtfiT  then  ifihc  ftmrbr  '     *  -.    .  .       . 

niult.  Too  1392^5^  or div;  57i8*i«5>  v  ^  t  ale  ^ 

by     i-ooi7         5      by   'W8-23S5        iwinej*. 
the  Drodu6t  or. quotient  will  be  the  content  re<j[uired« 

By. 
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By  the  Sliding  Rule. 

Set  Ae  length  on  Cto  |^^:y  on  D  {^^J; 

then  find  the  bung  and  head  diameters  on  Z),  no- 
ting the  two  oppofite  numbers  on  C,  whofe  fum 
will  be  the  content  required,* 

E  X  .A  M  P  L  E. 

•Required  the  content  of  a  caik  of  the  third  va- 
riety, whofe  bung  and  head  diameters  are  32  and 
24,  and  length  40  inches. 

By  the  Pen.  Here  32^  +  24^x40  x  T.^qJ^^^^^? 

^  [  loS-^^hie  ^]  ^^"^^^  "  *^  ~^^^^^  required. 

•  By  the  Sliding  Rule.  Having  fet  40  on  C  to  26*8 
on  Dj  againft  32  and  24  on  D  ftand  57-3  and  32 ; 
whofe  fum  is  89*3  ale  gallons. 

And  having  fet  40  on  C  to  24*25  on  2),  againft 
32  and  24  on  D  ftand  69*8  and  39*1,  whofe  fum 
is  1 08 '9  wine  gallons. 

Problem   IV. 

To  find  the  content  of  a  cask  of  the  fourth  or  Conical 

variety. 

Rule. 

To  three  times  the  fquare  of  the  fum  of  the  di- 
ameters add  the  fquare  of  the  difference  of  the  di- 

6  R  ameters; 

•  

•  For,  by  prob.   12  fc£l.  4  part  3,   the  content  in  inches  is 
— X —  X  Ln  ;  and ^  =  --3 =  •00130255,  and  

1 

=  'ooiy. 


588-233 

Alfo  the  numbers  26*8  and  24*25  are  the  roots  of  the    umbci^ 
jx8*i05  and  588'233. 
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ameters ;  then  if  the  fum  be 
mult.  C*ooo23209^  ordiv.  04308*628^  ^^^  Cale    ? 
by    1-000283333     by     i3529'4^  i        Cwinei 
the  produiSor  quotient  will  be  the  content  required^ 

By  the  Sliding  Rule. 
Set  the  length  on  C  to  ^^^^t^  for  ^^^P^J  on  A 

and  on  Z)  find  the  fum  and  the  diflferencc  of  the 
diameters,  noting  their  oppofite  numbers  on  C ;  then 
if  the  fecond  be  added  to  three  times  the  firft,  the 
fum  will  be  the  content.* 

Example. 
Required  the  content  of  a  cafk  of  the  fourth  va- 
riety, whofe  bung  and  head  diameters  arc  32  and 
24,  and  length  40  inches. 

BythcVcn.  H«e 3l<j6N8^X40x  |;°^J|^«9| 

=  ^^07^348  W?  2^"^^^  =  the 'content  required. 

By  the  Sliding  Rule.  Having  fet  40  on  C  to  65*64 
on  Df  againft  56  and  8  on  -D  (land  29*1  and  o'6 ; 
then  3x29-1  +o'6  =  87*3  i-o-6  =  87-9  ale  gallons. 

And,  having  fet  40  on  C  to  59*41  on  Z),  againft  56 
and  8  on  Z)  ftand  35*6  and  0*7  j  then  3  x  35*6  +  07 
s=  107*5  wine  gallons. 

Chap- 

•  For,    by   prob.  8  fcdl.    i  part  3,    the    content  in   inches  is 

iTx*28l  =  iiiz^  =  •°o°23ao9.  and  ^^^  =  — V_  = 

.00028333.    'Alfo  65*64  and  59"4i  are  the  roots  of  the  numbers 
43o8'628  and  3529*42% 
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Chapter    IV. 
Of  gauging  Casks  by  their  mean  diameters. 

Problem   I. 

To  find  the  mean  diameter  of  a  cask  of  any  of  the 
four  varieties^  having  given  the  bung  and  head  di-^ 
ameters. 

Rule* 

Divide  the  head  by  the  bung  diameter^  and  find 
the  quotient  in  the  firfl:  column  of  the  following 
table,  marked  Qu.  then  if  the  bung  diameter  be 
multiplied  by  the  number  upon  the  fame  line  with 
it,  and  in  the  column  anfwering  to  the  proper  va* 
riety,  the  produdl  will  be  the  true  mean  diameter 
required,  or  the  diameter  of  a  cylinder  of  the  fame 
content  with  the  cafk  propofed^ 

Qu. 


*  Tbc  Invefligation  of  the  numbers  of  this  table. 

By  the  3d  part  it  appears  that  if  the  bang  diameter  be  reprefented 
by  i>  and  the  head  diameter  by  b^  then  the  content  for  the  ift,  2d, 
3d,  and  4th  varieties  wiil  be  refpe^ively  In  drawn  into 


2+M 

3 

2     ' 
l+i  +  ii 

bat  the  content  muft  alfo  be 
equal  to  /n  drawn  into  the 
fquare  of  the  mean  diame- 
ter ;  and  confequently  the 
"^  faid  mean  diameter,  or  mul- 
tiplier in  the  table^  will  be 
rcfpeftively 


2  +  Ab 


y 


y 


i+^  +  H 
3 


Then  by  writing,  in  thcfe  forms,  the  fereral  values  of  ^,  viz.  '^o 
•5 If  *52,  &c.  there  will  refult  the  correfponding  nambers  of  the 

table. ^A  farther  difTertation  upon  thefe  mean*  diameters  may  be. 

fceor  in  Moff'j^  gauging. 
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Qu. 

1  iVar.  2Var.| 

3Viir.|4Var. 

mi- 

1  ivar. 

1  aVar.  1 

3Var.  |4Var.  1 

•JO 

•8660   -8465, 

•7^05"7i'^7 

•76    '9270,   -9227     -8881  1 

•8827 

•51    -8680 

•8493 

•7937  •76iii 

•77 

•9296 

•9258    "8924 

•8874 

•52   '8700 

•8520 

'7970  -772-5 

•78 

•9324 

•9290    •896.7 

•8922 

•53   -8720 

•8548 

•8002  -7769 

•79 

•9352 

•9320    '9011 

•8970 

•J4   '^740 

•85.76 

•8036, -7813 

•8a 

•9380 

•9352 

•9055 

•9018 

•55    '8760 

•8605^-8070 

•7853 

•81 

•9409 

•9383 

•9J00 

•9066 

*^6   -8781 

'8633 

•8104 

•7902 

•82 

•9438 

•9415 

•9144 

♦9II4 

J57.  -8802 

'-2662 

•8140 

•7947 

•83 

•9467 

•9446 

•9189 

•9163 

•58,  -8824 

•8690 

•8174 

•7992 

•84 

•9496 

•947"8 

•9234     •9211 

•^9!  -8846 

•8720 

•8210 

•8037 

•85 

•9526 

•9510 

•928b- 1  '9260 

•60 

•8869 

•8748 

•8246 

•8082 

•86 

•95^6 

•9542 

•9326 

•9308 

•61 

•8892 

•8777 

•8282 

•8128 

•87 

•9586 

•9574 

•9372 

•9357 

•62 

•8915 

•8806 

•8320 

'8173 

•881  '9616 

•9606 

•9419 

•9406 

'63 

•8938 

•8835 

•8357 

•8220 

•89 

•9647 

•9638 

•9466 

•9455 

^64 

•896  a 

•8865 

•8395. 

•8265 

•90 

•9678 

•9671 

•PP'3. 

•9504 

•6| 

•8986 

-8894 

•8433  -83111 

•91 

•9710 

•9703 

•9560 

•9553 

•66  j  '9010 

•8924 

•8472 

•8357 

•92 

•9740 

•9736 

•9608 

•9602 

'67;  -9^34 

•8954 

•8511 

•8404 

•93 

•9772 

•9768 

•9656 

•9652 

•68    -9060 

78983 

•85^51 

•8450 

•94 

•9804 

•9801 

•9704 

•970X 

•69 '  '9084 

•9013  -8590 

•8497 

•95 

•9836 

•9834 

•9753 

:975x 

•70'  '9110 

•9044-8631 

-8544 

•96 

•9868 

•9867 

•9802 

•9800 

•71    -9136 

•9074 

•8672 

•8590 

•97 

'9901 

•9900 

•9851 

•9850 

•72'  "9162 

•9104 

8713 

•8637 

•98 

•9933 

•9933 

•9900 

•9900 

.731.9188 

•9135 

•8754  -8685 

•99 

•9966 

•9966 

•9950 

•9950 

•74. -9215 

•9166 

•8796  -8732 

I'oo  I 'ooool  1*0000 

I'OOOO  Jl'OOOO 

.'75    -924-2   -9196  '8838  •878ol                     1 

1  -.     - 

Example. 

Suppofing  the  diameters  to  be  32  and  24,  it  is 
required  to  find  the  mean  diameter  for  each  variety. 

Dividing  24  by  32  v^e  obtain  'y^,  vrhich  being 
fonnd  in  the  column  of  quotients,  oppofite  thereto 
fland  tlie  numbers 

the  correfpon* 
ding  mean  di- 
ameters requi-J 
red. 


•9242 
•9196 
1-8838 
V8780J 


which  being  each  ["29*5744 
^multiplied  by  32,^  29*4272 
produce    refpec- 
tively 


28-2816 
^28*0960^ 


Bt^ 


•■* 
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By  the  Sliding  Rule* 

*  ■      I  •     »       _^  ...  > 
...  Find. thc^.difici:e3pi(:c  between  the  bmig  an4  head 

diameters  upon  the  foitrth  face  of  the  rule,  or  in- 

fide  of  the  thinjihderi  and  oppofite  thereto  is,  for 

each  variety,  A  niimber  to  be  added  to  the  head 

diameter  for  the  mean  diameter  required.  1 

So  in  the  above  example,  againft  8^  the  difiPerence 
of  the  diameters,*  are  found  the  numbers 
S'^o) '  vhich\be-  (2g*66\  for  the  refpcijlive ■  mean 
5'io  ^  ing  adde<i  J  29*10  ^  diameters,  all  of  which 
i\r^6  ^  to  24,. there  'i^'jr^j -are  tod  great  except  the 
4*i.2j  refult  [28'i2j  id,  which  is. too  little* 

So  that  this  method  docs  .not.  givi^.  the  true 
mean  diameter. 

P  R  O  B  L  E  M     ll.  , 

•  •  •     ■  • 

-    To  find  the  tmteni  of  a  Qajk  ifibe  mean  diameter  2n 
ibe  jiiding  rule,  *.     '  \; 

*  Rule.' 


%  • 


:  Set  the  length  on  C  to  the.  *  gage  pointy  18*95 
for  ale;  or  17*15  for  wine,  on'D;.  then  .againU  the 
mean  diameter:Qn  12,  is  ,tb^;Cohtcat'On4^  «    -^  ^ 


i     >A 


■■■  .  .            •     Exam  >  L.p...  -  ~"  '    -••' 

'    ■■            •  .    • 

:   If  ^e  bung  <liamece]:-;be:  3^1  the  luad.  24,  aii4 

the  length  40.  inches.     ?  :^^        /.  •;:.•, 

•       .^  S'-'  Havihc; 

*                          "•  /    ,                         -        '   '•  •            .  .       .      *.  •     •<     .       ^ 

■                -                -                ■  —            ■■..,,           ,         ■       .  '     ■  ■■ 


■  «8a 


'    *  "thi  above  gage  joints  are  found  thiu,  viz,  ^- 


'.;» 


7^3f^-*«* .  a* 


«      J 
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Having  found  the  meaa  diameters  as  in  the  laft 
problem,  and  fet  40  on  C  to  18-95  or  17-15  on  D, 
ctJ  f^9'57l  .a  [97  V  r"9"5l  on  Q  as  near  as  can 
.a  1 29-43  t q  J  96-5 [uU^l  Jbe judged;  which 
So]  28-28 1  a  I  89*1 1  ^  I  io8"8  [agree  nearly  with 
"^  [28-ioj  ^  [88*oj  [107* 3 J  the  contents  deter* 
mined  in  the  preceding  chapter. 

Chapter  V,^ 

Of  the  gauging  of  all  cajks  in  general  by  means  of  four 
dimenfionsj  viz.  the  lengthy  the  bung  and  head  dia-- 
meters  J  and  the  diameter  taken  in  the  middle  betiveen 
the  bung  and  head. 

Oeneral  Problem,. 

To  find  the  content  of  any  cqfk  in  ale  or  ivine  gallons^ 
by  four  dimenftons. 

Rule.* 

Add  into  one  ium  the  fquare  of  the  bung  dia- 
ineter,  the  fquare  of  the  head  diameter,  and  4  times 

the 


*  This  rule  is  taken  from  prq>»  3  ieA.  x  psurt  4  \  the  number 
•oooj^  being  »  -l^^^liES:  „j,^d  ^d  -mMfil  ^ 

^^  ^  6X231  '  6X282 

'0004641844. 

And  vith  regard  to  the  operation  by  the  Aiding  ruley  It  may  be 
obfervcd  that  4a  is  ^  ^4^^,  and  46-4  =  ^7^^^,,. 

The  above  rule,  by  the  faid  prop.  3  fedt,  i  part  4,  was  proved  to 
l>e  accurately  true,  not  only  for  all  the  four  different  varieties  of 
caiks,  but  alio  for  all  cafks  and  folids  generated  from  any  conic  fec- 
tion  whatever ;  and  although  the  cafk  be  not  precifely  in  the  form 
of  any  fuch  curve^  the  rule  will  give  the  content  ej^tremely  near  the 

truth: 
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the  fquare  of  die  middle  diameter  between  the  bung 
and  head,  and  multiply  that  lum  by  the  length  of 
the  calk ;  then  die  produ<5l 
mult.  7  '000464 1 8  C  for  ale     7     . 1 ,    .       , 
by  5-oooil       iforwineS^^^S^^"^^^^^^^^ 

Note. 


truth ;  fo  that  whatever  be  the  form  of  the  cafk,  we  may  in  all  cafes 
be  pretty  fure  of  the  content  to  within  ^  of  a  gallon,  or  perhaps 
lefsy  fappoiing  the  dimenfions  to  be  truly  taken.  So  that  more  per- 
fect than  this,  both  with  refped  to  truth  and  expedition,  nothing  can 
be  ezpedted  or  indeed  wifhed  for  in  gauging  :  which  makes  me  hope 
that  one  day  this  method  will  come  into  general  ufe  with  the  prac* 
titioners  in  the  ezcife  ;  and  till  then,  I  am  fully  perfuaded  that  much 
of  their  pradice  mud  be  mere  guefled  work.  The  pretended  diffi- 
culty of  taking  the  middle  diameter  may  perhaps  deter  many  from^ 
ufing  this-  method,  but  there  cannot  be  any  real  difficulty  in  taking 
this  diameter,  except  when  a  wooden  hoop  may  happen  to  be  on  a& 
the  part  where  the  diameter  ought  to  be  taken ;  but  that  will  Teny 
rarely  happen. 

To  find  the  fourth  dimenfion« 
or  diameter  in  the  middle  between 
the  bung  and  head ;  upon  one  fide 
of  a  fquare  rule  let  be  drawn  a 
icale  ot  quarter  inches,  numbered 
both  ways  from  nothing ;  and  let 
the  middle  or  o  divifion  be  applied 
to  the  bung  or  middle  of  the  cafk, 
as  in  the  margin,  parallel  or  near- 
ly parallel  to  the  axe,  and  in  the 
direction  of  the  ftaff ;  then  what- 
ever number  of  inches  are  in  the. 
whole  length  of  the  cafk,  it  is  evi- 
dent that,  from  the  nature  of  the 
fcale,  the  fame  divifion  or  number 
of  quarter  inches  will  be  oppofite 
to  the  part  where  the  middle  dia- 
meter muft  be  taken,  which  here  fuppofc  to  be  lo;  and  at  10,  on 
each  part  of  the  rule,  meafure  the  diftance  rs  ;  then  if  the  fum  of 
rs  and  rs  be  taken  from  the  bung  diameter,  there  will  remain  the 
required  middle  diameter,  excepting  the  allowance  for  the  tbicknefs 
of  the  aaff,  which  mud  be  fubdudcd. 

Cajki 
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Note.  To  abbreviate  the  operation,  if  naay  be 
uled  inllead  of  4*6418,  to  which  it  is  nearly  equaL 

Alfo 


Cajks  gauged  by  four  dimenjions *, 


o 


I 

2 

3 
4 
5. 
6 

7 
8 

9 

o 

I 

2 

3 

4 

5 
6 

7 
8 

9 

20 

21 
22 

23 
24 
25 
26 

27 
28 

29 

30 

31 

32 

33 
34 
35 
36 


bO 


Head    Bung  1  Mid. 
dtatt.   dsam.'diaai. 


J 


28*3  23*2   27*7 
29*8J22'2  J26'0 


30-8 
32-2 
30*0 
32-5 

34'3 

34' 5 
41*0 

37.0 

44' 5 
47-0 

34-2 

47-0 

45-5 
44-6 

48-6 

46*0 

48-8 

51*2 

49' 3 
48*0 

45-2 

51*6 

44*2 
57-0 

51*0 

5i*5 

54-0 

5Q-0 
49-0 
5i'0 
51*0 

45-6 

5ro 


27*5 
30-1 

29*2 

28-2 

33-0 
32-2 
31-8 


23*2 
24-5 
24-7 
23-8 
26*3 
26*4 
26*3 
26' I 
34-4  40-8 

26-3  33*8 

27*2  33'8 
25-3  32'o 
30*7, 38*0 
24-7  32*2 
24*2  32*1 

25-7, 34*7 

24'2  32*1 
23*3    31*0 

23*8  32*6 

28-2  33'8 
26*6  33*2 
36*6  4i'6 
28*1  36-4 
32'7|42'o 


Ale 


26*3 

24-8 


26*  I    57'7 


33-1 

33'3 
34-8 

34'3 
29-5 

33'5 

33'4 
30*6 

28*0 

35-8 


38-1 
40*0 
44-8 
40-5 
36*0 
39-2 


28-4 
27*6 
26-8 

31*1 
30-7 

30*2 
29-9 

38-8 
31-4 
31-4 

29'7 

35'5 
29*6 

29-4 

31-7 

29-4 

28*2 

29-5 

31-4 

30-4 

39-6 

33-3 
39-1 

35'7 
37-2 
41-5 


37*7 
33-0 

36-4 

39-8  37*0 

40*6  37'o  207*2 

34-6  32-4  i34»8 

48*0  43'2  282*2 


;aUon«|  than 
rphr. 


53-6 

50'2 


Diff. 

leTs 


70*6 
62*6 
63-6 
90-4 
89-0 
I02'2 
90-3 
83-8 
26*3 

92-3 

sro 

o6'6 
14-4 

25*3 
14-8 

ir3 

17*0 

37*3 
iS'6 

223-3 

34-6 

36*6 

8ro 

97-0 

srs 

97-6, 
48-1 
89-6 
94-0 


1*0 

1*1 
I'l 
1*3 

1-9  ( 

3'o 

3*o, 

3-ii 
3-3 

rs 

3-8 

4' 3 

4-7 

4*7 

4*9 

S'5 

S'S 
5-8 

6-1 

6i 

6-5 

67 

6-8 

6-8 

8-0 

8-8 

9*4 

9-4 

9*7 
9-8 

10*2 
12*0 
17-8 


The  annexed  collection  of 
cafks  happened  in  real  prac- 
tice ;  and  their  dimenfions 
were  cax-cfully  taken  ;  but 
their  contents  were  computed 
by  a  Aiding  rule,  and  fo  may 
not  all  be  precifely  true. 

From  hence  it  appears 
that  a  fpheroidal  cafk  is  a 
mere  imaginary  thing,  the 
contents  of  real  ca/ks  being 
lefs  than  is  afGgned  to  them 
by  that  form ;  as  indeed  they 
ought,  from  the  nature  of  the 
curves ;  for  a  fpheroidal  cafk 
would  be  leaft  cunred  in  the 
middle  and  the  moft  at  the 
ends,  whereas  a  real  caik  is 
the  leaft  citrvcd  at  the  ends, 
if  it  be  any  thing  curved  there' 
at  all;  and  indeed  I  have 
reafon  to  think  it  is  not,  as 
will  appear  in  chap;  7. 
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Alfo  inftead  of  4  times  the  fquaxe  of  the  middle 
diameter,  may  be  ufed  the  fquare  of  twice  that  diar 
meter. 

By  the  Sliding  Rule. 

Set  the  length  on  C  to  J|f  J  J'"'  ^^?    \onDi 

°  c  42  'o  for  wine  >  ^ 

and  find  both  the  bimg,  head,  and  middle  diame- 
ters on  Dj  noting  the  three  numbers  againit  them 
on  C  i  then  the  fiim  of  the  firft  and  fecond  with 
4  times  the  third  will  be  the  content  required. 

Example.. 

« 

Let  the  length  of  a  calk  be  40  inches,  the  bung 
diameter  32,  the  head  24,.  and  middle  diameter 
30*2  inches  nearly  =  \/9i2,  which  is  taken  upon, 
the  iuppofitioa  that  the  caik  is  ipheroidal. 


Then  3.2*  +  24*  +4  x  912  x  40  x  •0004641844 
=  9  7 '44 1 5*9  &c.  ale  gaUons ;  or  multiplied  by 
•00051,  gives  ii8*95'4j  wine  gallons  for  the  con- 
tent, the  fame  as  at  prob.  i  chap.  3*. 

By  the  Sliding  rule.  Having  fet  40  on  C  to  ^6'j^ 
on  -D,  againft  32,  24,  and  30:2  on  Z),  ftand  rp,^ 
10-5,  and  i7oaC;  then  19+ io'5  +  4x  17  =  pyjT; 
ale  gallons. 

And,  having  fct  40  on  C  to  42  on  D\  againft. 
32,  24,  and  30*2  on  i),  iland  23*2,  13,  and  20^7 
on  C'j  then  23*2  +  13+4X  20*  7=119  wine  gallons,, 
for  the  content  as  before  nearly. 

6T 
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C  H  A  P  T  E   R     VI. 

A' new,  eajy^  and  expeditious  method  of  cmnputing  the 
content  of  a  cajk  from  three  dimenfions  only,  of  what- 
€ver  variety  it  may  be. 

Rule.* 
In  the  column  of  diameters,  or  middle  column, 
in  the  following  table,   find  the  bung  and  head 
diameters,  taking  out  the  number  on  the  left  of  the 

head 


*  The  method  of  gauging  here  propofed,  is  no  other  than  the 
rule  for  one  form  of  folids  correded  fo  as  to  make  it  agree,  in  con- 
tent, with  the  moft  common  or  general  form  of  ca(ks  :  and,  for  the 
more  expedition,  the  fquares  of  all  diameters,  within  certain  limits, 
are  divided  by  the  proper  conftant  divifor,  and  the' quotients  ranged 
in  the  table  oppofite  to  thcw  correfponding  diameters  ;•  that  in  prac- 
tice nothing  more  may  be  required  than  to  multiply  thefe  quotients 
by  any  alHgned  length  of  a  ca(k,  for  the  content  in  gallons. 

Now  it  hath  been  found  that  wine  hogflieads  generally  contain 
about  a  gallon  and  a  quarter  lefs  than  the  content  afligned  to  them 
by  the  nUe  for  fpheroidal  ca(ks ;  to  correft  the  rule  for  that  form  of 
cafks,  then,  we  muft  increafc  the  divifor  882' 35 5  in  the  proportion 
of  6i-i  to  63  ;  by  which  proportion  we  obtain  9oo>  very  nearly,  tobe 

ufed  inacad  of  88 2* 355*  and  then  the  rule  will  become  — ^^ — xl. 
for  the  content  in  gallons. 

Then  as  the  leaft  diamefcet  of  a  wine  hoglhead  is  about  19  inches, 
and  the  ercateft  bung  of  a  pipe  about  35,  to  all  diameters,  in  inches 
and  tenths,  from  18  to  36*  3>  I  have  computed  the  values  of  Ihe. 

quantities  — *  and  - — S  and  difpofed  them  in  the  columns  tituled 

head  and  bung  areas ;  and  which  it  is  evident  need  only  be  taken 
out  of  the  table,  for  any  example  of  bung  and  head  diameters,  and 
multiplying  their  fum  by  the  length  muft  give  the  content.  So  that 
we  have  here  a  general  and  eafy  rule  by  which  any  perfon,  in  half  a 
minute,  may  compute  the  content  of  axiy  cafk  whofe  bung  and  head 
diameters,  and  length  are  given,  and  that  generally  nearer  to  the 
itruth  than  by  any  rule*  now  commonly  ufed. 

I  {hall  here  infert  the  method  in  which  I  made  this  table ;  for 
although  I  have  as  above  explained  the  property  upon  which,  the 

table 
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head  diameter,  and  the  number  on  the  right  of  the 
bung  diameter ;  then  the  ium  of  thofe  two  num- 
bers multiplied  by  the  length  of  the  cafk  will  give 
the  content  in  wine  gallons.  And  the  wine  gal- 
lons being  multiplied  by  7  7  and  the  produdl  divided 
by  94,  the  quotient  will  be  the  ale  gallons ;  or  mul- 
tiply by  9  and  divide  by  1 1  for  ale  gallons,  becaufc 


£3JL  —  LL 
2T2    "*    9  4 


=  TT  extremely  near. 


A 


18*  ^ 

900 
18*1* 

900 

l8'2* 

900 
i8-3» 


table  is  founded,  viz.  that  the  numbers  in  it  confiil  of  every  diameter 
fquared  anid  then  divided  by  900,  I  did  not  find  the  numbers  in 
that  manner,  but  by  tlie  following  method  in  perhaps  a  tenth  part 
of  the  time  required  by  the  former.   • 

Since  the  ift,  2d>  3d,  4th,  &c.  numbers  are 


•36  SB  J 

^. 

:'''  + 

900 

3*6 

900 

■  900 

18*   ,  3-6i 
900       900 


^  + 


900    900   900  *~  900   900   900 


3'6i 
900 

=5+ 


^+  •00401  s:  Bf 
3-63 


900 


5+'0040js:C,  ♦ 


900     900     900     900   900    19.1    900     900         900      •      ^     ^ 

It  is  evident  dxat  the  differences  of  the  terms  form  an  arithmetical 

•02 

—  SB  '000039  and  therefore  by 

900  ' 


feries  whofe  common  difference  is 


■writing  down  a  column  of  differences,  and  to  the 
firft  term  addine  the  firft  difference,  to  obtain  the 
fecond  term  ;  then  to  the  fecond  term  adding  the 
fecond  difference,  for  the  third  term;  and  fo  on 
as  appears  in  the  margin ;  the  terms  will  evidently 
be  found  in  a  very  expeditious  manner  :  alfo  by' 
doubling  thefe  head  areas  we  obtain  the  corref- 
ponding  bung  areas.— ^-In  the  above  computations 
the  lad  figures,  having  a  point  above  them,  are 
infinite  repe tends. 

Farther,  it  is  evident  that  in  this  method,  the  gauge  point  will  be 
30  (xs   \/90o),    which  is  to  be  ufed,   in  the  rule  for  fpheroidal 


<:aiks»  inlttad  of  29*7>  aad  the  corre^  c(»tej)t  wiH  be  obtained. 
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A  Table  of  Areas. 

• 

Head.  Diam- 

i5uog      1  Head 

DUm 

Bung    1  Head 

Oiam-I    Bung 
eter       area 

Head    Diam- 

Bung 

area    '  ttcr 
•3600  i8-o 

area 

1  area 
1567^ 

eter 

area     |  area 

area       eter 

area 

-7200 

226 

1-1350     "8220 

27-2 

1*6441 

1-1236  31-8 

2-2472 

'3640I i8'i 

•728o|-573> 

22*7 

I-1451      '8281 

27-3 

1*6562 

1*1307  31-9 

2-2614 

•3680! i8-2 

•736if5776 

22-8 

11552      -8342 

27-4 

1-6684 

1-1378 

32-0 

2-2756 

•372i'i3-3 

•744-1' 5827 

22-9 

1-1654      '^403 

27-5 

i-68o6 

1-1449 

32-1 

2*2898 

•3762  i8'4 

•7524r587S 

23*0 

ri756    '8464 

27-6 

1*6928 

1*1520 

32-2 

2*3041 

•3803.18-5 

•76o6r5929 

23-1 

1-1858     '8525 

27-7 

1-7051 

1*1592 

32*3 

2-3184 

•3844  i8-6 

•7688  -5980  23-2 

1-1961     -8587 

27-8 

17174 

I- 1664 

32*4 

2-3328 

•3885  18-7 

•7771  -6032 

23*3 

1-2064    "8649 

27-9 

i'7298 

1*1736 

32*5 

2*3472 

•3927  i8-8 

•7854  -6084 

23-4 

i-2i68    '8711 

28-0 

1-7422 

1-1808 

32-6 

2-3617 

•3969  i8*9 

-7938  -6136 

23-y 

1-2272I  '8773 

28-1 

i'7547 

I-1881 

32-7 

23762 

•401 1  19*0 

•8022  -6188 

23-6 

1-2377 

•8836 

28-2 

i'7672 

1-1954 

32-8 

2*3908 

•40j3'i9-i 

•8107  -6241 

237 

1-2482 

•8899 

28-3   1^77981 

1-2027 

32-9 

2-4054 

•4096  19-2 

•8192  '6294 

238  1-2588 

•8962 

28-4 

17924 

1*2 100 

33-0 

2*4200 

•4i39;i9-3 

•8278  -6347 

23-9  1-2694 

-9025 

28-5 

1-8050 

1-2173 

331 

2'>4347 

•4182:19-4 

'8364  '6400 

24-0  1-2800 

•9088 

28-6 

1-2177 

1-2247 

332 

2*4494 

•4225|i9'5 

•8450  -6453 

24-1  1-2907 

-9152 

28-7 

1-8304 

1*2321 

33'3 

2-4642 

•4268 

19*6 

•8537 

-6507 

24-211*3014 

•9216 

.28-8 

1*8432 

1*2395 

33*4 

2-4790 

•4312 

19-7 

•8624 

-6561 

24-3' 1-3122 

•9280 

28-9 

1-8560 

1*2469 

33*5 

2*4939 

•4356 

19-8 

•8712 

•6615 

24-4 1-3230 

•9344 

29-0 

1-8689 

1*2544 

33-6 

2-5088 

•4400 

19-9 

•8800 

-6669 

24-5 

i'3339 

•9409 

29-1 

I  8818 

1*2619 

33'7 

2*5238 

'4444  20-0 

•8889 

-6724 

24-6 

1-3448 

•9474 

29-2 

18948 

1*2694 

33*8 

2-5388 

•4489  20-1 

-8978 

•6779 

24-7 

1-3558 

*9539 

29-3 

1*9078 

1-2769 

33*9 

rssi^ 

•4534  20-2 

•9068 

•6834 

24-8 

1-3668 

•9604 

29-4 

19208 

1*2844 

34-0 

2*5689 

'4579  20-3 

•9158 

•6889 

24-9 

1-3778 

'9669 

29-5 

1-9339 

1-2920 

34*  !>•  58401 

•4624 

20-4 

•9248 

•6944 

25-0 

1-3888 

•9735 

29-6 

19470 

1*2996  34*2 

2*5992 

•4669  20-5  1 

•9339 

•7000 

25-1 

1-4000 

•9801 

29.7 

1-9602 

1*3072 

'34-3 

2-6144 

•4715I 

20-6 

•9430 

•7056 

25»2f 

1-4112 

•9867 

29-8 

1-9734 

1*3148 

34'4 

2-6297 

•4761 

20-7 

•9522 

-7112 

25-3 

1-4224 

•9933 

29-9 

1-9867 

1*3225 

34-5 

2-6450 

•4807.  20-3 

•9614 

•7168 

25-4 

1-4337 

1-0000 

30-0 

2  0000 

1*3302 

34;6 

2-6604 

•4853I30-9 

•  9-7  07 

•7225 

25-5 

1-4450 

1*0067 

30-1 

2-0134 

i'3379 

34'7 

2-6758 

•4900  21'0 

•980c 

•7282 

25-6 

1-4564 

I-OI34 

30-2 

2-0268 

1*3456 

34-8 

2*6912 

•4947 

21*1 

•9894 

•7339 

25-7 

1-4678 

1-0201 

• 

30-3 

2*0402 

i'3533 

34*9  2*7067 

'4994 

2r2 

•9988 

•7396 

25-8 

1-4792 

1-0268 

30-4 

2-0537 

1-3611 

35-o'2-7222 

•5041 

21-31 

•0082 

•7.453 

25-9 

1-4907 

1-0336 

30-5 

20772 

1-3689 

35-1 

2-7378 

•5o88j2i'4i 

■0177 

•7511 

26-0 

r5022 

1*0404 

30-6 

2-0808 

1*3767 

35*2 

2-7534 

•5136  2I^51 

•0272 

•756^ 

26-1 

1-5138 

1-0472 

30-7 

2-0944 

1*3845 

35-3  2*7691 

•5184  21-6l 

-0368 

•7627 

26-2 

1-5254 

1-0540 

30-8 

2-io8i 

1*3924 

35*4  2-7848 

•5232  21-71 

•0464 

•7685 

26-3 

1-5371 

1*0609 

30-9 

21218 

1*4003 

35'5;2*8oo6 

•5280  2r8i 

•0561 

•7744 

26-4 

1-5488 

1-0678 

31-0 

2*1356 

1*4082 

35*6 

2-8164 

•5329 

21-91 

•0658 

-7803 

26-5 

1-5606 

1-0747 

31*1 

2*1494 

1*4.161 

35-7 

2-8322 

•5378 

22-01 

•0756 

-7862 

266 

1-5724 

I -08 16 

31*2 

2*1632 

1*4240 

35*8 

2-8481 

•5427 

22-11 

•0854 

•7921' 

26*7 

1-5842 

1-0885 

31-3 

2*1771 

1*4320 

35-9 

2-8640 

'5476 

22-21 

•0952 

•7980 

26-8 

1-5961 

1-0955 

31-4 

2*1910 

1*4400 

36-0 

2-«8oo 

•5525 

22-31 

-1051 

•8040 

26-9 

i-6o8o 

1-1025 

31-5 

22050 

1*4480 

36-1 

2*8960 

•5575 

22-41  -II50J 

•8100 

27*0 

1-6200 

ri095 

31-6 

2*2190 

i'456o 

36*2 

2-9121 

•5625 

r!2-;i'-i25or8i6o 

27*1  i-632o| 

r-1165 

31-7 

2*2331 

1*4641 

36*3 

2*9282 

Sed.  n. 
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Example. 

Required  the  content  of  a  cafk  whole  length  is 
40  incheSi  and  bung  and  head  diameters  32  and 
24  inches. 

*    To  the  right  of  32,  the^    ^.,7^.^  ^he  bung  area; 
bung  diameter,  is     3  '-^  ^ 

and  to  the  left  of  24,  the?      . /-        ^t    i,     j 
,      J  J.  .^'        >       6400  the  head  area, 

head  diameter,  is         i         ^ 

the  ftim  2'9 1 56 

multiplied  by        *  40  the  lejigth 

produces  11 6" 624  wine  gallons 
for  the  content  required. 

To  work  by  the  Hiding  rule,  we  may  proceed  as 
in  prob.  I^  chap.  3,  uCng  30  as  the  gauge  point  in- 
(lead  of  29*7  }  thus,  having  fet  40  on  C  to  50  on 

6V  D. 


iXk. 


^^  A  ftill  fjrther  improvement  is  to  be  made  of  this  method,  by 

^pnsferrijag  the  table  to  fcales  upon  a  rod  or  the  infide  of  a  Branan's 

.  •-  rule  inftead  of  the  two  ufelefs  diagonal  fcales,  a  fcale  of  inches  and 

tenths  correfponding  to  the  fcale  of  areas.    A  part  of  fuch  a  fcale  is 

reprefented  below. 


t 
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7  '8 

And  for  the  making  of  fuch  a  fcale  I  (hiiU  here  fubjoin  a  table  of 
diameters  computed  from  afluroed  equi-different  areas,  which  is. 
mttch  fitter  for  this-  purpofe  than  the  foregoing  table  of  areas  which. 
Was  computed  from  aflumed  equi-different  diameters.  This  table  of 
diameters  was  computed  by  Mr,  Ab.  CaoCKBR,  Mafter  of  a  boardiog 
ftho^l  in  Uminflcr^  Somerfetjhire^  and  who  alfo  communicated  the 
fubftance  of  this  chapter^  together  with  the  coUedion  of  caflcs  at  th« 
«ld  tA  the  laft. 

A 
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D,  againft  32  and  24  on  D  lUnd  45*6  and  25-5  on 
C;  then  2x45'6  +  25'j  =  9r2  +  25'5=  iii'^  wine 
gallons  the  content  nearly  as  before*. 
-    And  for  the  content  in  ale  gallons,  we  have 
ii6'6  x-'-,  =  9i'4' 

Chap- 


A  tahle  of  diameter,  fir  the  nuking  6f  fealii 

dDiwn. 

Bung 

HeadlMani- 

Bung 

Held   Dum-Buttg 

Head 

Diim-;  flung 

»ica 

>rca      act   lireT 

eler  1-^ 

' 

16-43 

-m, 

^ 

33-85 

1-16 

■86  37^82 

1-73 

1-14 

33-03  2-38 

16-70 

■62 

"59 

23^04 

1-18 

\\  ?k: 

i'74 

I-Ii 

32- 17 

2-30 

16-97 

■64 

-60 

33^24 

1-20 

1-76 

ri6l33-3i 

3-32 

17-34 

-66 

■61 

33-43 

1-22 

-89I23-30 

1-78 

I'l?  33-4S 

2*34 

17-50 

■68 

-63 

23-63 

124 

■90:38-45 

i-8d 

1-18  33-J9 

17-76 

•70 

1' 

23-81 

1-26 

■9l|28-6i 

1-83 

i-i9j3a-73 

i8-oo 

'7» 

-64 

24-00 

t-33 

-92,38-78 

1-84 

1-20  33-86  2-40 

18-36 

•74 

M 

34-18 

1-30 

■93  a8-93 

1-86 

I-2I  33-00  2-43 

18-50 

'76 

■66 

34-37 

1-32 

■94  39*09 

1-88 

r-23  33-i4'a-44 

18-73 

•73 

■67 

34-56 

1-34 

-95  29-24 

1-90 

1-33  33-27  ;3'4i 

18-97 

■80 

■68 

24-74 

1-3^ 

•96  [29^40 

1-93 

i-i4  33-4' ^-48 

19-21 

•83 

■69 

34'9a 

1-38 

•97 

39-55 

1-94 

I-3S  33-54  '-JO 

>9'44 

■84 

-70 

25-10 

1-40 

-98 

29-70 

1-96 

1-26  33-67  3-53 

19-67 

■86 

■71 

25-38 

1-43 

-99 

29-85 

1-98 

1-27  33-81  3-14 

19-90 

•88 

■73 

2i-4i 

1-44 

i-oo 

30^00 

a-oo 

.■38  33-94  a-ci 
i"39  34-07  3-p 

ao'ia 

•90 

■73 

35-63 

146 

I-OI 

30-15 

3-03 

30-3  s 

•9a 

■74 

25^8i 

1-48 

1-03 

30-30 

3-04 

1-30  34-20, 3-6o 

30-57 

•94 

•?J 

25-93 

1-50. 

roj 

30-4S 

3-o6 

1-31 

34-33  :a-6a 

ao-79 

•96 

-76 

36-15 

1-52 

1-04 

30-60 

2 -08 

1-33 

34-47  i3'64 

21-00 

•98 

■77 

36-33 

114 

i-o; 

30-74 

3-10 

'-33 

34'6o  3-66 

31-31 

POO 

■78 

26-50: 1-56 

ro6 

30-88 

2'12 

1-34 

34-73  2-68 

31-43 

1-03 

'79 

36-67  1-58 

1-07 

31-03 

2-r4 

1-35 

34-86  3-70 

3. -63 

1-04 

■80  26^84|i-6q 

fo8  3ri8 

3-i6 

1-36 

34-98|2-72 

31-84 

i-o6 

■8.>7-ooi-63 

1-09  31-33 

a- 18 

1-37 

35-11,3-74 

ay  05 

i-oS 

-8337-17  1-64 

KIO 

3 1  "47 

3-jro 

138 

35-aj;a-76 

23-35 

I-IO 

-83  27-33  1-66 

I'll 

31-61 

3-33 

1-39 

JS-17  2-78 

33-45 

l'I3 

-84  ■37-50;  1-68 

1-12 

3>-7S 

3-24 

1-40 

35- JO  280 

. 

22-6i 

1-14 

■85  37-66  1-70 

'-'3 

31-90 

2-36 

1-41 

35-62  a-»3 

Now  «  to  the  method  of  forming  the  preceding  tablej  fince  any 
area  is  equal  to  the  fquarc  of  its  diamwer  divided  by  900,  the  dia- 
loctcr  miift  be  equal  to  the  root  of  the  prodaft  of  900  drawn  ia«> 

"  thr 


Sca.U;  G  A  (retire.         •  539" 

Chapter  VII. 

A  vunv  and  very  exaii  met  bod  of  computing  the  content 
'*ofa  ^ajk  of  any  form  from  three  dimenfian^  duly. 

Rule.* 

Add.  into  one  fum  488  times  the  fquarp  of  the 
Vung  diameter,  3.1 3  times  the  fquare  of  the  head 

diameter, 

,  « 

fre  area;   fo  that  to  the  firft  area  *30  will  belong  the  diameter 

V' 30X900  or  v'BO  X  9  ss  */Jy  to  the  2d  area  -g  i  the  diameter 

4/31  X  9    4i  V'-^  +  9  =   \^-^>  to  the  3d  arest  •32  the  diametet* 

iV^j2  X  9    ■=   V'^  +  9  =  v^C".  &c/  Hence  it  is  evident  that  the 
fucceffire  produfhs,  out  of  which  the  fquare  root  \%  to  be  extra^ed, 
wiU  be  obtained  by* the  continual  addition  of  9;  and  then  extradting 
the  roots,  by  means  of  the  table  of  logarithms,  will  give  the  feveral. 
diameters  required. 

But  if  you  have  a  table  of  fquare  roots  by  you,,  fmce  the  root  of  9- 
is.  3.  the  moft  expeditious  method  of  making  the  table,  is  to  take  the 
fquare  roots  of  30,  31,  32, '&c.  out  of  the  table,  and  then  multiply 
them  by  3  for  thSe  fcycral  porrefponding  diameters. 

♦  This  rule  is  taken  from  a  method,  of  invcHigacingthe  contents 
^dfoafks;.  hinted  by  Mr.  jArt£s  Davidson,  Teacker  cf  the  Math 9-^ 
inatics  at  Dundee  i»  /V^riA  Briton ^  the  invention,  of  which  take  a*, 
below. 

"  Ita{3pearingreafonable  that,  in  determining  a  proper  rule  for  com* 
puting  the  contents  of  caflcs,  we  ought  to  have  regar4  to  the  general' 
methods  tvhichare-ufed'by'coopers  incohftruding  them;  applicatiqn 
was  therefore  made  to  feveral  ingenious  workmen  in  th^it  way^  from> 
whofe  account  it  appeared  that,   ordinarily,  the  (ides  or  edges  ot 
each  ftaff  of  a  cafk,  for  about  one^thlrd  of  its  length  next  each  end^ 
are  made  tapering  in  a  ftreight  line,  and  that  for  the  middle  third 
pai^trthey  w*re  cuhrfcd  or  made  convex  to  form  the  bulge  or  middle, 
of  the  cade. 

Froii>  ^is  plain  account  then  we  arecnatifrallyled  to  consider 
(fae-third  of* a  cafk  at  each  end  as  the  fruftum  of  9k cone;  and  the 
middle  part  b  moft  properly  conRdered  a^  in  the  form  of  a  parabolic: 
e^rvei'for  thefe  reafons;  vir.  ift,  that,  on  account -of  the  fliortnefs 
of  thiir  curved  part,  it  m%y  be  confiiered  but  as* a  fmall  part  near  the- 
TJcrtex  of  the  curve;.  2d,  that  all  curves  near  the  vertex  differ  infen- 

fibljr. 
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diameter,  and  32r4^n\es  the  produiSk  of  the  diame- 
ters ;  multiply  the  fum  by  the  length,  and  the  pro- 
dndt  by  •0000272;  then  the  laft  product  divided 
by  9*  will  give  the  wine  gallons,  and  divided  by  i  x 
will  give  the  ale  gallons. , 

Ex- 


ftbly  Irom  the  parabola;  and  3d,  that  its  rules  are  moft  cafily  a* 
diipted  to  pra^ical  ufes.  We  ihall  therefore  fuppofe  the  mlddic 
third  part  of  a  cafk  to  be  the  middle  fruftum  of  a  parabolic  fpindle» 
and  the  ends  as  two  fruftums  of  a  cone,  and  inveiligatc  its  contents 
thus. 

Let  AB  and  CD  be  the 
two  right- lined  parts,  and 
/y^  the  parabolic  part;  then 
produce  j4B  and  DC  to 
meet  in  £,  and  draw  thd 
lines  as  are  evident  by  the 
figure.  Put  the  length  AD 
of  the  calk  ==  JL,  the  bung 
diameter  FG  =s  /?,  and  the 
Kead  diameter  JH  =s  H  : 
then  fmce  AB  hath  the 
fame  direAion  as  FB  zt  Bt 
ABE  will  he  a  tangent  to 

the  parabola  BF,  and  therefore  FI^^lE;  bnt  BIss^Af^,  and 
hence  by  fimilar  triangles  IE  ae  ^-EUC;  confcqtiently  F/ss  HE 

si  ^EK  Si  {KF  ss       ^^     ;  to  that  the  common  diameter  BL'st 

GF-'2FIsz  B —  as  ^ — ^ — ,  which  call  C. 

NoW|  by  the  common  niles  for  parabolic  fpindles  and  conic  fru* 
ftatns.  vrt  obtain  ^Il±ji£±2£l^^^  3^82?' +  44»^+3/y 

X  I«  for  the  parabolic  or  middle  part,  and  ^*+^^+^*  ^  1^* 

a* n,->t  .r      ^  ^*  ««■  *e  two  ends ;  and  theiuoL 

oF  thefe  two  eipreffions  will  give  488^*  +  ^24^^+313^*  ^  ^^ 

Ar  the  content  m  inches,  h  being  sr  •78J398  Ace.    And  the  quan- 
tity 
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Example. 

Required  the  content  of  a  calk  whole  length  is 
40,  bnxig  diameter  32,  and  head  diameter  24  inches. 

Here  488  x32^-r324  32x24  +  313x24^  x 40 x 
•6000272  =  1 01 0*569,  which  being  divided  by  9 
and  by  1 1,  we  obtain  ii2'3  wine  gallons,  or  91*9 
ale  gallons  for  the  content  required* 

Chapter  VIII. 

Of  the  Ullage  of  Cajks. 

The  nllage  of  a  cafl^  is  now  generally  underftood 
to  be  either  the  empty  part  or  the  part  filled,  of  a 
calk  which  is  not  quite  fiiU. 

6X  In 


Jmmk. 


tity  -Z— £3 ^  being  divided  by  231  gires  •obooo3^  =^ ^ 

the  multiplier  for  wine  gallons ;  and  (ince  2gi  is  to  282  as  9  to  11 

extremely  near^ . —        '-   will  be  tic  multiplier  for  ale  gallons,  as 
in  the  rule. 

• 

And  thus  we  Lave  a  rule  which,  although  it  be  not  thebeft  ac- 
commodated to  expedition,  hath  not  only  the  piropefty  of  agreeing' 
with  the  content  as  computed  from' the  tnethbd-by  four  dimenlions' 
when  thofe  di  men  (Ions  are  a^hially  taken,  butaHba^ees  furprizingly 
well  with  the  real  contents  of  cafksr ;  as  hath  been  proved  by  fevd^ 
ca&s  which' have  adually  been  filled  with  a  true  gallon  meafure» 
aftei;  (heic  contents  have  been  computed  by*  this  method. 

To  (hew  its  agreement  with  the  fonr-dimention  method,  take  any 
one  of  the  examples  oat  of  the  colIe<5lion  at  the  end  of  chapter  5 ,  as 
for  inftance  No.  14,. whofe  content  by  that  method  is  1 13* i  gallons; 
and  by  this  method  it  will  b^  found ta  come'  out  nearly  112.  Again, 
if  we  take  any  t>ther,  as  fuppofe  the  laft  whofe  coiitent  was  282* 2^ 
it  will  come  out  by  this  method  283*2.  So"  then  ia  thefe  two  m- 
ftances,  taken  at  randpm,  although  the  contehtebe  very  large,  they 
agree  to  within  a  ^lon ;  the  one  method  ezceedmg  in  the  former 
calc  and  the  other  m  the  latter. 
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In  this  bufinefs  cafks  are  coinfidcred  as  in  two 
pofitions,  viz.  with  their  axes  either  parallel  or  per* 
pendicnlar  to  the  horizon^  that  is^  cither  lying  a- 
long  or  ftanding  upright  upon  one  end^  The  irUage 
of  a  cafk,  either  ftanding  or  lying,  may  be  deter- 
mined for  any  particular  variety  by  the  preceding 
parts  of  this  work ;  but  the  rules  thence  obtained 
are  too  complex  for  ordinary  pradice,  efpeciadfty 
for  a  lying  cafk ;  I  £hall  not,  therefore,  introduce 
thofe  rules  into  this  place,  but  fliall  content  myfelf 
with  putting  down  fuch  approximations  as  have 
been  found  to  accord  beft  with  expedition  and  ac- 
curacy, together  with  the  univerfal  method  by  direc 
diameters,  w^ch  is  not  only  fufficientlj  eafy  hut 
aJfo  the  moft  accurate  for  this  purpofe* 

Problem  1. 

To  find  the  ullage  of  afiandxng  and  lying  cajk  by  the 
lines  SS  and  ^h  an  the  Jlidhig  rule^ 

Rule. 

By  fcttne  of  the  preceding  chapters,    find  the 
whole  content  of  the  cafk ;  then  for  a  cafk 

and  on  the  fame  \ot\  againft  the  wet  or  dry  inches 

on  iV  is  a  number  to  be  referved ;  then  fet  i  oo  on 
B  to  the  refervcd  number  on  -4,  and  againft  the 
whole  content  on  B  will  be  found  the  ullage  on  A ; 
and  this  ullage,  will  be  either  the  empty  part  or  the 
part  filled^  according  as  the  dry  or  wet  inches  wera 
uied  in  finding  the  le&rved  number* 

Ex- 
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Example   I. 

Required  the  ullage  of  a  ftanding  cafk  whodS 
length  is  40,  bung  diameter  32,  head  diameter  24^ 
wet  inches  10,  and^  confequently,  dry  inches  30 
inches. 

By  the  laft  chapter,  the  content  was  nearly  92 
ale  gallons :  Hence,  having  fet  40  on  JV"  to  1 00  on 
SS^  and  againft  10  on  iV^  found  23  onSi  I  then 
fet  100  on  iS  to  23  on  -4,  and  againft  92  on  B  find 
21*2  ale  gallons  on -4,  for  the  quantity  remaining 
in  the  cafk. 

If  30  the  dry  inches  be  ufed,  the  referved  feg- 
ment  will  be  foimd  to  be  767,  and  then  the  cor- 
refponding  ullage  is  70*2  for  the  gallons  drawn  off. 

And  the  fum  of  thefe  two  parts  is  91*4  gallons^ 
which  is  about  balf  a  gallon  lefs  than  the  whole 
content ;  which  error  would  be  inconfiderable  if  it 
were  to  be  divided  between  the  two  parts ;  hut  in- 
ftead  of  that  generally  the  one  part  is  too  little,  and 
the  other  too  much,  by  which  it  happens  that  the 
error  in  each  part  commonly  exceeds  that  of  their 
Hxau 

E  X  A  w  P  L  E   IL         ^ 

Let  the  dimenfions  and  content  be  the  fame  in 
the  cafe  of  the  lying  cafk,  alfb  the  wet  inches  8, 
and  confequendy  the  dry  -inches  24. 

Having  fet  32  on  iV^  to  100  on  SL^.  againil  8  and 
24  on  N  are  the  referved  fegments  17*8  and  82*5 
on  SL;  then  having  fet  100  on  J^  to  92  on  Jy  a- 
gainft  I7"a  and  82*5  on  B  are  16*4  and  76  on  J^ 

which 
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which  are  the  parts  filled  and  empty  refpedively^ 
and  whofe  lum  is  92*4,  near  half  a  gallon  too 
much. 

P  R  O  B  L  E  M     IL 

To  find  the  ullage  of  afianding  cajk  by  the  pen. 

R  U  L  E     I. 

Take  here  the  rule  in  chapter  j*,  ufing  the  *  dia- 
meter at  the  furface  of  the  liquor  inftead  of  the 
bung  diameter,  the  diameter  in  the  middle  between 
the  ilirface  of  the  liquor  and  its  nearefl  head  inftead. 
of  the  middle  diameter,  and  the  diftance  between 
the  furface  and  neareft  head  inftead  of  the  length 
of  the  calk;  and  you  will  obtain  the  part  empty 
or  filled  according  as  the  calk  is.  more  or  lefs  than 
half  fulh 

« 

Example. 

Taking  the  above  diameters  24, 27,  and  29  inches^ 
and  the  wet  inches  10 ;  wefliall  have  24^    54^  ^  29  ^ 

X  10  X  TT-I-Yo  o  =  4333  X  WoVo  =  20*9  gallons  for 
ullage  required. 

R  u  L  E    IL 

As  the  fquare  of  the  length  of  the  cafk  is  to  the 
fquare  of  the  diflference  bjetween  t^ic.  faid  length  and 

wee 


*  The  diameters  at  the  furface  of  the  liquor  and  in  tHc  middle 
between  it  and  the  nearefl  head,  vrW  eafily  b^  obtained  bf  ifiifpend- 
ing  a  plupnme.t  by  a  ^uje  laid  over  the  middle  of  the  head,<  fo  as  juft^ 
to  touch  the  bulge  ;of  the  caik,  and  then  meafuring  the  diftancp  of 
the  llririg  from  uie  fide  of  the  caflc  at  the  furface  of^  the  liquor  and-' 
in.the  middle  betvreen'it  and  the  neareft  head;  for  then  the  doubles-' 
of  thefe  meafures  taken  from  the  bung  diameter  will  leave  the  faid^ 
required  diameters. 
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wet  or  dry  ibches,  viz.  the  lefs  of  them>  £0  is  the 
diflfercnce  between  the  bung  and  head  diameters  to 
a  number ;  which  being  taken  from  the  bung  di- 
ameter,  will  leave  the  diameter  of  a  cylinder  of  the 
fame  length  with,  and  nearly  equal  to  the  part 
filled  or  empty,  viz,  the  lefs  of  them.* 

Example. 
Taking  the  fame  example  as  in  problem  r ,  we 

have  as  40*  :  40-10I   ::  32  -  24  c      ^V-   ^^  1^~ 

4 J ;  and  32  —  4^  =  27 1  the  mean  diametef. 

Then  17*5^  x  10  x  '002785^1  =  21  ale  gallond  = 
the  ullage  required. 

Not£.  Thfe  numbet  •06I785 1  is  the  co&ftant  niul- 
tiplier  I5i|5|*i-.  ■ 

Problem  III. 
To  find  the  ullage  of  a  lying  cajk  by  the  pen. 

R  u  L  E. 

Divide  the  wet  inches  by  the  bung  diamctisr,  find 
the  quotient  in  the  firft  column  of  th6  table  ti  cay 

6  Y  cular 


*  Tliis  rule  is  fevnded  ilpoh  th«  reufonable  fuppoiition  that  for 
the  fmall  part  of  a  caik,  the  diameter  in  the  middle  may  be  confi- 
dercd  as  a  mea!n  diameter  \  which  is  ftridly  true  when  the  caik  i^ 
parabotbidal,  and  exceedingly  ftear  tbe  truth  when  parabolic.-fpiiidu- 
lar }  but  the  £iid  middle  diameter^  as  giten  in  the  rule,  is  computed 
from  the  latter  form,  becaufe  the  rule  is  thereby  rendered  not  dni  jr 
«afier  but-  generally  more  ezaft.  ,._^ 

I'hus,  by  the  property  of  the  parabola,  L*  :  L— /]*  ::  5  — iSf  : 

£zi^xr=rrr,  and  2?-.l^JcnTf*i=^5  where  i?  is 

the  bun^,  H  the  head,  and  M  the  mean  diajneter,  alio  £  is  the 
iength  of  the  caik^  and  /  the  wet  or  dry  inches^ . 
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cular  fcgments  (at  the  end  of  the  work),  and  take  ' 
out  the  fegment  {landing  oppofite  to  it,  then  mul- 
tiply this  fegment  by  the  whole  content  of  the 
cafk,  and  then  the  produdl  being  either  divided  by 
•785*398  &c.  or  multiplied  by  1*2732395  will  give 
the  ullage  nearly.* 

E  X  A  M  P  L  £• 

*  Taking  the  fame  cafk  as  before,  whofe  length  is 
40,  bung  diameter  32,  head  diameter  24  j  and  fup- 
pofing  the  wet  inches  to  be  8. 

By  chapter  7,  the  whole  content  is  nearly  92  ale 
gallons.  Then  y y  =  ^  =  '25 ;  oppofite  to  which,  in 
the  table  of  fegments,  is  the  fegment  '15354621  ; 
hence  92  x  •15354621  x  r2732395  =  18  ale  gallons. 
=  the  ullage  required. 

Scholium. 

Having  delivered  the  neceflary  rules  for  mea- 
fiiring  calks,  &c.  I  do  not  fuppofe  that  any  thing 
more  of  the  fubjedl  of  gauging  is  neceflary  to  be 
given  in  this  book ;  for  as  to  citterns,  couches,  &c. 
tuns,  coolers,  &c.  coppers,  ftills,  &c.  which  are  firft 
fuppofed  to  be  in  the  form  of  fome  of  the  fblids  in 
the  former  parts  of  this  work,  and  then  meafured 
accordingly,  no  perfon  can  be  at  a  lofs  concerning 
them  who  knows  any  thing  of  fuch  folids  in  gene- 
ral ;  and  to  treat  of  them  here  would  induce  me  to 

a  long 

*  This  method  is  evidently  nothing  elfe  than  taking  the  \^hole 
content,  tn  fuch  proportion  to  the  ullage  as  the  whole  bung  circle 
bears  to  the  iegcnent  of  it  cut  off  by  the  furface  of  the  liquor ;  and 
is  nearer  to  the  truth  than  any  other  prai^cal  rule  which  I  can  find. 
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a  long  and  tedious  repetition,  only  for  the  fake  of 
pointing  out  the  proper  multipliers,  or  divifors, 
which  is,  I  think,  a  reafon  very  inadequate  to  fo 
cumberfome  an  increafe  of  my  book. 

I  Ihall  only  juft  obferve,  that  when  tuns,  &c.  of 
oval  bafes  are  to  be  gauged,  as  thofe  bafes  really 
meafure  to  more  than  true  ellipfes  of  the  fame 
length  and  breadth^  they  ought  to  be  meafured  by 
the  cqui-diftant  ordinate  method  delivered  in  fec- 
tion  2  of  part  4. 

And  that  when  cafk&  are  met  with  which  have 
different  head  diameters,  they  may  be  deemed  in- 
compleat  caiks,  and  their  contents  confidered  and 
xneafured  as  the  ullage  of  a  caik. 

SECTION  IIL 

Of  the  nvorh  of  Artifkcrs^ 

THE  artificers  whofe  works  are  here  to  be  treated! 
of,  are  i  Bricklayers^  2  Carpenters  and  Joiners,. 
3.  Glaziers,  4Mafons,  j:  Painters,  6  Pavers,  7  Plafte- 
rcrs,  8  Plumbers,  and  9  Slaters  and  Tilers,  &c. 

Different  branches  of  artificers  eftimate  the  value 
of  their  work  by  meafures  of  different  fizes,  fuch  as 
by  the  foot,  the  yard,  the  rod,  the  fquare,  &c.  but 
they  generally  take  the  dimenfions  in  yards,  or  feet, 
inches  and  tenths  or  eighths,  or  feet,  tenths,  and 
hundredths ;  which  laft  is  certainly  the  beft  method 
of  taking  the  dimenfions,  becaufe  that  the  compu- 
tation will  be  performed  by  the  common  multipfi- 
cation  or  by  the  Aiding  rule  defcribed  below.  For 
taking  meafures,  the  mod  common  inftrument  is 

what 
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what  is  called  the  carpenters  rule,  of  which  it  will 
be  necelTary  here  to  give  a  defcription. 

Chapter   L 
Of  the  common  or  carpenters  rule. 

This  inflriiment  confifts  of  two  pieces  each  of  t 
foot  in  length,  and  conne(5led  together  by  a  fold- 
ing joint,  and  one  of  them  having  a  flidcr  running 
in  it. 

The  one  face  is  for  taking  dimenfions  in  inches 
and  half-quarters  or  eighths,  the  whole  length  be-, 
ing  divided  into  inches  and  eighths.     Upon  this  - 
face  alfo  are  plain  fcales  divided  by  diagonals  into 
twelves,  for  planning  dimenfions  taken  in  feet  and  * 
inches. 

For  taking  dimenfions  in  feet,  tenths,  and  hun- 
dredths, the  edge  of  the  rule  is  adapted,  it  being 
divided  after  that  manner,  viz.  each  foot  into  ten 
parts,  and  each  of  thefe  tenths  into  ten  parts  again; 
that  fo  the  rule  may  fuit  the  diflFercnt  inclinations 
of  meafurers,  viz.  thofe  who  ufe  twelves  and  thofe 
who  ufe  tens ;  but  as  I  prefer  the  latter  method,  for 
the  reafons  above-mentioned,  I  would  fain  perfiiade  " 
all  meafurers  to  do  the  fame ;  and  therefore  in  the 
following  work  I  fliall  take  the  dimenfions  and  make 
the  calculations  in  that  manner  as  well  as  in  feet> 
inches,  and  parts  by  crofs  multiplication.  For  the 
duodecimal  multiplication,  or  multiplication  o£ 
feet,  inches,  and  parts,  runs  all  their  notions  of 
the  parts  of  the  produAs  intp  confufion,  habitua- 
ting them  to  account  thofe  parts  fquare  inches,  &C. 
which  arc  really  quite  different  things. 

tJpofl 
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Upon  one  part  of  the  other  face  are  four  lines 
marked  A^  -B,  C,  and  D ;  the  two  middle  ones,  J? 
and  C,  being  on  a  lliden  Thefe  four  lines  are  lo- 
garithmic ones,  the  firft  three  being  all  of  the  fame 
radius,  but  the  laft  of  a  radius  double  to  that  of 
the  former  ;  fo  that  this  line  is  but  of  one  radius 
in  length  while  each  of  the  three  former  is  of  two ; 
or  the  divifions  on  it  anfwer  to  the  fquare  roots  of 
tke  divilioHs  on  the  others;  that  is,  when  any  num- 
ber on  the  Aider  is  fet  oppofite  to  its  root  on  Z), 
then'  alfo  are  all  the  other  numbers  oppofite  to  their 
fqUare  roots :  it  is  neceflary  to  Ihift  the  Aider  out  of 
its  natural  pofition  to  make  thefe  fqUares  and  roots 
correfpond,  becaufe  they  begin  with  different  niun- 
bers,  D  beginning  wirfi  4  and  th6  reft  with  the 
*iumber  i  •  Upon  the  line  D  are  marked  TVG  and 
\AGy  the  wine  and  ale  g^uge  points,  the  former  at 
iyi5  and  the  latter  at  18*95,  to  make  this  inftru- 
ment  anfwer  the  end  of  a  gauging  rule.  This 
line  is  alfo  called  and  marked  the  Girt  LitUy  be-» 
caufe  it  ferves  for  the  njieafuring  of  timber. 

Upon  the  other  part  of  this  face  is  a  table  of  the 
value  of  a  load  or  50  cubic  feet  Of  timber  at  all 
prices  from  6  pence  to  2  fliillings  a  foot. 

The  particular  ufes  of  this  inftrument  will  be 
leen  in  the  following  examples,  where  fuch  of  them 
are  wrought  by  the  rule  as  were  judged  neceflary 
to  explain  its  ufe. 


6  2  Chap 
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Chapter   n. 

Of  the  different  meafures  ufed  by  d^erent  artificers 

1 44  fquare  inches  =  a  fquarc  foot, 

9  fquare  feet  =  a  fquare  yardy 
63  fquare  feet  =  7  fquarc  yards  =  a  rood, 

1 00  fquare  feet  =  a  fquarc, 

272^  fquare  feet  =  30^.  fquare  yards  =,  a  rod» 
perch,  or  fquare  pole. 

So  that  if  the  content  of  any  work  be  firft  com- 
puted in  feet,  which  is  generally  the  method,  it  will 
be  found  in  yards,  roods,  fquares,  or  rods,  by  di- 
viding tlie  feet  by  the  correfbonding  divifbrs  9,  63, 

100  or  272^. Infiead  of  the  divifor  63,  divide 

£rfl;  by  9  and  then  by  7^,  bccaufe  9  times  7  make 
63.  You  eaiGly  divide  by  ipo,  by  only  cutting  off 
two  figures  on  the  right  hand.  To  divide  by  272  j^^ 
firft  multiply  by  4  and  then  divide  by  9,  ii,  and 

11;  bccaufe  272^  s:  - — ^^ — -.     It  may  be  noted 

here  that  this  rod  is  the  ftatute  perch  ufed  in  land 
meafuring,  being  the  fquare  of  the  pole  of  St  yards 
or  i6|  feet. 

The  above  denominations  arc  Aofe  by  which  moft 
kinds  of  work  are  valued  ;  fome  particular  articles, 
indeed  are  valued  by  the  foot  running  or  lineal 
meafure:  By  the  fquare  foot  are  valued  glazing 
and  mafoniy ;  by  the  fquare  yard,  joinery,  painting, 
paving,  and  plaflering;  by  the  fquare,  flating,  tiling, 
and  carpentry  or  floring,  partitioning,  and  roofing; 
and  by  the  rod,  brick  work.  The  rood  is  very  httle 
ufed  except  in  fome  country  places  for  very  common 

flonc 
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ftone  walls  r  but.  it  pay  be  noted  that  this  rood 
of  63  fquare  feet  is  not  the  rood  ufed  in  land  mea- 
fiiring ;  for  this  kft  rood  is  a  quarter .  of  an  acre  S; 
40  fqiiare  polps  =  1085^0  Iquare  feet. 

A  table  for  changing  hundredth  part  s^  of  feet  into  inches^ 
and  partly  and  the  contrary ;  fy  means  of  which  di- 
pie^ons  taken  in  ant  oftbefe  may  lie  readily  changed 
to  the  other. 


GentefmSy  or 
hundredth 
parts  of  a 
foot 

I 

3 

4 

S 
6 

7 
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« 

9 

ID 
20 

ja 

40 

50 
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io 

90 
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8 
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10 
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10 

o 

I 
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S 
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QtnxieEafa. 

<■ 
I 

a 

3  . 

4 

5- 
6 

7 
8. 

17 
^5 
33 

42. 

50 

58 

67 

7^ 

83 
92 

100 
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E  X  A  M  P  L  E     I. 

If  it  be  required  to  change  44  cetitefms  into  inched 

and  1 2th9. — — Againft  4  and  40  in  the  firft  column 

ftand  refpedlively  6  parts-  and  4  in.  10  pts  in  the 

lecond ;,  th^n-the  ftim  ofthefe  two  i&5  inches  4  parts, 

^  the  number  required. 

,    .  .      E  X  A  M  1»  L  t    IL        '       . 

If  it  be  required  to  cTiange  5  inches  and  J:  or  6 

cightlis   to    centefms.- Againft   6  .eighths  and 

5  inches  the  third  column  ftand  refpedlively  6  and 
42  in  the  laft  <:plumh ;  the.fUm  (^  which  is  48 
centefms. 

•  The  reafon  why  I  have  iet  8ths  in  tke  third  co- 
lumn, and  not  1 2ths,  -  is  that  the  meafurers  who  cal- 
culate by  1 2tiis  takc^  the  dimenfions  in  8ths  and 
change  them  into  iMhs,  becaufe  that  the  inches 
upon  the  rule  are  divided  into  Sths,  and  not  1  idis. 

Note.  You  may  convert  centefins  into  inches  and 
parts,  and  the  contrary,  without  the  table,  by  the 
following  rule,  viz.    . 

Multiply  centefms  by  1 2  for  inches,  cutting  oflF 
two  figures  ;  and  multiply  thcfe  two  figures  by  12 
again  for  parts,  cutting  off  two  figures  here  alfb* 
And  divide  Sths  or  itzms,  with  two  cyphers  aflix- 
^d,  by  8  or  by  1 2  for  inches  ;  and  .  divide  inched 
by  12  ifor  centefins. 

Example!.'' 

Thus,  taking  the  firft  ifexample  above* 
r  44  centefins 

12       '-  • 

Inches  5*28       That  is  44  cehtdrffls  =s 

12  5  inches  3  parts. 

Parts  3-36  Ex- 


i 
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193  05293105 

194  :p5299589 

195  -05306075 
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205  '05371067 
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209  -05397130 

210  '05403651 
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273  -O5819125 
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3^ 
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3M 
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[402 

403 
404 

405 
406 

407 

408 

409 

410 

411 

412 

413 
414 

415 
416 

417 


Seg.  area 


•06496704 
•06503589 
•06510475 
•06517364 
•06524254 
•06531147 
•06538042 
.06544939 
•06551838 
•06558739 
•06565642 
'06  57  2548 
•06579455 
•06586365 
'06593276 
■06600190 
•06607106 
•06614024 
•06620944 
•06627866 
•06634790 
•066417 16 
•06648644 
•06655575 
•06662507 
•06669442 
•06676378 
•066833 J 7 
•06690258 
•06697201 
•06704146 
•067 1 1093 
•06718042 
•06724993 
•06731946 
•06738901 
•06745859 
•06752818 
•06759780 
•06766743 
•06773709 
'06780676 
•06787646 
•06794618 
•06801592 


£*is«g."« 


418  •06808567 

4i9;-o68t5545 

420  '06822525 

421  '06829507 

422  '06836491 

423  -06843478 

424  '06850466 

425  -06857456 

426  '06864448 

427  -06871443 

428  ^06878439 

429  -06885437 

430  -06892438 

431  '06899440 

432  -06906445 

433  •o^'i345' 

434  '06920460 

435  '06927470 

436  -06934483 

437  -06941498 

438  ^069485 1 5 

439  '^^55533 

440  -06962554 

441  -06969577 

442  -06976602 

443  '06983629 

444  '06990657 

445  '06997688 

446  -07004721 
447-07x511756 

448  •07018795 

449  -07025832 

450  -07032873 

451  ^07039916 
452-07046961 

453  '07054008 

454  •07061057 

455  '07068108 

456  -07075162 

457  -07082217 

458  -07089274 

459  '07096333 
460-07103394 

461  -07110457 

462  :o7ii7522 


fine 


Seg^/area 


Seg.  area 


1463] -07124589 

1464  -07 1 3 1659 

1465  '07138730 

1466  *o7i458o3 

1467  •07152878 

1468  -07159955 

1469  -07167034 

1470  -07174115 

1471  -07181198 

1472  -07188284 
1473-07195371 

1474  -07202460 

1475  -07209551 

1476  '67  M  6644 

1477  •07223739' 

1478  -07230836 

1479  -07237935! 

1480  -07245036  I 

1481  -07252139] 

1482  -07259244} 

1483  '07 2663 51 

1484  -07273460 

1485  -07280571 
i486  -07287684 
1487  -07294798! 

1488  '07  30 19 1 5 

1489  -07309034 

1490  '07316155 

1491  -07323278 

1492  '07330402 

1493  '07337529 
1494 '07344658 
'495  '07351788 
1496  "07  3  5892 1 
M97  '073660J6 
1498  ^07373 192 
'499  ^07380331 

1500  -07387471 

1501  -©7394^^3 

1502  -07401758 

1503  -07408904 

1504  -07416052 

1505  -07423203 

1506  -07430355 
1 507I -07437509 


. 


508  -07444665 

509  -07451823 

510  -07458983 

511  -07466145 

512  -07473309 

515  "07480475 

514  -07487643 

515  -07494812 

516  -07501984 

517  -07509158 

518  '07516335 

519  -07523511 

520  -07530690 

521  -0753787^ 

522  -07545055 

523  '07552240 
524-07559427 

525  '07 56661 6 

526  '07  573808 

527  -07581001 

528  -07588195 

529  -07595392 

530  -07602591 

531  -07609792 

532  -07616994 

533  '07624199 

534  '07631406 

535  -07638614 

536  '07645824 

537  "07653037 
558  -07660251 

539  i'07667467 

540  '07674685 

541  '07681905 

542  '07689127 

543  -07696350 

544  •07703576 

545  "07 7 10804 

546  -07718033 

547  -07725265 

548  -07732498 

549  '07739753 

550  -07746970 

551  -07754209 

552  -07761450 


Circular  Segments. 


627 


Ycri. 


fine'  I  ^*«-  ^'^* 


liVcrf. 
fine 


•1554-07775938 
•iS55:-o7783i85 
•15^56-07790433 

•»557 -07797684 
'1 558  J -07804936 

•1559  -0781215^ 


Seg.  area 


Veri. 
fine 


Seg.  area 


1621 

1622 

•1623 


•1560  -07819446 
•1561  -078267104 
•1562  -07833964 
•1563  -07841226 
•1564  -07848490 
•1565  -07855756 
•1566  -07863023 
•1567  -078702921-1612 
•1568  •o7877564l-i6i3 
•1569  -07884837l-i6i4 
•1570  '07892112I-1615 
•1571  •07899389f-i6i6 
'1 57 2  -07906668 
•1573  ^07913949 
•1574  -07921231 
•1571;  -07928516 
•1576  -07935802 
•1577-07943090 
•1578  •07950380 
•1579  •0795767211-1624 
•1580  -079649661 
'1581  ^07972262 
•1582  -07979560 
'1583  •07986859 
'1584  •07994161 
'1585  -08001464 
•1586-08008769 
'1587  -08016076 
"1 588  -08023385 
•1589  -08030696 
•1590  -08038008 
•159 1  '08045323 
•1592  -08052639 
M593  '0^059957 
'1594  -08067277 
•1595  -08074599 
'1596  -08081923 
•1597  '08089248 


•1598  '08096576  '1643 
•1599  '08103905  -1644 
-1600  '081 1 1236 
•i6oi  •08118569I-1646 
•1602  -08125904  '1647 
-160J  •08133241  '1648 
-16041-081405801*16491 
•1605  '08147920 
1606  -08155262  j*i65i 

-1607  -08162607  r*^5* 
1608  •081699531-1653 

1654 


fine  I  ^S'  area 


J 


•084282 191 -1688 1-08763532 
'o843563ir  1689 '''0877 1024 
-1645 1 -08443044 1  *  1690 


-084504601' 1691 
'084578771-1692 
•084652961' 1693 
•08472717  j' 1694 
•16501-08480140  '1695 


•1609J-08177J00 
1610  -08184650 
1611 


-08192002 
•08199355 

-08206710 
^d82  14067 
'0822I426 
•08228789 
•08236150 


I 


1617 

I6I8 

16191-08250880 
1620-08258248 


•1696 

'I697 

'I698 


•08265618 

-08272990 
•08280364 
•08287739 

'16251-08295116 

1626  -08302495 

•08309876 

•08317259 

•08324644 
•08332030 
•08339418 
-08346808 

•08354200 

•08361594 

•08368989 

•08376387 


1627 
1628 

•1629 
•1630 

-I63I 

•1632 
•1633 

'1^34 

•1^35 
•1636 

•1^37 

-1638 

.•1640 
•1641 
•1642 


•08243514  '1663 
•1664 
•1665 
'i666 
-1667 
•1668 

•  1669 

•  1670 
•1671 
•1672 
•1673 
•1674 
1675 
1676 
1677 
1678 
1679 
1680. 
168 1 


■08487564 
•08494991 
•08502419 
'08509849 
•1655  '08517281 

1656  -08524714 

1657  ^08532149 

1658  '08539587 
•1659  -08547025 

1660  -08554466 

1661  -08561909 

1662  '08 5693  53 
-08576799 
•08584247 
•08591697 
-08599148 
-08606601  '1712 
-08614056  -1713 
•08621513  ^1714 
'08628972  11715 
•086J6432  [•17 16 
•08643894  }-i7i7 
•08651358  •1718 
•08658824, '1719 
•08666292  ,-1720 
•08673761 1 '172 1 
•08681232  I '1722 
-08688705  ^1723 
•68696180  -1724 
•08703656  '1725 


•08778518 
•08786014 
•08793512 
•0880101 1 
•08808512 
•088 1 60 1 5 
•08823520 
•08831027 
•08838535 
•1699 '-08846045 
-1700  '08853557 
'1 70 1  -08861070 
•1702  -08868585 
•1703  •08876103J 
•08883621 j 
•08891 142 
•08898664 
•08906188 
•089137 14 
•0892 1 242 
•08928771 
•08936302 


-1704 
•1705 
•1706 
M707 
•1708 
•1709 
•1710 
•1711 


•08383786-1685 


•08391187 
•08398590 
'08405994 
•08413401 
•08420809 


1683 
1684 
1685 
1686 
1687 


•o87iii34ri726 

•o87i86i4J^i727 

•1728 

•1729 


•08726096 
•08733580 
•08741065 
•08748552 
•08756041 


•1730 

'173^ 
•1732 


•08943835 

•08951369 

^^89  58906 

•08966444 

•08973983 

•08981525 

•08989068 

•089966 1 3 

•09004 1 60  j 

•09011709 

-09019259 

•090268 1 1 

•09034364 

•09041920 

•09049477 

•09057036 

•09064596 

'09072159 

•09079723 

•09087289 

•090948  56  \ 


<S28 


A  Table  of 


fine         °  n   fine         »  |  fin; 


V'crl'. 


'73S 
.736 
1737 
1733 
>739 
174c 
1741 
J  742 
'743 
744 
745 
1746 
1747 
1748 
1749 
17  JO 
'7S 
17SI 
'7S3 
t7S4 
17SS 
I7S5 
'7S7 
.i7SS 
■759 
■1761 
■176 


09ioz4isfl-i77rf 


Se^.  1 


•09109996. 
■09117569' 

091ZS143 

09131723 

09140193 

■0;  J  47877 

o;isS4j3 

■09163042 

09170626 

■09178213 

■0918  580  r 

■09193391 

■09300983 

■09208576 

■09116171 
3768 

■09131366 

■09338966' 

09146568    .,,, 

•09is4«7*  '1798 

■09i6i777r>799 

■091693841-1800 

■00276993      "   " 

■09184603 

■09293216 

■09199829' 

■0930744-5 
■09315061' 
'6al-o93ii68i 
.'63-09330301' 
764  ^09337914 
76J  -0934554^ 
766  ■09353174 
767-0936080 
'"  ■093''343 
1769  ■0937606: 


-1779 


783 
•1784 
i73j 
1786 
1787 
1788 
1789 
-1790 
1791 
1791 


■1804 
-1805 
-1806 
■1807 


810 


770-09333694 
1771-09391328 
1771-09398964 

1773  '09406602 

1774  '09414241 
1775,-09421881 
1776-09419515 
i777ro9437'59 


■09444815 
■09452463 
■O94'ioir2 
■09467764 
■o;47S4i^ 
■09183071 
•09490727 
■o949!*3«S 
■09506044 
•09513705 
-09521361 
■095*9033' 
■«9  5  3*^693  L 
■o9S+43^7r 
.9551036;! 
■09SS97o8|| 
■0956733 1| 
■0957^05  il 
■0958173-' 
■095904091 
■09598089 
■0960577- 
■09613453 
-0961 II 38 
■09628824 
■09636; 
-09644101 
09651893] 
■09659585 
09667180^ 
09674976 
■09682674 
■0969037. 
•0969807s 
■09705778 
-0971348^ 
■0971118! 
■09728891 
■0973660.' 
■097443 
■09751019 
■09719744 
■09767460 
■0977517^ 
•09781897 


J. area 


ijji  ■aj.; 
I33-.  -o^; 


■^}y, 


■i37i  • 

■.■3;3 

-1874 
■i3;5  - 
■i3/>-. 
■lij-j 


■j-O^vU!-' 

o>iv'-^'; 
■0993  >  530 

•09914577 
■0991112') 
■09929877! 
-09937619 
■09945335 
-09953138 
-09960895 
■099686541 
■09976414 
-09984176 

•0999 '939. 
■I., o' 109999704 


15240 

>i3oi.i 


i854J'ioo3078 
1855-100385551 

1856  -  10046330I 

1857  -10054106 
185S  -10061884 
18591-10069664 
i860  '  10077445 

■1861  -1008512s 
■i86irioo93oii 
■1863! '10100799 
■1864  10108586 
■1865I-10116376 
■1866-10114167 
•18671-1013^1959 


■^0139754 
■I0?4/;4J 
10155347 
10103.46 
10170^47 

lO!  7:174; 

•ioi33jS3 
1019^50 

I023»1->S 

I023J974 
10; 1 778 ( 
io.^jj^.5 

10^33+'^ 

102  (.1214 

101  K>04' 

..    loii-Jiy  . 

3i4)-io2y4i579 

"'-  ■10272500 

10180323 

10388143 

1 019 5974 

0303802 

■10311631 

loj 19+61 

■10317195 

'■0335119 

0342965 

10350801 

10358641 

■I 036648 1 

'03743H 

10381167 

10390013 

10597859 

10405708 

10413558 

1043 1409 

10419262 

10437117 

10444973 
10451831 
10460691 
10468551 
10476414 
10484278  . 


\3iT,- 


1 8,; 
1886  [■ 


1888  • 


1890  ■ 


893 

894 

;895 
[896 
■1897 


•1900 

[■190: 

■  '90- 

1903 

(■1904 

1905 

1906 

■1907 


Circular  Sec  men  ts^ 


^?p 


'  fine  < 


Scg. 


area 


•1913 
•1914 

1 9 16 
1-1917 

i9i» 
•1919 

1920 

192 1 

*I922 
'1 923 

■^l'924 
•1925 
•1926 
•1927 
•1928 
M929 
•1930 

''93  ^ 

'933 
'934 

'935 
•1936 

•'937 
1938 

•'939 
•1940 

hi94i 
1942 

•'943 
•'944 

'945 
•1946 

•'947 
•1948 

•'949 
•1950 

'95' 
•1952 

•'953 
■'9541 

•'955 
'1956 

•'957 


M0492144 
•10500011  '1959 
•140507880  '1960 
•J0515751  •1961 
'J0523623  -1962 
*i^53i496  '1963 

•'^539371^  •i9<^4 
^0547248  '1965 

•10555 1 26  •1964 

^0563006  -1967 

•10570887  -1968 

•ro57877ol-i969 

•10586655 1«  1970 

•'0594541-1971 
•io6o»428j'i972 

•10610318  '1973 

•10618208  -1974 

•10626101  '1975 

•16633994  -1976 

1064189Q  .•1977 


^^'^h  Scg.  area 


•1958-10847713 


fine     ^*S-  ^^* 


%Mri 


•2003 
•2004 

•2QP5 
•2006 


•10649787 
•10657685 
•10665585 
•10673487 
•1068139c 
•106892915 
•I06972OI 
•10705109 
•IO7I3O18 
•10720929 
•10728842 


1978 
•1979 
•1980 

198  I 

1982 
•1983 
•1984 
•1985 
•1986 
•1987 

T988 


•10855650 
•10863589 

•10871529 
•1087947 1  '2007 
■I 088 74 1 4  •2008 
'IO895359  '2009 
•10903305  '2010 
•10911253  *20II 
•10919202  •2012 
•IO927153  '2013 
•10935105  '2014 
•10943059  '2015 

•i095xoi4L'20i6 
•10958971  -2017 

•10966930  '20l8 
•10974890  '2019 

•10982S51  -lOlO 

■109908 1 4;  '2021 
•10998779  -2022 
•I  1006745  |'2023 

•iioi47i3|'2024 

•Il022682r2025 

'ii03o652r2026 


"P     ' 


VcrT. 
fiae 


i**< 


Seg,  area 


•2049 

^•2050 

•2051 
•2052 


io736756|'i989 

1074467 1  '1990 

10752588  •1991 

10760507  ^1992 

•ro768427  '1993 

•10776349  -1994 

•10784272  '1995 

•10792197  ^1996 

•io8ooi23|*i997 

•108080511*1998 

•108 1 59801  •1999 

•108239 II  |*2000 

io83i844l*200i 


•ii038624l*2027 
•11046598  •2028 
•H054573  ^2029 
•11062550  '2030 
•11070528  '2031 
•11078507  ^2032 
•iio86489|*2033 
•iiO9447i|-2034 


'I1206387 

•11214392 

•I  1 22-2399 

•11230407 

•11238417 

•1^246428 

•11254441 

•11262455 
•11270471 
•11278488 
•I  1286507 
•11294527 
•I  1302549 
•1I310572 
*ii3i8597 
•11326623 
•11334650 
•11342679 
•H350710 
•11358742 
•I  1366776 
•  H3748iij-2o69 

II 382847  -2070 


•2048 1^1 1568094 


•J  1576166 
•115842^9 
•11592314 
•I  1600390 


2053  '1 1608468 


•2054 
•2055 
•2056 
•2057 
•2058 
•2059 
•2060 
•2061 
•2062 
•2063 
•^064 


2067 
2068 


•I  1 102456 
•11110441 
•11118429 
•11*126417 
•I II 34407 
•u 142399 
•I  1 150392 
•11158387 
•I I 166383 
•11174381 
•I  1 182380 
J 1 19038 1 


1^2035 
2036 

r^37 
^•2038 

•2039 

'2040 

•2041 

•2042 

•2043  J 

•2044 

•2045 

^2046 


11390885 

11398925 

11406966 

1 1415008 

423052 

•I 143 1097 

•11439144 

•"447'93 
•1 1455242 j 


•11 
•II 


•2071 
•2072 
•2073 
•2074 
•2075 
•2076 

•2077 
•2078 

•2079 


1 1463294  {•2o8o 


•II47I346 
•11479401 

•I 1487456 

•II4955I4 
•1L503572 

•II5II632 
•I  1 519694 

•II527757 

•II53582I 

•11543887 


• 


10839778  |*2002|'i  I  I98383[r2047 

7U 


•"551955  r*o9' 


1 1560024  {•2092 


•11616547 
•I  1624628 
•11632710 
•I 1640793 
•I 1648878 
•I 1656965 
•11665053 

•Ii673i4fl 
•11681233 
•I 1689325 
•11697419 
•2o65[*ii7055i4 
2066  •11713610 
•11721708 
•I  1729808 
•I  1737909 
•1174601Z 
•11754115 
'1 17622201 
•11770327 
•I  1778435 
•11786545 
•I  1794656 
•I  1802768 
•11810882 
•11818998 
•11827114 

•"«3S«33 
•I 1843352 

•11851474 

•11859596 

•I  1867720 

•11875846 

•11883972 

•11892101 

•I  1900230 

I 1908362 

•I 1916494 

•11924628 


•2081 


2082 
2083 
2084 
2085 
•2086 
•2087 
•2088 
•2089 
•2090 


6^o 


A  Table  of 


Ver:. 
fine 


•2093 
•2094 
•2095 
•2096 


S««-  *^"      fine 


Seg.  area 


1 1932764 
'I1940901 
•I  1949039 
•11957179 


2097.' 1 1965320* 


'2i38|'i23oo3to 


■2139 
'2140 
-2141 
'2142 


•I230«52:J 

•I23I6730 

•"3^4933 
*"333'33 


Verf. 
fine 


Seg.  area 


fine 


2098  ;•  1 1973462  -2143)12341344! 

2099;'ii98i6o6':*2i44{'i334955i^ 
2ioo.'i  1989752  '2i45;'i235776o 
2ioi|'i J997899  •2i46!*i236597o 
2102 1' 1 2006047  •2i47l'i2374i82 
2i03>i2oi4i97  '2i48,'i2383395 
2104*12022348  '2149*12390609 
2105  !•!  2030501  '2 150  '12398825 
2 106 j'l 203865 5  '21511*12407042 
•2 107,*! 2046810  '2152^ '12415261; 
•2108. '120^49671 -2153  '13423481 

•2 IO9/1 2063  1 25  j '2  1 54  •1243  1 702 

•ai  10 |'I207 1 285 ,  '2 1 55  '  12439924 
•2iii'i2079446i '2156*12448149 
•2112  '120876081 '2i57,'i2456374^ 
2ii3|'i2095772>2i58 '12464601 

'2159  '92472829 

2 160, '1 348 1059 

'1 2489290 

'I 2497522 

•12505756 

•12513991 

'12522127 

'12530465 

•12538704 

12546945 

•12555187 

'12563430 

•12571675 

•12579931 

•12588169 

•13596418 

•12604668 

'12612919 

•12621172 

•12639427 

'I 263 7 68 2 

•12645939 

2181  '13654198 

2182  •12662458 


•2183 

•2184 
•2185 
'2i86 
•2187 
'2188 
'2189 


•12670719 
'12678981 
'1 2687245 
•12695511' 
•12703777' 
'12712045 
•1^720314 
•3i90j'i2728585 
•2i9i!'i3736857 
•12745131 


•2192 
'2193  -12753405 
•2i94;'i276i682 
'2 195 1 '12769959 
•2196  '12778338 
•2197  '12786518 
•2198. '12794800 
•2[99<*i28o3o82  ; 
•12811367 


'2  200 


: 


•2114  ^12103938 
•21151*12112104 
•21161*12120272 

21I7j^I3128442 

2118  ^12136613 

•12144785 

•12152959 
•12161134 
•12169311 

•12177489 

•I2I85668 
•12193849 
'I220203I 
•12210215 

'122 1 8400 
'I2226587 


'2119 
•2120 
*3121 
*2I33 
'2123 
'2124 

2135 

2126 
'3127 

3128 
•2129 
•2130 
^2131 

'2132 

•»i33 
•2134- 

•213^ 
•2136 

•2137 


'2l6l 

•2162 

•2l6j 

•2164 
1*2165 
•2166 

'2167 
2168 

'2169 

'2170 

2171 

2172 

'2173 

•2174 
•'2*34774  •*J75 


•12242964 


'I225ii54;'2i77 


'12259346 
'12267540 
'12275735 
'12283931 
'12292129 


2176 


2178 
'2179 
•2180 

I 


■•i^l^Wi 


•2201  '12819652^ 
2202  '12827939  I 
•22031*12836238^, 
•23041*12844517  I 
•2205  '12852808. 

•22o6|*1286llOl| 

•3307  '  12869394: 
•3208  •13877689} 

•32Q9  'I3885986I 
•2210  *[  3894283 
•33II   *13902583 
•3313  *139Io883 

•2213  *i39i9i85  I 
•2214  'I2927488 
•2215  ^13935793 

•22 16; '1 3944098 

•2217  ^12952405 
•3218  •13960714 
•3219  ^12969024 
•2220  '12977335 

•3321  '13985647 
•2222  'I2993961 

•:^223  •13002376 

'2334  '}S^^^9S 
'2225  '1301^11 
•2326  'I3O2723O 

'2227J'i3X>35550 


2228 

2329 
2330 
3331 
2232 

2233 
2334 

»235 
2236 

2237 
2238 

2239 

2240 

3241 

2242 

2243 
2244 

3245 

2246 

2247 

2248 

2249 

3250 
2251 
2252 

2253 
2254 

2255 

2256 

2257 

2258 

2259 

3260 

2261 

2362; 

22631 

2264  { 

2265  j 
2266 
2267 
2368 
2269 
2270 
2371. 
3272 


Seg.  area 

3043872 
3053195 
:3o6o52o 
3068846 
3077173 
3085501 
3693831 
3102162 
31 10495 
3118828 
3127164 
3135500 

3H3838 
3152177 

3160517 

3468859 

3177202 

3185546 

3193892 

3202239 

3210588 

3218937 
3227388 

3235^41 

3245994 

3252349 
3260705 

3269063 

3377422 

3285782 

3294*43 
3302506 

3310870 

3319236 

3327603 

333597* 
3S4434«> 

3352711 
3361083 

3369456 

3386206 

•3394584 
3402962 
3411 


Circular  Skg'ments. 


fine 

•237- 
•2274 

•2«75 
•2376 
•2277 
•2278 
•2279 
2280 
2281 

22B2 
'2283 
'2284 
'2285 
•2286 
•2287 
^2288 
•2289 
•2290 
•2291 
•2292 
•2293 

*2294 

•2295 

•2296 

•2297 
•2298 
•2299 
•2300 
•2301 
•2302 

'2304 
•2305 
•2306 
•2307 
•2308 
•2309 
•2310 
•2311 
•2312 
•2313 

•23rs 
■2316 


•2317, 


Seg.  af  ca 

34197^3 
3428105 

3436489 

3444874 
3453^<^o 

3461648 

3470037 

3478427 

3486819 

3495«'« 
3503606 

3512001 

3520398 

3528796 

3537*95 

3545595 

3553997 
3562400 

3570805 

35792 l» 
3587618 

3596026 

3604435 

3612846 

3621259 

3629672 

363808.7 

3^465^3 
3654920 

3^^3339 
3671758 

3680180 

3688602 

3697026 

370545' 
3713877 

3722304 

3730733 
3739163 

3747595 
3756027 

3764461 

3772896 

3781333 
3789771 


fine  I  ^^«-  ^'^^^  t  fine 


2318 

2319 
2320 

2521 

2322 

2323 

2324 

2325 
2326 

2327 

2328 

2329 

2330 

2331 
2332 

2333 
^334 
2335 
233^ 
2337 

2339 
2340 
2341 

2342 

2343 
2344 

2345 
2346 

2347 

2348 

2349 
2350 

2351 
2352 

2353 
2354 

2355 

2356 

2357 

2358 

2359 
2360 

2361 
2362 


Seg.areal  ^^^ 


3798210 
3806650 
38 I  509  I 

3823534 
3331978 
3840424 
3848870 
3857318 
3865767 
3874218 
3882669 

389 1 12 j 

3899577 
3908032 
4916489 

4924947 

493340^1 
4941867 

4950328 

4958791 

4967256 

4975721 

4984188 

4992656 

4001126 

4009596 

4018068 

4026541 

4035015 

4^4349 » 
4051968 

4060446 

4068925 

4077406 

4085888 

4094371 

4102855 

4'"34i 
41 19828 

4128316 

4136805 

4145296 

4153787 
416228 1 

4>70775 


2363 

2364 

2365 
2366 

2367 

23^8 
2369 

2370 
2371 

2372 

2373 
2374 
2375 
2376 

2377 
2378 

2379 
2380 

2381 

2382 

2383 

2384 

2385 
2386 

2387 

2388 

2389 

2390 

2391 

2392 

2393 

2394 

239s 
2396 

2397 
2398 
2399 
2400 
2401 
2402 
2403 

2404 
2405 

2406 
2407 


4179270 
4187767 
4196265 
4204764 
4213265 
4221767 
4230270 

4238774 
4247279 

4255786 

4264294 

4272S03 

4281314 

4289825 

4298^38 

4306852 

4315368 

4323884 

4332402 
4340921 

4349441 

4357963 
4366^5 

4375009 

4383535 
4392061 

4400589 

4409117 

4417647 
4426179 

44347  > I 

4443245 

4451780 

4460316 

4468854 

4477392 

4485932 

44944731 
4503015 

45»J559 
4520103 

4528649 

4537^97 
4545745 
4554294 


2408 
2409 
2410 
2411 
24' 2 

24' 3 
2414 

2415 
2416 

2417 
2418 

24' 9 
2420 

2421 
2422 

2423 

2424 
2425 

2426 

2427 
2428 

2429 
2430 

243' 

2432 

2433 

2434 

2435 
2436 

2437 
2438 

2439 
2440 

2441 

2442 

2443 
2444 

2445 
2446 

2447 
2448 

2449 
2450 

2451 

2452 


631 

Seg.  area 

4562845 

4571397 
4579950 
4588505 

4597060 
4605617 
[4614175 
4622735 
4631295 

4639857 
[4648419 

4656984 

[4665549 

[46741 1 5 

[4682683 

[4691252 

[4699822 

[4708393 

4716966 

[47*5540 

4734»'4 
4742691 

4751268 

4759846 

[4768426 

[4777007 

4785^89 

4794172 

[4802757 
48 1 1 342 

4819929 

4828517 

4837107 

4845697 
^4^  54289 

^4J862882 

F4871476 

4880071 

4B88667 

[4897265 
4905864 
[4914464 

492 3065 1 
4931667 

'494027'! 


6i2 

A  Ta 

BLE 

■f 

Vat. 

S.g.>r.2 

V=rr. 
r,nc 

S.g.2rca 

fme  1  ^8- "" 

rir/lS'!-»"»| 

1*5! 

1494887s 

•"498 

-15337303 

■"5431-157=8071 

•.588 

■j6i2II3S 

=45+ 

'■•«'*!; 

•=499 

■,5345961 

■=544^I573678i 

■=589 

•j6.=988j 

'Mi 

14966088 

•2500 

-15354621 

■"545 

■1574549" 

■JS90 

•J613B646 

2456 

14974696 

•=501 

■I5363!e2 

"54' 

■157  54105 

■2591 

-j«i+74o9 

»4S7 

14983306 

■"50" 

■15371944 

■"547 

■157629.8 

•1591 

•j'6js6i72 

■♦S« 

14991^7 

■'S03 

■,538060; 

■=548 

■.5771632 

'^593 

*i6i64937 

!4S9 

15000528 

•.504 

■I5389J7,  -2549 

■,5780348 

■259+ 

•J6173703 

24^ 

15009141 

■1505 

■,53979371-2550 

■15789064 

•3J9S 

■16182469 

246  ■ 

1501775s 

•2506 

■15406603-255, 

■15797782 

■»S96 

•16191237 

.46. 

15026371 

■"507 

■15415271-2552 

■1580650, 

'*S97 

•162C0005 

3465 

I5034i>87 

■2508 

-i542394o;-2553 

■15815.21 

■1598 

■1630877  s 

2,64 

15043605 

■=509 

■,54!"6io>>554^I!«!!94= 

'*jSi9lv/63i7546 

2*6, 

15052224 

•.510 

■I544i"8i  ■"55Si^.583.66s 

•j6oo  -16316319 

.2466 

15060844 

•151, 

■15449954  ■3SS6i'i5841388 

•afioi  Tfiajyogi 

2467 

15069465 

■25,2 

■15418627  •2ss7[-i585oii3 

-»6oa,  •i6a4i866 

2468 

1507S088 

■2513 

,5467302 

-2558  -15858838:, -26031-1625264. 

■4'9 

,508671. 

•2514 

■15475978 

-25591-15867565  -26o4'|- 16261418 

2470 

,5095336 

■2515 

■15484655 

■2560  ■.5876293! -2605  -16270196 

24"! 

,5103962 

■25i6;-is493533 

■256, 1-1588 5022^-2606  -16278974 

24J3 

15112589 

■2517, ■15502012 

•256. 

■15893752; -2607.-16287754! 

=473 

15121217 

■2518  •1551069" 

■2563 

■15902  483^26o8]^i629653Sl 

"474 

15129847 

■"5i9/H<i9!74 

■2564 

■15911215 

■«6o9 

■1630531? 

»47S 

15138477 

■"520  •15528056 

■"565 

■15919949 

■2610 

•16314100 

2476 

■5147109 

■"521  •15536740 

■2566 

■1S9"8684 

■2611 

•16322684 

"477 

1!>SS74" 

•2522  •15545425 

■3567 

■159374.9 

•2611 

■16331669 

■"478 

15164376 

■"S"3  ■15554111 

■2568 

■15946157 

-2613 

■16340456 

"479 

■15173011 

■2524-15562798 

■2569 

•15954894 

•2614 

•16349243 

•2480 

151816,8 

■=S»S^1SS714«7 

•2570 

■15963633 

■a6is 

•1635803a 

■248. 

iSi90"8s 

■25261-15580,76 

■2571 

■.5972373 

■2616 

■16366621 

■248. 

•15,98914 

-2527 

-15588867 

■"57" 

■.598.1.4 

■2617 

■16375613 

•3483 

■1S"07S64 

•2528 

-1S597SS9 

■=573 

■15989856 

■3618 

■16384464 

■2484  ■15216205 

■2529 

•,5606252 

■"574 

■15998600 

■2619 

•16393196 

■2485I-, 5224848 

■2530 

•15614946 

■=575 

■16007345 

•2610 

■16401990 

■248iS;-isJ3J49i 

"531 

•.56.5641 

-2576 

■160.609. 

•2621 

■16410785 

•2487  -15242136 

•2532 

•15632337 

•2577 

•.6024837 

*26l3 

•16419181 

■2488  -15250781 

■»S33 

•1564103s 

•"578 

•16033585 

■^&^^ 

■16428379 

-2489  ■15259428 

"534 

-15649733 

■=579 

•160423s 

■16437177 

■"490-15268077 

=535 

■1S«S'433 

■.580 

•i6osiot 

■1644J976 

'2491,-15276726 

"536 

-15667134 

•.581 

•160598,         ; 

■164J4777 

■"49" 

■15=85376 

■"537 

•15675836 

-2582 

•1606856 

■  1646JJ78 

■"493 

■15294028 

■253S 

•15684539 

-2583 

-1607734           ; 

■16472381 

■"494 

•1530268, 

•"S39 

■iS.693"43 

■2584 

•i6o865s 

■16481184 

■'495 

■i53"33'l 
•15319989 

-1540 

-1 5701949 

-2585 

■1609485             , 

•16489989 

■2496 

-2541 

-.5710655 

■2586 

■161036c 

-16498795 

■-245,7  f  1,528646 

-2542 

■^5719363 

■2587 

■l6ll..,« 

■16507603 

ClRGULAljt   SeGWENTS. 


^33 


tVcrf. 

fine 

•2653 
•2634 
.2655 
•2636 

.26^ 
^264 1 

.•2'642 

•2643 

2^44 

•2646 

12647 

•2648 
•2649 
12650 
•2651 
•2652 

.2653 

•2654 
.2655 

•2656 
•;26j7 
•2658 
•2659 
2660 
•2661 
•2662 
•2663! 
'2664 
•2665 
2666 
•2667 
2668 
•2669 
•2670 
•2671 
•2672 
•2673 
•2674 
•2675 
•2676 
'2677 


.Sc^. 


area 


Vcrf. 
fnre 


'1,6516410  i*2^78 
•^6525219  •267^ 
•1^6534029  .•26bo 
'16542840  /2681. 
-16^51651  •2682, 

•0c692?o  ; -2(^8 4 

•165869 1 2. .•2686 
•^6595729  .7687 


Scg,  area 


fine  ;  ^'S'  ^^^^ 


Verf. 
fine 


Seg.  area 


•169138,0  •2''23  •i73»3455 
•i6922727J-27^4, -1732^33. 
•16931585   -2725  -i/SS^^^'S 


^6604548 
•^6613368 
•16622188 

•1663 10 10 
•16639833 
•16648657 


2688 

•;2689 
•2^96 

•2691 
•2692 
•2693 


•1.6940^4 

•'^9tf93P4 
•f695iiiC5 

•16967027 

•16975890 

•16984754 

•16993619 

•17002485 

•17011352 

•17020221 

•17029090 

•47637060 


•272bi^i.7-3-,oiOl.j-277i 

•27^7.7/3^^075 
•2728*^i73579.N 


-Z76b:-i77i5ii  i 
•2 769  '17724060 
•^770  -17733010 

•17741yUI 

•2772  -177509^3 

•-773  '^7739^^5 
•2774-17768819 


•2  77i 
•2'776 


•'•7777774 
•17786730 

17795667 

!^2778  -17804644 
•2779  •17813603 
•2780  "17822563 


i!. 


•272^j*i730689i 
•2730  '17375800 
.2731  •17384711 
•2732  •«73936^2 

•2733  •^740^535 
;2734r»74ii44^ 

•2735 1 ''7420363 

•2736):i7429378|r278i  -17831524 
.'2737:M7438i95  1-2782  '17840486 

.     _  |.  r-yo  '17046^32  -273^  'V7447"3  !'27^'3  *i784944« 

i6657482J'2694  '17055704  "2739  '^74^6031  ,•2784  '17858412 

•1.6666308  1*2695  'i7064578^2740  '17464951, '•2785  '17867377 

166751361 '2696  -17073452  1-274I  •17473^72-2786  '17876342 

•16683964!] '269 7  '17082328  •2742  •17482793  ^2787 

•16692793 '«-2698  '17091204 1*2743  '17491716, -2788 

•16701624 ^•2699  '17 10008 2, 1 '2744  ^17500640  '2789 

•2700  '17108961 '  ^2745  ^17509565 /27VO 

•2701  •17117840!  ^2746  '17518490  ^2791 

•2747 
'2748 

'2749 
'2750 
•2751 

•2752 


•16710455 
•167 19287 j 
•16728121' 
•16736956! 


•2702]^17I26721 

•2703  ^17 135603 


•16745791  ^2704  -17144486 


16754628 
•16763466 
•16772305 
•I6781145 

•16789986 
•16798828 

•16807671 
•16816515 
'16825360 
•16834207 
•1 684305  4 
•16851902 
•16860752 
'1 6869602 
•16878454 
•1688 1306 

•I  6896 1 66 
•16905015 


•2705. -17153370 
•2706  ^17162254 
•2707 '17171 140 
•2708  •  17 180027 ;.^2753 
•2709  '17188915  ,*2754 
•2710  -i7i978o4;^2755 
•27 1 1  •  17206694  '2756 
•17215585  ^2757 


•2712 
•2713 
•2714 

1-27 '5 
2716 

•2717 

•2718 

•2719 

•2720 

•2721 

•2722 


•17224477 

•17233371 

•17242265 

•17251160 

•172600561 

•17268953 

•17277852 

•17286751 

•17295651 

722|^i7304553 


•2758 
•2759 
•2760 
•2761 
•2762 
•2763 
•2764 
•2765 
•2766 
•2767 


•17527417  -2792 

'17536345  '2793 

•»7545274.'2794 
•»7554203;^2795 

•17563134/279^ 
•17572066  jj-2797 

'i758o999j,'2798 
•'75899331  2799 


•17598867 

'  17607803 

•17616740 

•17625678 

•17634617 

•17643556 

•17652497 

•I  7661439 

•17670382 

•17679326 

•17688271 

•17697217 

•17706163 


2800 
•2801 
•2802 
•2803 
•2804 
•2805 
•2806 
•2807 
•2808 
•2809 
•2810 
■2811 
•2812 


•17885309 
117894277 
•1790-3345 
'17912215 
•17921186 

•'793.0157 
•17939130 

•17948 1 04 

•17957079 

•17966054 

•17975030' 

•17984008 

•17992986 

•18001966 

•18010946 

•18019928 

•18028910 

•18037894 

•18046878 
•18055863 
•{8064850 
•18073837 
•18082825 
•18091815 
•18100805 
•18109796 


7X 


434 

A  Table 

Of 

Vcr;. 
fine 

Scg.ar« 

Tme 

Seg.  area 

Verf. 

fiae 

«^^--"ir 

Seg.  area 

■'i-i 

■18118788 

■28sb 

18524435 

■2903 

■18932002 1-2948 

■19341440 

■JS14 

•18117781 

■2859 

■'8133471 

■2904 

•18941080 

■2949 

-,9350560 

■"o'l 

■18,3677s 

■2860 

■i8i42jo9 

■2905 

■18950160 

-2950 

■19359680 

■1816 

■•814577' 

■2861 

■1855.547 

•2906 

■18959240 

■2951 

■19368801 

•281, 

•i8i;4767  ,-iS6a 

■18560586 

•2907 

■I  89683  3 1 

-1952 

■sBiS 

•18163764  -2863 

■18569616 

•2908 

■18977404 

■^953 

•19387047 

•»8i9 

-18172761  -2864 

•18578667 

■3909 

■18986487 

-3954 

■19396171 

■28joi-i4iHi76i,-z865 

■18587709 

■2910 

■18995571 

-2955 

■19405296 

-282i!-i8i9076i:-2866 

■.859675; 

•3911 

•19004656 

-3956 

-19414+31 

•2822ri8i99762''2867 

■18605796 

•2912 

•19013741 

■2957 

-19423548 

•2823I-18208763  -2868 

•18614841 

•2913 

-19033828 

■29.58 

-19433676 

■2824;-. 82,7766 

-2869 

■18623887 

•3914 

■■903'9-'6 

•3959 

•1944,804 

•282J   -18226770 

.2870 

■18632934 

■39"  5 

•190+1005 

■2960 

■i$45093j 

•i826|-i823577s 

-2871 

•18641981 

■29,6 

-19050094 

•2961 

■19460064 

■3827  ■1824478J 

■2872 

•18651030 

■2917 

-19059184 

■2962 

-19+69195 
■19478337 

■2828  -18253787 

•2873 

18660080 

■2918 

•,19068276 

•2963 

-2829-18262795 

■2874 

■I  8669 1 30 

■2919 

-19077368 

•2964 

■19+87460 

'2830  -18271804 

■287s 

■18678182 

■2920 

■19086461 

-2965 

-19496594 

-28311-18280813 

■2876 

■18687134 

•2921 

■'9095555 

•2966 

■19505728 

-1832,-1828982, 

■       7 

■186962H7 

•2923 

-19104650-2967 

■19514864 

■i833;-i82988j; 

S 

■1870534J 

-2923 

■'9"3746i-a968 

•19524001 

-1834,-18307848 

•       9 

■18714397 

■2924 

■19122843  -2969 

■'9533138 

-2833-18316861 

0 

■16723453 

■29251-1913,941  J-2970 

■19542376 

•2836-18315876 

1 

•18732510 

•39j6p9i4i04O-297i 

■19551415 

•2837  -18334891 

2 

•18741568 

■a9i7:-'9ise'39  -^97^ 

-►9560556 

■2838  -18343907 

■       J 

■18750627 

■a9z8;-i9'59'+Or-2973 

-,9569696 

•2839-18352925 

■       4- 

■18759687 

■2929  -19,68341    -2974 

-,9578838 

-2840  -18361943 

■      S 

•18768748 

•39JO  •19177443 

-2975 

-i')s87o8i 

-2841  -18370962 

6 

■18777810 

■293'  "'9186547 

•*976't9597^25 

-i842!-ia379982 

7 

■18786872 

-2931  ■.'919565' 

•2977  ■19606269 

-2843  -18389004 

■       S 

■18795936 

■2933  '"9^04756 

■2978  ''9615415 

-2844;. 8398016 

■       9 

•18805001 

■293+'*i92i3862 

■2979  '1962+561 

-1845  -18407049 

0 

■18814066 

■2935  ■19222969 

■3980  -19633708 

■284«'-i84i6o73 

■18823,32 

-29^  -19233076 

■ajSi  ■196+2856 

•j847;-i842so98 

■18832200 

•2937;-i924n8s 

■2982  ■i96<2oo( 

■j848]-i8434i24 

•18341J68 

•2938 

■19250295 

■2983 

-19661155 

-2849 

■18443150 

■18850337 

■S939 

-19259405 

■2984 

19670305 

•2850 

-i84S2'78 

■18859+07 

■2940 

-192685,7 

■2985 

19679457 

-2851 

■1846 1 207 

■18868479 

■294' 

■19377629 

-2986 

•19688609 

-2852 

•18470137 

■18877551 

•2942 

•19286742 

-2987 

-19697763 

-2853 

•I  8479367 

■       8 

■18886623 

■2943 

-19395856 

■3988 

■197069,7 

•2854 

'15488299 

■       9 

■18895697 

■2944 

■1930497, 

■2989 

■19716072 

■'!'! 

■18497332 

D 

■1S904772 

■'945 

■193,4087 

•2990 

■19735328 

•2856 

■18506365 

1 

18913848 

■2946 

-,932320+ 

•2991 

-1-9734385 

■2857,-18515400 

- 

18922924 

-2947-1933233. 

■2<,92 

■;?7f3if' 

CiRGUL^AK  Segments. 


631 


1 


V^HSeg.»rea 


'2993 
•2994 

•2995 
'2996 

•2997 

•2998 

-2999 

•3000 

•3001 

•3002 

•3003 

•3004 

•3005 

•3006 

.3007 

•3008 

.3009 

•3010 

'301 1 

•3012 

•3013 
.3014 

•3015 

•3016 

•3017 

•3018 

•3019 

•3010 

•3021 

•3012 

•3023 

•3024 

•3025 

•3026 

•3027 

•3028 

•3029 

.3030] 

•303' 
•3032 

•3033 
•3034 

•3035 
•3036 


Vcr 


fi«,s««-»«'' 


•19752701 
•19761861 
•19771021 
•19780182 

•19789344 
M9798507 

•I  980767 1 

•19816836 

•1982600 I 

•1983 5 168 

•19844335 
•19853503 

•19862672 

•19871842 

'19881013 

'19890x85 

•19899357 

•19908.531 

•19917705 

•19926880 

•19936056 


•3038  '20165737 


v^. 


1  veri. .  Q  I  Vcri,   « 

fine  ^^S.  area     ^^^^-   Scg.  area 


•3Q83 
•3084 

•3085 


•19945233  '3059 
•I 99 544 II  '3060 

•19963589  '3061 

•19972769  '3062 

•I 998 1949  '3063 

•I 999 II 30  '3064 

•200003.13  '3065 

•20009495  '3066 

•20018679  '3067 

•20027864  "^3068 

•20037049  -3069 

•20046236  ^3070 

•2oo55423J'307i 

•200646 II  l'3072 

•2oo738oo|'3073 

•2oo8299or3074 

•20092 18 1  ■•307  5 

•2bioi372r3076 

•20ii0565l*3077 

•201 1975}^  1-3078 


•20128952 

•20138147 
•20147343 


•3037l'20i56539 


•3039  -20174935 

•3040  •20184134 

•3041  •201933351-3086 

•3042  ^2020253  5'  -3087 

•3043  •20211737-3088 

•3044  ^20220940  -3089 

'3045  •20230143  -3090 

•3046  -20239348  -3091 

•3047  '20248553  -3092 

•3048  -20257759  -3093 

•3049  ^20266966  "3094 

•3050  ^20276173  -3095 

•3051  '20285382  -3096 

'3052  ^20294591  -3097 

•3053  -20303802  '3098 

'3054  -20313013 

•3055  ^20322225 

•3056  •2033i438||-3ioi 

•3057  '203 4065 1  r3 102 

•3058  *20349866r3i03 

n'04 
•3105 

•3106 

•3107 

•3108 

•3109 

.•3110 

•3111 

-3112 

•3113 
•3114 

•3«i5 
•3116 

'3  "7 
•3118 

•3119 

•3120 

•3121 

•3122 

'?»23 


'20580501  h*3I28 

•20589737^3i29 
'2o598974||-3i30 


•3»3i 
•3*3* 
•3»33 
•3134 


'206082 1 2 
'2061 745 1 
•20626690 
-20635930 
•206451 72[|-3 135 
-206544141  •3136 
•20663657  I  ^3 137 
•20672900-3138 
•20682 145 1  ^3 1 39 
•20691390  ^3140 
•20700636  -3141 
•20709883  '3142 


•20996946 

•2 10062 19 

•21015493 

•21024767 

•21034043 

•210433191 

•21052596 

•21061874 

•21071153 
•21080432 
•21089713 
•21098994 
•21 108276 

•21117558 
21126842 


•20719131  ['3143  -21136126 


•3<?79 
•3080 
•3081 
•3082 


•20359081 
•20368297 

•20377514 
•20386732 

•2039595 ^ 
•20405170 

-20414391 

•20423612 

•20432834 

•20442057 

•20451 2S I 

•20460505 

•20469731 

-20478957 

•20488184 

•20497412 

•20506641 

•20515870 

•20525101 

•20534332 


•3099  -20728380  •3144 

•3100  •20737629j'3i45 

•3101  -20746879  •3146 

•2075613 1  .-3147 

•20765382  -3148 

-20774635  1-3149 


•20783889 


1^3150 


•20793143  ,•3151 
•2o8o2398r3i52 


-20543564  '3124 


•20552797 
•20562031 
•20571265 


.3^25 
1*3126 


•2o8ii654''- 

'20020911 

•20830169 

•20839427 

•208486871 

•20857947 1 

•20867208! 

•20876469 

•20885732 

•20894995 

•20904259 

•20913524 

•209227901 

•20932057 

•20941324 

•20950592] 

•20959861 

•'20969 1 3 1 


•20978402 


i-3 1 27 1  •2098767.3 


3153 

1*3154 

•3^55 

•3156 

•3157 

•3^5« 
•3159 

'3160 

'3161 

•3162 

:3i63 
•3164 

•3166 

31^7 
•3168 

•3169 

•3170 


•3171 


•21 14541 1 

•21154697 
•211^3984 
•21173272 
•21182560 

•2 119 1 849 

•2I20I139 
•21210430 
•2I2I9721 
•2I2290I3 

•21238307 

•21247600 
•21256895 
•2I266I9I 

•2*275487 
•21284784 

•21294982 
'21303380 
•21312680 
•2I32I980 
•2I33I28I 

•21340583 

•21349886 

•21359189 
•21368493 

.£1377798 

•21387104 
21396410 


3 172  r2 140^718 


fme 

'3173 
•3-^74^ 

•3176 

;8J77' 

'3*7? 
•3179 

'3180 

*5i8i 

'3182 

•3185 
•3184 

•3185 

•3186 

•3187 

•3>^ 
•3189 

•3190 

•3^9» 
•319a 

•3>93 
'3>94 

•3^95 
'3196 

•3197 

►3198 

'3^99 
•3200 

•3201 

•3202 

•3*03 
•3204 

•320^ 

•3206 

•3207 

•3208 

•3209 

•3210 

•3211 

•3212 

•32"  3 
•3214 

•321 J 

•3216 

•3217 


» ■*  ^ 


J  Tj^Bh^^ 


I 

II     I  -     -* 

2-1  ♦Mas  s: 

^•»44^955 

2j'40i  578 
2347989-1 
4^0205: 
489519 
498834 
508150 

5 « 74^7 
526784 

536103 

5454^* 

$54742 
564062 

5733^4 
582706 

5920^9 
601352 
610677 
620002 
629328 
638655 
647983 
657311 
21666640 
21675970 
21685301 
21694632 
21703964 

21713297 
21722631 

21731966 

21741301 

21750637 

21759974 
217693 1  iJ 

21778650' 

217879891 

21797329! 

21806669 

2i8i6oii| 

•218253531 


fme 


JSjeg.  area, 


>■»«■ 


er 
-fihe< 


3,218  -'11^696 
.32i$^'2i844<^40 
3,220  •2i8,5a^4J 

3:22i  '21862729 
3^;*^  •2187^076 

32^  :2 188 1422 
3^;a4  -^18190770 

3225   '219001 18 

^ae6  '21909467 
32^7  '219.18817 
3228  -219^^168 

3239  •.^19375*9 

3230  •,21946871 

3231  '21956224 
3232-21965577 

3233  -21974932 

3234  '2.1984287. 

3235  -21993643 

3236  ^22009999 

3237  '22012557 

3238  '22021715 

3239  '22051074 

3240  '2204043s 

3241  -220497^4 

3242  -22059155 

3243  '22068517 

3244  -22077879 

3245  -22087243 
3240  -22096607 

3247  •:^2i05972 

3248  -22115337 

3249  -22124704 

3250  -22134071 

3251  -22143439 

3252  '22152807 

3253  '221621^7 

3254  -22171547 

3255  -22180918 

3256  -221902^9 

3257  -22199661 

325^^  •22?C903r 
9259    '2221840b 

3260  -22227783 

3261  -22237158 
3262J-22246534 


32631 
32^,4 

■^i66 

3  ^^7 
32.68 

3269 


Seg.  ftrea' 


L  i.1 


fine*  •**«•*?«? 


•3308 
•3309 


•222CS9U 
2220*5289 
22274667    '3310 

-22.2»S4646  -3311 
-22293426  3312 
'2230280^  -3313 
•223 12-1871 -33 14 


sr 


3274 

3J^75 
3276 

i277| 
3278 

3279 
3280 

328-1 

3282 

3283 

32«4 

3*85 
3286 

3287 
3288 

3289 

3290 

3291 

3292 

3293 
3294 

3295 

3296 
3297 
3298 

3299 

3300 
3301 

3302 

3303 
33<^4 

3305 

33ot 

33Q7 


•^ 


3.270  '22321569 
3271  2233095]! 
32721-22340336 
3273  •>234^729 

•-22359 105 
-22568-1^6 

•22377877 

•22^87264 
•22396652 

•22406040 

•22415430 

•22424820 

•224342.1  i 

•^2^6oi 

•22452994 

-22462387 
•22471781 
•22481175 
-22490571 
-22499966 

-22509363; 

-22518761 
-22528159  ^^^^ 

•22537557-3335 

•22546957J-3339 


•33^5 
•3316 

:33^7 

'3:3  ^^ 

33^S 
3320 

(l'"332« 
•3322 

•3323 

•3324 

•3325^ 
•3326 

:3327 
•3328 

•3329 
•3330 
•3331 
•3332 

•3333 
•3334 
•33351 
•3336 

•3337 


-22556357 
•22565758 
-225751^0 
•22584562 
•225939*66 
•22603370 
•22612774 
•22622179 
•22631586 
22640992 
•22650400 
•22659808 
•22^69217 


•3340 
•334» 
•3342 

•3343 
•3344 

•3345 
•3346 

'3347 
•334« 
•3349 

•3350 

r335i 
'3352 


22678627 
22688037 
226974^ 
22706860 
2271^62713 
2:^7256856 

24735*^ 
22744514 
2275393P 
2276334^ 
22772763 
227^2 i8b 
2279 is9b 
2280101IB 
2^8ip437 
2:}8 19858 
2:^829279 
2483$7oi 
2:^848123 

2;f86097O 
22876395 
22885820 
22895246 
22904673 
22914101 
22923529 
2293295^ 
22942386 
22951818 
22961249 
22970681 
22980113 
22989546 
22998980 
23008415 
23017850 
23027286 
23036792 
23046160 
23055598 
23065037 

23074476 
23083916 


Circular  Segments. 


<$37 


jQne 


Seg.  area 


Vcrf. 
fine 


•3353 
•3354 
*33S5 

3356 
•3357 

3358 

•3359 
.3360 

•3361 

'330a 

•3363 

•3364 

:33$5 
•3366 

•33*7 
•3368 

.3369I- 

•3370 
•3371 
•3372 

•3373 

'3374 

•3375- 

3376 

•3377 

-3378 

•3379 
•3380 

'33^? 
•3382 

•3383 
•3384 

•3385 
•3386 

•3387 
♦3388 

•3389 
'3390 
'3391 
•339* 
•3393 
•3394 
*3395 
339^ 
*3397 


23102799 
23112241 
23121684 
23131128 
23140572 
23 1 5001 7 

231594^3 
23168909 

23178356 

23187804 

23197253 

23206702 

23216152 

23225602 

23*35054 
23244505 
23*53958 
23263411 
23272866 
23282320 
23291776 
23301232 
23310689 
23320146 
23329604 
23339063 

2334852.3 

23357983 

233^57444 
23376905 

23386368 

23395831 
23405294 

23414759 
23424224 

23433689 

?3443'56 

23452623 

23462090 

23471559 
23481028 

23490498 

23499968 

23509439! 
2351^9111 


3398 

3399 
3400 

3401 
3402 

3403 
3404 

3405 
3406 

3407 
3408 

3409 

3410 

34" 
34^2 

3413 
34H 

3415 
-3416 

3417 
3418 

3419 
3420 
3421 

3422 

3423 
3424 
3425 
3420 

3427 
3428 

3429 

3430 

3431 
3452 

3433 
3434 
3435 
3436 

3437 
3438 
3439 
3440 
3441 
3442 


Seg.  area 


Verf. 
fine 


23528184 

23537857 

23547331 
23 55680 5O 

23566280" 

2357575<^ 

23585233 
23594710 

23604188 

23613666 

23623146 

23632626 

23642106 

23651587 

23661069 

23670552 

23680035 

23689519 

23699004 

23708489 

23717975 

23727461 

23736949 

23746437 

23755925 

23765414 

23774904 

23784395 
23793886 

23803378 

23812871 

23822364 

23831858 

23841352 

23850848 

23860343 

23869840 

23879337 
23888835 

23898334 
23907833 

23917333 
23926833 

23936334I 
239458361 


3443 
3444 
3445 
3446 

3447 
3448 

3449 
3450 

345  J 
3452 

3453 
3454 

3455 
3456 

3457 
3458 

3459 
3460 

3461 
3462 

3463 
3464 

3465 
3466 

3467 
3468 

3469 
3470 

3471 
3472 

3473 
3474 
3475 
3476 

3477 
3478 

3479 
3480 

3481 
3482 

3483 

3484 

3485 
3486 

3487 
7Y 


Verf. 


Seg.  area!  ^^^-  Seg.%a 


2395533 
23964842 

23974345 
23983850 

23993355 
2400286 1 

24012367 

24021874 

24031382 

24040890 

24050399 

24059909 

24069419 

24078930 

24088442 

24097954 
24107467 

241 16980 

24126494 

24136009 

24145525 

24155041 

24164558 

24174075 

24183593 

24193112 
24202631 
24212151 
24221672 
2423 1193 
24240715 
24250238 
24259761 
24269285 
24278809 
24288334 
24297860 

24307386 
24316913  I 
243264411* 

24335969 

24345498 
24355028 

24364558 
24374089 


3483 

3489 
3490 

3491 
3492 

3493 
3494 
3495 
3496 

3497 
3498 

3499 

3500 

3501 

3502 

3503 
3504 
3505 
3506 

3507 
3508 

3509 

35 
35 
35 


35 
35 
35 
35 
35 
35 

35 
3520 
3521 
3522 

3523 

3524 

3525 
3526 

3527 
3528 

3529 
3530 

3531 
3532 


24383621 

24393153 
24402685 

24412219 

24421753 
24431288 

24440823 

24450359 

24459895 
24469432 
24478970 
24488509 

24498048 
24507588 
24517128 
24526669 
24536210 

24545755 

24555295 

24564839 

24574383 
24583928 

24593473 
24603019 

24612566 

246221 13 

24631661 

24641205 

24650751 

24660308 

24669858 

24679409 
24688961 

24698 5 r3 

24708066 

247I76I9 

24727171 
2473672I 

24746283 

24755839 
24765396 

24774953 
24784511 

24794069 

24803628 


«38 

^  Tasle  1/ 

Vcrf. 
fine 

S=g-»««     fine 

■'S                                                                  to 

•3533 

•24S13187 

•3578 

•3534 

■J482J74S 

•3579 

■25                                                                  19 

•3S3S 

•14832308 

•3580 

^5                                                            » 

•3S3<i 

■2+841870 

•358, 

■353J 

•24851431 

■3581 

^S                                                                 )9 

■3!SS 

■2486099s 

■3583 

^5                                                                 \i 

■3S39 

-24870558 

■35B4 

^S                                                                                             13 

•351= 

■2,880,22 

•35»5 

■^S                                                            S4 

•35+1 

•24889686 

■3586 

'»5                                                                  >7 

iH' 

■24899251 

•3587 

as                                                                  to 

•3S43 

■24908817 

•3588 

•M                                                                  )4 

•3544 

■249.B383 

•3589 

''5                                                                 i9 

•3S4J 

■24927950 

■3590 

■>s                                                    (4 

•3544 

•24937518 

■3591 

•aj                                                                  (9 

•3S« 

■24947086 

•359* 

■'S                                                             rs 

•354» 

■24956655 

•3593 

35                                                            12 

•3549 

■24966224 

•3594 

•»S                                                            is 

■ISS" 

■24975794 

•3595 

■'S                                                            7i 

•3551 

■24985365 

•359« 

■n                                         is 

•3SS« 

■2499495< 

•3597 

■»S                                                                   4 

•3553 

■25004508 

•3598 

■»S                                                                   i3 

■3554 

■25014080 

•3599 

•=s                                             3 

•3555 

■35025653 

■3600 

•'s                                                \ 

•355'' 

■25033227 

■360, 

•*s                               5 

•3557 

■25042801 

■3602 

35                                                                                    I 

•355* 

■25052376 
■25061951 

■3603 

•as                                                                   8 

•3SJ9 

•3604 

■25                                                                   0 

■3S«o 

■25071527 

■3605 

•35                                                                   , 

•3S'i 

■3508 1104 

■3606 

'5                                                                   7 

•3S6! 

■25090681 

■3607 

•4                                                                    i 

■3S«3 

■25100259 

■3608 

25                                                                  6 

•3S«4 

■25.09S37 

■3609 

ZS                                                                  1 

•35<>5 

■25119416 

■36,0 

*5                                                                          7 

•3!« 

■35.28996 

■36.1 

'S                                                                  3 

•3!«7 

•35138576 

■3612 

35                                                                  0 

•3S«1 

■25148,57 

•36,3 

2;                                                                  g 

■35«9 

■3515773* 

■36,4 

=  5                                                                  « 

•3570 

■35167320 

•36,5 

25                                                                  4 

■357' 

■25176903 

■36,6 

*s                                                3 

•357" 

■35,86486 

•36,7 

="5                                                                  3 

■3573 

■35,96070 

■3618 

2S.                                                                                   \ 

■3574 

252056J4 

■3619 

ZJ.                                                                                              ^ 

■3S7S 

■25215139 

■3620 

2S'                                                                  e 

■357« 

■25334814 

■362, 

^S                                                                   7 

•3577N!S344i''-3'"l 

'S'      -.      „,    51 

CiRCtlLAllSlCMENTS. 

639 

7^ 
Une 

Seg.arca 

Vtrf 
fme 

Sag.  area 

fins 

Seg.  area 

fine 

•|S...„2 

1 

•37>3 

•26543472^ 

■37S8 

'26978841 

IJT 

•274';»S9 

•3848  ■3,853657 

37»4 

■26SS3'35h7!9 

■2698S528 

■3804 

•"742495s 

■3849  ■37862388 

'37^* 

■26562799 

■3760 

■26998216 

'5805 

■•7434669 

•385 

■27873.201 

S!.j6 

•265^2463 

•376. 

■27007903 

'3806 

•2744438c 

■385 

■278818J 

■3717 

■26382128 

■„62 

■27017592 

■3807 

•27454091 

•3853 

■27891 J8 

^718 

■26591793 

■3763 

■27027281 

■3808 

•27463803 

•3853 

■27901318 

•3719 

'26601AJ9 

■3764 

■27036970 

■3809 

•27473J.14 

•3854 

-3791 1051 

■37»° 

'26611125 

■3765 

■37046660 

■3810 

■27483336 

•5855 

•27930785 

•J711 

2g20792 

■3766 

■27056350 

■38.1 

■27492939 

■3856 

•27930520 

■37>' 

'2663046c 

■3767 

■27066041 

■3813 

■27J02653 

•3857 

■379402J5 

37»3 

'26640128 

■J768 

■•707S733 

■3813 

•27513367 

•3858 

■27949990 

!7»4 

•26645796 

■3769 

■27085425 

■3814 

■27532081 

•3859 

■37959726 

■SI'S 

'26659,65 

■3770 

■27095117 

•38.5 

■27531796 

■3860 

■27969+63 

■3726 

•26669,35 

•3771 

■27104810 

■3816 

■27541511 

■3861 

■27979199 

■37=7 

2667B805 

■3772 

■27114503 

■38.7 

■27551337 

■3862 

■27988937 

■l,,s 

26688476 

■3773 

■27124198 

■38.8 

■27560943 
■27570660 

■3863 

■2799867s 

•3729 

26698.4, 

■3774 

■27133893 

■3819 

•3864 

•28008413 

■3730 

26797828 

3775 

•27143587 

■3820 

■27580377 

•3865 

•28018153 

•3>3" 

267 1 7492 

■3776 

■27153282 

■382, 

-27590095 

■3866 

■38017891 

•373' 

26787164 

3777 

■27162978 

■3822 

■27599813 

■3867 

•28037630 

■3783 

26756838 

3778 

'27173675 

•3823 

■37609531  -3868 

-28047370 

'373+ 

26746511 

3779 

27282372 

•3824 

•27619351  •3869 

■280S7I" 

■5735 

26756186 

3780 

27192069 

.38.5 

■27638971  •3870 

■28066852 

■3736 

26765861 

3781 

37201767 

3836 

■27638691  ■       1 

■28076594 

•3737 

26775536 

37«» 

27211466 

3827 

■276484-2 

3 

-28086336 

■3738 

26785212 

37I3 

37331165 

3828 

■27658133 

s 

28096078 

•3739 

26794889 

37«4 

37330864 

3829 

■37667855 

4 

•28jos8ai 

■3740 

26804566 

378  s 

37240565 

3830 

•3767757, 

■      S 

28 1 1 5564 

"374" 

268142,3 

37S6 

37350265 

3831 

■37687300 

.       6 

28125308 

■3742 

26823921 

37B7 

27259966 

383" 

27697023 

—7 

28135052 

■3543 

26833601 

3788 

37269668 

3833 

27706746 

.  S 

28144797 

■3744 

26845280 

3789 

37279370 

3834 

•37716470 

■  .  ? 

28IJ4S4* 

*374S 

26852960 

3790 

37389072 

3l3! 

27726195 

5 

28164288 

•3746 

26862640 

379' 

37398775 

3836 

■377359«> 

•       I 

28174034 

■3747 

26872320 

3792 

S7308479 

3»37 

27745645 

■l 

28.83781 

•3748 

26883001 

3793 

27318183 

3838 

27755371 

■  '^ 

28193528 

■3749 

26891683 

3794 

37337887 

3>39 

37765098 

'    1^ 

38203275 

■3750 

2690136s 

3795 

2733739= 

3840 

27774835 

'^. 

18213023 

'37  S' 

26911048 

3796 

27347398 

3841 

37784352 

28222772 

•375' 

26920731 

3797 

27357004 

3S42 

27794280 

r 

28232520 

■3753 

26930415 

3798 

37366710  -3843 

37B04008 

i 

28242370 

■37S4 

26940099 

3799 

37376417  .3844 

3,813737 

) 

28252019 

'na 

26949784 

3800 

37386135  -38,5 

.78334« 

3890 

28261770 

■37  s' 

26959469 

3801 

37395833  '3846 

37833196 

3891 

28271520 

•3757 

26969155 

3802 

•740SS4>  -3847 

37842936 

3892 

28381273 

6^0 


A  Table  of 


Scg.  area  |  ^      I  Seg.  area 


Vcrf. 
fine 


•28291023 
•28300775 
•28310528 
•28320281 
•28330034 
•28339788 

•^8349342 
•28359297 

•28369052 
•28378808 
•^8388564 
•.28398321 
•^408078 
•28417835 
•28427593 
•28437351 
•26447 1 10 
-28456870 
•284tS6629 
•48476389 
•2848615P 
•284959 1 1 
•28505673 
•28515435 

•^28525197 
•28J34960 
•3919  -28544723 
•3920  ,-28554487 
•3921  r2856425i 


•3938  '28730309 1*3983 
•3939 -28740081 1  ^3984 


•3940 

•3941 
•3942 

•3943 
|-3944 

•3945 
•394^ 

•3947 

•3948 

•3949 
•3950 

•3951 
•3952 

•3953 
•3954 

1-3955 
.3956 

•3957 
•3958 

•3959 
•3960 


•28749853 
•28759626 
•28769400 

-28779173 
•28788948 

•28798722 

•2^08497 

-2^18273 

'v2$828049 

•288f37825 
•28847602 

•28857379 

•28867157 

•28876935 

•28886713 

•28896492 


'28906272'  '4001 
•289 1605 1 
•28925832 
*a89356i2 

•28945393 


•3961-28955175 


•3922 

"3925 
•3924 

t'3925 
•3926 

•3927 


•28574015 
•28583781 

•^8593546 
•28603312 
•28613078 
•28622845 


•3928-  '28632612 
•3929  '28642380 
•3950  '28652148 
•3931  '28661917 
•3932' •28671686 
'3933  •2'868i455 
•3934  •  2869^2 5 
•3935  '28700995 
•3936  '28710766 

•3937  1*28720537 


•3962 

•3963 

;39^4 

•3965 
,•3966 

•39^7 
%3968' 

.^969 

•3970 
•3971 

•3972 

•3973 
•3974 

•3975 
.3976 


•28964957 

•28974739 
•28984522 

•28994305 
•29004089 

29013873 

29023657 
•29033442 
'29043228 
•29053013 

29062799 

29072586r40i8 
■29082373  ^4019 


Seg.  area 


•3985 
•3986 

•39B7 
•3988 

•3989 

•3990 
•3991 

•3992 

•3993 

•3994 

•3995 
•3996 

•3997 
•3998 

•3999 
4000 


•29170475 
•29180266 
•29190057 
'29199849 
'29209642 
•29219435 
-29229228 
'29239022 
•29248816 
•29258610 
•:!92$8405 
'59278200 
•^9287996 
•29^7792 
•293075^9 


Vcrf. 
fine 


•4028 
•4029 
•4030 
•4031 
'4032 

•3033 

•4034 

•4055 
•4036 

•4037 
•4038 

•4039 
'4040 

-4041 


Seg*  area 


•4002 

'4003 
•4004 
•4005 
•4006 
•4007 
•4008 
•4009 
•4010 
•40  n 
•4012 
•4013 
•4014 
•4015 
•4016 
•4017 


•293369^? 

•29346779 
•29356577 

•29366376 

•29376176 

•29385976 

•2939577^5 
-29405576 
•29415378 
•294^5179 
•29434981 
'29444783 
•29454585 
'29464388 
•29474192 
•29483996 


'29092160 
'29101948 


•3977 '29111736 
•3978  '29121525 
.3975^-29131314 
•3980  '29141104 
•398 1  '29150894 
•398  2 1'29 160684 


•2961 1482 
•29621291 
•2963  XIOI 
'2964091 I 
•29650722 
•29660533 

•29670344 

•29680156 
'29689968 
-29699781 

•29709594 

•29719407 
•29729221 

•29739035 

'297488^0 


•293i7386|^4043  '29758665 
•29327 183|«4044.  •29768480 


•4045- 
•4046 

•4047 

•4048 

•4049 

•4050 

•4051 

•4052- 

•4053 

•4C^54 
•4055 

•4056 

•4057 

•4058 

/4059 
•4060. 


•294938001*4061 
•29503605  -4062 
•29513410  -4063 
•29523215  -4064 
•40io]'«953302i  '4065 
•4021  '29542827  *4o66 
•4022  '29552634  ^4067 
•4023  '29562441  -4068 
•4024  ^29572 248  -4069 
•4025  '29582056'  '4070 
•4026  •29591864'  -4071 
•402  7  '29601673 1 1  ^407  2 


•29778296 
•297881 12 
•29797928 
•29807745 
•298175^2 
•29827^80 
•29837 198 
';a9847047 
•29856835 
-.29866655 
•29876474 
'29886294 
•298961 14 
•29905935 
•29915756 
•29925578 
'29935400 
'29945222 
•29955045 
'29964868 
•29974691 
•29984515 

•29994339 
•30004164 

•30013988 

•30023814 

•30033639 

•30043466 


Circular, 

Segments 

6^1 

's-]^-"» 

Vcrf.i  . 

Verf. 

:rine 

Seg.  are* 

Vcrf. 
fine 

.Seg.  are* 

■4073  •30<J53»9^ 

•4ii8|-304js866 

.4163 

-30939166 

■4208 

■3'3«3'S3 

-4074 -30063119 

•4^  J  9;- 30505  709 

■4164 

-30949025 

•4209 

•31393017 

■4075  ■J0O72946 

■4120,-30515553 

■4165 

■309.58884 

-4210 

•3.1401902 

•4076.-joo82;7+ 

■4121-30515397 

•4166 

■30968744 

■4IU 

■31413776 

■4077 '30092602 

-4I22|-30S3S242 

■4167 

-5^)78604 

■4312 

■3M"6si 

'4078|*30i0243o 

•4123  -30545086 

-4168 

■30988465 

•4313 

■31432526 

•4O79;-30M2as9 

-4124-30554932 

■4.69 

■30998325 

-4314 

-31442402 

■4080. -30122088 

•4125, -30564^77 

■4170 

-31008186 

•4215 

-31453378 

■408r-3oi3i9J7 

-4i26j-30574623 

■4171 

-31Q18048 

■4216 

:3i46u54 

-4081  -30141747 

■4 1 27  -30584469 

■4172 

■51D27910 

-4217 

■3147.3030 

■4033-3015^577 

-4i*B 

•305943^6 

•4«73 

■3iPJ?.773 

■4218 

:3 14^1907 

•4084  -30161408 

•4129 

■30604163 

•4174 

-31047634 

■4319 

■31491784 

:4q8S-3017iijs' 

■4130 

30614010 

•4'75r3i057497 

■4220 

■31501661 

•4P86  -30181070 

•*»3* 

-30613858 

■4"  76 

■31067360 

■4221 

:31s  I '539 

'408; -30190902 

■4132 

-30633706 

•417.7 

■31077223 

■4332 

'-3'S3Hi7 

■4088-30300734 

M133 

■30643*54 

■4.78 

■31087087 

•4223 

-31531296 

-4089  -30210566 

■4134 

•30653403 

■4179 

■31096951 

■4224 

■3 '541 1 74 

•4090  -30220399 

•4135 

-30663252 

■4180 

'3U06816 

■4225 

'31551053 

■409i,-3O330^32 

•4.3'i 

-30673101 

•4181 

■J  1,1668. 

•42-26 

■3is6bfi33 

•4092|-3O240066 

■+137 

•306B2951, 

-4i82 

■31126546 

-4227 

■3157.0813 

•4093.-30249899 

■4138 

•3o6938bi 

■4183 

■3I13&411 

■4228 

■31580692 

•4094  -30259734 

■4139 

•30702651 

■4184 

■31146277 

-4229 

■31590572 

•409s  -30169568 

■4140 

30713502 

-4.8s 

■31156143 

■4330 

■31600453 

•4096, -30279403 

•4141 

30722353 

■4186 

-31166009 

•433  > 

■3i^'03j4 

■4097  -30289239 

■414= 

■3073220J 

-41871-31175876 

■4332 

■3 162011 J 

•4098  ,-30199071 

■4143 

•30741057 

-4,88-31185743 

■+»33 

■31630096 

•4099 -303089 1 1 

■4144 

-30751909 

■4i89,-3Ji956ii 

■4234 

■31639978 

•4100,-30318747 

•4145 

30761761 

•41901-31205478 

■42351-31649860 

■4«oi  ,-.30328584 

■4146 

•30771614 

•4i9i|-3i2iS346 

■43361-31659743 

-4i02,-303384ii 

•4147 

■30781467 

■4i9i,'3i22SJis 

-4237,-31669625 

•4105  ,-30348259 

■4148 

■30791321 

•4i93;3ia3So84 

-4338-31679509 

•4104  -30358097 

•4149 

30801175 

-41941-31344053 
■4«9S['3"S48" 

■4239  .31689392 

•4105 

■3036793  s 

■41SO 

30811029 

■4240  -31699376 

•4 106 

■30377774 

■4151 

30820884 

■4i96|-3i264692 

-4241  -31709159 

•4107 

■30387613 

•4152 

■30830739 

-4197 

■3'2745'5i 

■4242,-31719044 

■4.08 

■30397451 

■♦'53 

■30840594 

•4198 

•31284482 

■4243  -31728938 

•4109 

•30407 29> 

■4 1 54 

30850450 

■4199 

■31394303 

•4244-3'73*i8i3 

•41 10 

•415s 

■30860306 

'4200 

■31304174 

■4245  -3 '748698 

•4111 

■i         3 

■4156 

30870162 

■4201 

•31 3 14045 

■4246-31758584 

•4112 

•;         3 

•4157 

30880019 

-4202 

-31323917 

■4247,-31768470 

■41 13 

•i         ;5 

|-4iSb 

30889876 

■4203 

•31333789 

■4248^-31778356 

•4M4 

■■         16 

i^4i59 

■30899733 

■4204 

■31343661 

■4H9i"3»788242 

•411S 

■:                ,8 

■4160 

30909591   4205 

•31353534 

-4250,-31798129 

•4U6 

■;                :ojj-4,6l 

30919449   4206 

■31363407 

-4351-31808016 

■lill 

J             '3i-4i6a 

■30929307  ■4*07 

'3'j?328o 

-42J2-J.8.7903 

7  z 


642 

fine 


A  Table  of 


•4253 
•4254 
•4255 

•425^ 

•4257 
.4258 

•4259 

•4260 

•4261 

•4262 

.4263 

•4-264 

.4265 

•4266 

•4267 

•4268 

•4269 

•4270 

.4271 

•4272 

•4273 
.4274 

•4275 

•4276 

.4277 
•4278 
.4279 
•4280 
►4281 
•4282 
.4283 
-4284 
'4285 

>4286 
.4287 
•4288 
•4289 
•4290 
.4291 
•4292 

•4293 
•4294 

•4295 

•4296 

•4297 


Seg.  area 

•31827791 
•31837679 
•3^847567 

•31857455 


fine 

•4298 
•4299 
•4300 

•4301 


•31867344-4302 

•31877233   -4303 

•31887123   '4304 

•31897013     4305 

31906903   '4306 

319*67931-4307 

319266841*4308 


•3.193^574 
>3 1946466 

•3'9563S7 
•31966249 

•31976141 

•31986033 

•3 '99592^ 
•32005819 

•32015712 

•320256061 

•32035500 

•32045394 
•32055289 

•32065183 

•32075078 

.32084^74 

•32094869 

•32104765 

•321 14661 

•32124558 

•32134455 


•4309 
•4310 

•4311 

•4312 

•43>3 

•  4314 

•45^5 
.4316 

•4317 

.4318 

•4319 

•4320 

•4321 
•4322 

•4323 

•4.324 

4325 
•4326 

•4327 
•4328 

•4329 


Seg.  area 

•32273040 
•32282941 
'32292843 
•32302744 
'32312646 
•32322548 

•3233245" 

•32342354 
•32352257 

•32362160 

•32372064 

'32381968 

•32391872 

•32401776 

•3241 1681 

-32421586 

•3243  H91 


Vcrr: 

fiae 


Seg.  area ' 


•4343  •32718864  .4388 
•4344  '32728777,  -4389 

•4345  '32738691  -4390 
•4346  -32748605    4391 

•4347  -52758529  ^4392 
•4348  -327^8434    4393 

•4349  '3277834^  -439^4 
•4350  -32788263  .4395 

•435ii'32798i7Vl  439^ 
•4352;  •328080941  4397 

•4353  •32818010I  4398 


fine 


•4354 

•4355 
•4356 

•4357 

•43  5« 

•4359 


•32827926 
•32837842 
•32847759 
•32857676 
•32867593 
32877510 


•32441397    4360  -32887428 


•32'44352,-4330 


•32154249 
•32164147 
•32174045 
•32183943 


•433' 
•4332 

•4333 
•4334 


•32193842  i|-4335 

•32203740 

•32213646 

•32223539 

••3^233439 

•32243339; 

•32253239 
•32263139 


•4336 
•4337 

•433^ 
•4339 
•4340J 

•4341 
•43421 


•32451303 
•32461209 
•32471115 
•32481022 
•32490929 
•32500^36 
•32510744 
•32520651 

•32530559 
•32540468 

•32550376 

•32560285 

•32570194 

•32580104 

•3259001^ 

•3259992? 

•3260983.; 

•32619744 
•32629655 
•326395C( 
32649477 
•326593&C 
•32669301 
'3267921 3 
•32689125 
•32699038, 
•32708951 


>«■ 


•4361  -328973461 
•4362  32907264 
•4363  -32917182 

•43^4  -3*927101; 
•4365  •32937020: 

•4366  -32946939 
'43^7  -32956858 
•4368  ^32966778 
•4369  •  32976698 
•4370  '32986618 
4371/32996538 
•4372-33006459 
•4373i  33016380 
•4374  -33026301 
H375  33036223 
•4376  -33046144 
•4377  '33056666 
•4378  -33065988 

•^379  -33075911 
4380  •33085834 

•4381  -33095757 

^382  -33105680 

43R3    33115603 
•438^  -33125527 NV29 

43^5  ■3313545^-4430 
•4386  •33M5375r443' 
•4387  •331552991-4432 


•4399 
'4400 

•4401- 

'4402 

•4403! 

•4404' 

•4405 
-4406 

•4407 

•4408 

•4409 

•4410 

•4411 

•441a 

•4413 
-44H 

•4415 
•4416 

•4417 
•4418 

•44  >  9 

•4420 

•4421 
•4422 

•4423 

•4424 

•4425 
4426 

•4427 


Seg.  area 

•33 1652^4 

•33X75M9. 
•33 1^5074 

•33195000 

•33204925 

•33214851 

•33224777 

•33234704 
•33244630 

•33254557 

33264484 
33274412 

•33.284539 
•33294267 

•33304195 
•33314124 

•33.324052 
•33333981 
•33343910 

•33353840 
•33363769 

•33373699 
•33383629 

•33393559 
•3340349.0 
•33413420 

•33423  3  5.M 
•33433282 

•33443214 
•33453146 
•33463078 

•33473010 
•33482942 
•33492875 
•33502807 
•J3S12741 
•33522674 
•33532607 

•33542541 
•33552475 
•33562409 

•33572344t 

•33582279 

33592213 
•33602149 


Circular  Skgments, 


^43 


•4433 
•4434 
•443s 


•33612084 
•33622020 

'33631955 


•4436  "3364^^92 
•33651828 


•4437 

^443^ 

'4439 
•4440 

•4441 
•4442 


•4478 

•4479 
•4480 

•4481 


Seg.  area 


'340594o6|-4S23 


•4524 

•4525 
•4526 

•4527 


•340693  J2 
•34079297 
•34089243! 
•34099189 


Seg,  area 


V'erf. 
fine 


4529 
•4530 

•453^ 
•4532 

•4533 


•4482 
•33661764  ;*4483  •34i09i36|*4J28 
*3367i70i  '4484  '34119082  •4.C20 
•33681638  •4485' •34129029 
•3369i575»*4486  •34i3«976 
•33701513  -4487  -34H^923 

•4443  •337tH5o  -448^  '34' 58870 
'4444  '337213^8. -448^  -34168818 

•4445  '3373'?^. '449^  •34'78765 
*4446j'3374i265  -4491  -34^88713  -4536  '34636577 
•4447  '33751203  -4492  -3419866^  1-4537 (•34646534 


•34507^54 

•345 I 7 108 
•34527063 

•34537016  H      ,^,. 

•345469731-4572 

•34556928 

•34566883 

•34576839 

•34586795 

•3459675.' 

•34606707 


Seg.  area  I 


•4568 
•4569 
•4570| 
•4571 


•34955289 
•34965252 

•34975215 
•34985178 

...      •34995'4i 

4573l^35005io4 
•4574J '35015068 

•4575! '35025031 

•45761-35034995 

•45/7  -35044959. 
•4578-3^054924 


•4448 


.•4450 
•4451 


4534  '34616663 j, -4579  '35064888 

4535  '34626620  -4580  -35074853 

•4581  -35084817 
•4582  -35694782 


•33761142-4493  •342o86io!-4538|-3465645^i;-4583  -35104747 


M449  '3377*081  -4494 -34218558  -4539. -34666448  -4584  -35114713 


33781020 -4495 -34228507  -4540 
•33790959-4496  •34238456-4541 


•4452  1-33800899  5-4497  -34248405  -4542 


H453 


•33810839  -4498  -34258355  -4543 


M454  •33820779,-4499  -34268304  -4544 
•4455  '33830719 -4500  -34278254,  .4545 
•4456  •338406601-4501  •34288204 
'4457  -33850601  .-4502  -34298154 
•4458  •3*386054^  >4503  -34308105 

•4459  '3*3870483  ,•4504  -34318055 
•4460  •33880424;  •4505-34328006 
•4461133890366  !-45o6;-34337957 
•4462  ;339O03o8||-4jO7j-34347908 


•4463  •33910250-4508 
•4464  -33920192-4509 

•4465  -33930134  •55^0 
•4466  -33940077  -4511 
•4467  •33950020,  '4512 

•4468  -33959963' •45» 3 
•4469  -33969907  -4514 

•4470  -33979850  -4515 
•447*  '33989794  '4516 
•4472:33999738  -4517 
•4473  •34009682r45i8 
•4474  •340"9626|-45i9 
*4475;3402957i|-4520 

•4521 


•4476  -34039516 
•4477  •34049461 


34357859  -4553 

•.34367^1 1; -4554 

•34377763  -4555 

•34387715  '4556 
•34397667  -4557 

•34407619  '4558 

•344'7572'-4559 
-34427525, -4560 

•34437478 
•34447431 
•34457384 
•34467338 

'3447729' 

•34487245 


•34676406; •4585^.  -35124678 
•34686363  ^4586  -35134644 
•34696321  -4587  -35*44609 
•34706279  -458^^  •55154575 
•34716237  -4589  •35'6454i 
•34726196  "4590  -35174508 

45461^4736154  '4591. -35^84474 

-45471-34746113  '4592  -35194441 
-34756072  ^4593  ^35204^07 

•34766031  -4^94  -35214374 

-3477599Jr4595  •3522434» 
•34785950, '459.6  -35234308 

•34795910^-4597.  -55244276 
.34805870  -4598.  35254243 

-34815830,  4599  •35264211 

•348257901-4600  -35274179 

34855750 


4548 

•454^ 
•4550 
•4.551 

•4552 


-4522  -34497199 


.4561 

-4562 

•4563 

•4564 

•4565 
-4566 

i-4567 


3484571' 
•34855672 


•4601  '35284147 
•4602-35294115 
-4603  ••35304084 


.34865633 1^^4604  '353 '4052 


•34875594 
•34885555 
.34895516 

•34905478 
•34915440 
•34925402 

•34{>3S364 
•34945326 


•4605  -35324021 
•4606  '35333990 
•4607, -35343958 
•46o8j^3535j928 
•4609  -35363897 


•4610 
•4611 
-4612 


•35373866 
'35383836 


644 


A  Table  (^ 


Vcrf. 

fme 

►4613 

•4614 

•4615 

•4616 

•4617 

•4618 

•4619 

•4620 

'4621 

•4622 

•4623 

•4624 

•4625 

'4626 

•4627 

•462^1 

•462  c; 

•4630 

4631 

.4632 

'4633 
•4634 

•4^35 
•4636 

■4637 

•4638 

•4^39 
•4640 

•4641 

•4642 

'4<543 
•4644 

'4645 
'4646 

•4647 

•4648 

•4649 

•4650 

•4651 

•4652 

•4653 

•4654 

•4655 
•4656 

'4^y7 


Seg.  area 


'SS'-,'^--  '"'■ 


I 


35403776 
35413746 

354237^6 
35433686 

35443^57 

35453^^^ 

3546359^ 

35473569 

3548354^ 
354935^2 

355034S3 

35513455 

355234*7 

35533399 

35543371 

35553343 

355633^5 
35573288 

35583260 

35593233 
35603206 

35613179 

35623153 

35633126 

35643099 

35653073 
35663047 

35673021 

35682995 

35692969 

35702944 

35712918 

35722893 

35732868 

35742B43 
35752818 

35762793 

35772769 

35782744 

35792720 

35802696 

35812672 

35822648 

358326^4 

3^842600 


•465^1*35852577 


•4659 

*466o 

'4661 

•4662 

.4663 

•4664 

•4665 

•4666 

•4667 

-4668 

•4669 

•4670 

•4671 

•4672 

•4673 
•4674 

•4675 
•4676 

•4677 

.4678 

.4679 

•4680 

•4681 

•4682 

.4683 

•4684 

.4685 
•4686 
•4687 

•4688 
•4689 
'4690 
•4691 
^469  2 

•4693 
•4694 

•4695 

•4696 

•4697 
•4698 
•4699 


35862553 
•3587^530 
•35882507 
.35892484 
•35902461 
•35912439 
•35922416 

•35932394 

•35942372 

•35952349 
•35963327 

•35972306 

•35982284 

•35992262 

•36002241 

•36012219 

36022198 


•4703  '30301656 


•4704 

•4705 
•4706 

•4707 
•4708 
•4709 
•.4710 

•47^1 

•4712 

•4713 

•47H 

•47^5 
•4716 

•4717 
•4718 

•4719 

1-4720 


36032177-4721 


36042156 
•36052155 
•36062 II 5 
•36072094 
•36082074 
'36092053 
•36102033 
•36112013 
•36121993 
•36131973 
•36141954 
•36151934 


•4722 

•4723 
•4724 

•4725 

•4726 

•4727 
•4728 
•4729 

•4730 
•473^ 
•4732 
•4733 


'36161915-4734 
•36171895  -4735 
•36181876  '4736 
•36191857  ^4737 
•36201838  '4738 


•362ii820|-4739 
•36221801 
•36231783 
•36241764 
•36251746 
36261728 


470a  •36271710 
•4701  '36281691 
•4702  *3629i673 


•4740 
•4741 
•4742 

•4743 
•4744 


VErfT 

fine 


Seg.  area 


363 1 1638 
•36321621 
•36331603 
•36341586 
•36351569 

•36,361552 
.363715^5. 

•36381.518 

^36391501 

•364014^5 
•364 1 1 469 

•36421452 

'3643*436 
•36441420 
•36451404 
•36461.388 

•36471372 
•36481357 

•3649x341 
•36501326 

•36511310 

•3652I295I-4770 

•36531280  '4771 

:3654Xz65/4772 

•36551250  -4773 

•36561236  '4774 

•36571221  '4775 

•3658x206  '4776 

•36591192-4777 
•3660H78  ^4778 

•36611163-4779 

36631149-4780 


•36631135 
36641x21 


•3665  n 08  -4783 


•36661094 


•36671080  -4785 
-36681067  -4786 
•36691053  -4787 
•3670 1 040  -4788 
•36711027  '4789 
4745l'3672ioi4  -4790 
4746-36731001-4791 
4747' -36740988  -47921 


•4748  -36750976 
•4749  '36760963 
•475^0-36770950 
•4751-36780938 

•4752 1 -36790925 

•4753  -36800913 

•47.54  -36810901 

•4755  -36820889 

•4756  -36830877 

•4757  -36840865 

•4758  •36850853 

•4759  -36860842 

•4760  -36870830 

•4761  •36880819 

•4762  -36890807 

•4763  -36900796 

•4764  -36910785 

•4765  -36920774 

4766  -36930763 

•4767-36940752 

•4768  •36950741 

4769  ^36960730 

•36.970720 

•36980709 

•36990699 

-37000688 

•37010678 

-37020668 

•37030658 

•37040648 

^37050638 

•37060628 

•37070618 

'37080609 

•37090599 
-37100590 

•37110580 

-37120571 

•37150562 

•37140553 
•37150544 
•37160535 
•37170526 
-37180517 
-37x9050^ 


•4781 

4782 


•4784 


Circular  Segments. 


^S^-     Scg.»r«l^>g^igScg.. 


64s 


Verf.    o 
fine     Seg.area 


4793 
4794 
479  S 
4796 

■4797 
■4798 

■4799 

'4800 

'4801 

'480  z 

■4803 

■4804 

4805 

■4806 

■4807 

4808 

■4809 

'4810 

■48 1 1 

■48 II 

■4813 

■48 1* 

■48  IS 

4816 

4817 

4818 

4819 

4810 

'461 

'4831 

■48)3 

.4824 

.4815 

■4816 

■4&27 

■4818 

■4829 

'48JO 

4831 

■4832 

4833 

■4834 

483  s 

4836 

■4837 


4840 
484: 
■4842 
■4843, 
■4844: 


■37200500 

■37210491   4839 

■37120483 

■37230474 

■37Z40466 

•37250458 

-37160450 

■3727044: 

■37280434 

37290426 

37300418 
■37310410^ 
■37310403 
■3733«JOi! 
■373403S7J 
.37350380 
■37360373 
.37370365 
■37380358 
■373903s 

37400344 

374i'0337 

■37420330 
■37^30324 

'37+403  >  7 

■374503'° 

■37460304 

'37470297 

•37+80*9 

■37490284 

■37500278 

■37510272 

37520266 

■37J30359 

■37S403S3 

■37SS02+7 

37560242 

■37570236 

■37580230 

■37590224 

■37600219 

■37610213! 

■37620208 

•37630202 

•37640197 


■37650192 
37660186 

■37670181 
■37680176 
■37690171 
■377ooi6( 
■3771016! 


4884 


'3810001; 
38110012 
38120010 

381J0007 
38140004 
38150003 
38159999 
38169997 
■38179994 
■3818999: 
■38199990 
■38:!'.."" 
■38219985 
■3822998 
■3833998 
•38249979 
•38359977 
•38269975 

■38379973 
•3828997 
•38299969 
■38309967 
•38319965 
■38329963 
38339961 
38349960 
38359958 
■38369956 
38379955 
38389953 
38399951 
■38409950 
38419949 
38429947 
■38439946 
■38449945 
■38+59943 
•3846994: 
•38479941 
■38489939 
■38499938 
•38509937 
■38519936 
■38529935 


■4928 
■4929 
■4930 
■4931 
■4932 
■4933 
•4934 
'493! 
■4936 

'4937 
•4938 

■4939 
■49+0 
•4941 
•4942 
■4943 
■4944 
■4945 
■4946 
■4947 
■4948 

■49+9 

•4950 

■4951 

•4952 

■+9S3 

■4954 

'4955 

■4956 

■4957 

■49581- 

•4959 1- 

•4960  j 

■4961 

■4962 

•4963 

■4964 

■4965 

•4966 

■4967 

■4968 

•4969 

■4970 


385+9933 
38559932 
38569931 

38579930 
38589929 
■38599938 
38609927 
38619926 
■38629926 
38639925 
■38649934 
38659923 
■38669923 
3867993: 


■3870993. 
■38719919 
■38729919 
■38739918 
•38749918 
-38759917 
■38769917 
•38779916 
•38789916 
•38799915 
•38809915 
■38819914 
■38829914 
-38839913 
•38849913 
■38859913 
■3886991a 
■38879912 
•38889913 
•38899912 
•38909911 
■3891991 1 
•38929911 
•38939911 
■38949910 
.38959910 
-38969910 
■38979910 


8A 
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^5l  Seg.  area 


fine 


'4973 
•4974 

•4975 
•4976 

•4977 
•4978 

•4979 


.38999909 

•39009909 

•39019909 

•39029909 

•39039909 ' 

•39049909 


fine 


•4980 
•4981 
•4982 
•4983 
•4984 
•4985 


Seg.  area 


fine 


•39069909 
.39079909 
.39089908 
.39099908 
•39109908 


•391 19908 1 
•39059909  '49^6  1-59129908 


•4987 
•4988 
•4989 
•4990 
•4991 
•4992 

•4993 


Seg.  area 


fine  I  ^^g-  *'^ 


•39139908 
•39149908 
•39159908 
•39169908 
•39179908 
•39189908 
•39199908 


•4994 

•4995 
•4996 

•4997 
•4998 

•4999 
•5000 


{.39209908 
•39219908 
.39229908 
•39239908 
•39249908 
•392J9908 
'39269908 


In  the  preceding  table,  each  number  in  the  column 
of  fegments  is  the  area  of  the  circular  fegme^it  whofe 
height  or  verfed  fine  of  its  half  arc  is  the  number  im- 
mediately on  the  left  of  it,  the  diameter  of  the  circle 
being  i,  and  the  whole  area  •785398 16,  This  table 
is  here  extended  to  ten  times  the  length  which  it  had 
ufually  been,  the  diameter  being  divided  into  ten  thou- 
fand  equal  parts  inftead  of  one  thoufand :  And  this  fize 
of  it  alfo  allowed  me  to  carry  each  number  out  to  eight 
places  of  figures  inftead  of  fix ;  for  when  tic  diameter 
is  divided  into  only  one  thoufand  parts,  the  propoirti* 
onal  part  for  the  figures  in  the  verfed  fine  beyond  the 
third  will  not  give  the  area  true  beyond  the  6th  figure; 
but  in  this  table  it  is  always  found  true  in  the  8th  place. 

Rule  the  8th  to  the  circular  fegment  in  page  108  ex- 
to  add  there,  when  a  fegment  greater  than  a  femicircle  is 
plains  the  ufe  of  it ;  to  which  it  may  only  be  ntccSkry 
to  be  found,  fubtradl  the  quotient  of  its  verfed  fine  di- 
vided by  its  diameter  from  i ,  then  fubtra<5l  the  tabular 
fegment  which  correfponds  to  the  remainder  from 
•78539816  the  whole  tabular  circle,  and  the  remainder 
will  be  the  tabular  fegment  correfponding  to  the  feg- 
ment required,  and  which  muft  then  be  multiplied  by 
the  fquare  of  the  diameter. 
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